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PREFACE. 


rp  HIS  text-book,  as  is  stated  on  the  title-page,  has  been  prepared 
expressly  for  the  use  of  the  Cadets  of  the  United  States 
Military  Academy,  and  this  specific  object  has  therefore  wholly 
controlled  its  design  and  restricted  its  scope.  It  is  thus  in  no 
sense  a  treatise.  Because  of  the  limited  time  allotted  to  the  sub¬ 
jects  of  sound  and  light  in  the  present  distribution  of  studies  at 
the  Academy,. the  problem  of  arranging  a  fundamental  course  of 
sufficient  strength,  to  be  something  more  than  popular,  and  yet  to 
be  mastered  within  the  allotted  time,  has  been  sonn^Ja|  perplex¬ 
ing.  The  basis  of  this  arrangement  is  necessarily^^mathematical 
attainments  of  the  class  for  which  the  course  ^intended.  In  this 
respect,  the  class  has  completed  the  stucjfw  elementary  Mathe-  > 
matics,  as  far  as  to  include  the  and  has  had  a  foupVj 

months’  study  of  the  application  (#0Hire  Mathematics,  in  a  course 
of  Analytical  Mechanics.  Wit^these  elements  to  govern,  this 
text-book  has  been  designator)  a  seven  weeks’  course,  including 
advance  and  review.  The^ct  of  being  able,  through  the  discipline 
of  the  Academy,  to  e^ajjb  of  each  student  a  certain  number  of  hours 
of  hard  study  cr^Cpich  lesson,  is  of  course  an  important  element 
necessary  to  |>^jfc^ted. 

The  "of  the  text  is  supplemented  by  lectures,  in  which  the 


,'Q 


& 


VI 


PREFACE. 


principles  of  Acoustics  and  Optics  are  amply  illustrated  by  the  aid 
of  a  very  well  equipped  laboratory  of  physical  apparatus.  Carefully 
written  notes  of  the  lectures  are  submitted  by  each  student  to  the 
instructor  on  the  following  morning  for  revision  and  criticism. 
Important  errors  of  fact  and  misinterpretation  of  principle  are  thus 
at  once  detected,  corrected,  and  hence  prevented  from  obtaining  a 
lodgment  in  the  mind  of  the  pupil.  Another  element  in  this 
matter  of  instruction,  of  sufficient  importance  to  be  mentioned,  is 
the  opportunity  freely  exercised  by  each  student  of  making  known 
the  difficulties  that  he  has  encountered,  before  being  called  upon 
to  exhibit  his  proficiency  in  the  lesson  of  the  day.  It  is  required 
that  these  difficulties  shall  be  clearly  and  exactly  stated,  in  order 
that  the  instructor  may,  by  a  judicious  question  or  a  concise  expla¬ 
nation,  enable  the  student  to  clear  up  the  difficulty  as  of  himself, 
and  thus  complete  the  elucidation. 

The  author  believes  that  this  method  of  instruction,  taken  as  a 
whole,  is  in  sufficiently  intimate  accord  with  the  tel^as^fco  gain  the 
following  advantages,  viz. :  1°,  the  tasks  are  of  th^fequisite  strength 
to  demand  all  the  study-time  allotted  to  his(flwartment  of  instruc¬ 
tion,  and  thus  is  secured  the  invaluabk^i)ital  effort  and  discipline 
due  to  a  specified  number  of  houfl^ Vi^hard  study;  2°,  while  the 
daily  tasks  are  progressive,  they  @rbased  on  fundamental  princi¬ 
ples  which  require  the  exe  oft  of  a  rational  faith,  and  develop  a 
continual  growth  of  qon^nice  in  the  mind  of  the  pupil,  and  a 
belief  in  his  own  a^iflij^to  overcome  each  difficulty  as  it  arises; 
3°,  when  the  coufcsJ  is  completed,  the  student  finds  himself 
equipped  with  a  satisfactory  knowledge  of  the  essential  principles 
of  the  ph^^^science,  to  which  he  may  add  by  further  individual 
study ,“>^ynout  the  necessity  of  reconstructing  his  foundation. 
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The  elements  of  character  developed  in  the  student  by  this  sys¬ 
tem  of  instruction,  viz.,  confidence  in  his  powers,  reliance  on 
individual  effort,  and  capacity  to  appreciate  truly  his  sources  of 
information,  are  of  essential  importance  in  a  career  where  he  may 
be  called  upon  in  emergencies  to  exercise  self-control,  and  to  meet 
manfully  unforeseen  difficulties ;  and  they  offer  a  sufficient  reason 
for  the  importance  given  to  these  studies  in  the  curriculum  of  the 
Academy. 

Text-books  are  generally  compilations.  The  subject-matter  of 
this  text  has  been  gathered  by  the  author  from  whatever  source 
appeared  to  him  best  for  the  purpose  in  view.  And  as  it  is  often 
desirable  to  refer  to  original  treatises,  for  a  better  conception  of  the 
subject  under  discussion,  a  list  of  authors  is  appended  to  this 
Preface. 

In  the  arrangement  of  the  matter,  the  author  has  been  governed 
alone  by  the  necessities  of  the  case  and  the  restrictions  of  the 
course.  It  has  therefore  seemed  advisable  to  arrive,  softie  deduc¬ 
tion  of  Fresnel’s  wave  surface  as  expeditiously  as^pbssible,  and  on 
the  way  to  establish  all  of  the  essential  principles  of  undulatory 
motion  common  to  sound  and  light.  Si^^i^nt  theoretical  atten¬ 
tion  is  paid  in  the  text  to  the  wave  surfkiw  and  a  study  of  its  model 
in  the  lecture-room  makes  clear  its  (ffip>ortant  properties  and  those 
of  its  special  cases.  Acoustics  iefly  treated,  and  is  indeed  made 
subsidiary  to  Optics,  by  its  numerous  illustrations  in  vi¬ 

bratory  motion,  so  that  laws  of  this  motion  may  be  the  more 
clearly  apprehended  CLlhe  subject  of  light.  In  Optics,  while  the 
essential  principles  If  the  deviation  of  light  by  lenses  and  mirrors, 
the  construction  (ff  optical  images  and  the  principal  telescopic  com¬ 
bination  carried  only  to  first  approximations,  and  are  some- 
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wliat  more  condensed  than  is  usual,  nothing  essential  to  the 
Academic  course  of  Astronomy  has  been  omitted.  The  part 
relating  to  physical  Optics  is  very  concise,  but  the  experiments 
performed  and  illustrations  given  in  the  lecture  room,  especially  in 
diffraction,  dispersion,  and  polarization,  largely  remedy  this  defect. 

The  figures  throughout  the  text  were  drawn  by  Lieut.  Arthur 
Murray,  1st  TJ.  S.  Artillery,  Acting  Asst.  Professor  of  Philosophy, 
U.  S.  M.  A.,  to  whom  I  desire  to  acknowledge  my  great  indebted¬ 
ness. 

P.  S.  M. 

West  Point,  N.  Y.,  May,  1882. 
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PART  I. 


WAVE  MOTION. 


1.  Equation  (E)  of  Analytical  Mechanics  (Michie), 
Zldp  -2  m^ds  =  0 , 


expresses  in  mathematical  language  the  law  that  the  potential 
energy  expended  is  equal  to  the  kinetic  energy  developed.  Every 
analytical  discussion  of  the  action  of  force  upon  matter  must 
he  founded  upon  this  general  equation.  For  the  complete  solution 
of  every  problem  of  energy,  it  is  necessary  to  know  the  intensities, 
lines  of  action,  and  points  of  application  of  the  acting  forces,  the 
masses  acted  upon,  and  to  possess  a  perfect  mastery  of  such  mathe¬ 
matical  processes  as  are  necessary  to  pass  to  the  final  equations 
whose  interpretation  will  make  known  the  effects.  These  difficul¬ 
ties,  which,  in  Mechanics,  limit  the  discussion  to  thCjtrpe,  rigid 
solid,  and  to  the  perfect  fluid,  are,  in  Molecular  Me<{gpics,  almost 
insuperable;  since  we  neither  know  the  nature  oj>Qie  forces  which 
unite  the  elements  of  a  body  into  a  system,  constitution  of 

the  elements  themselves. 

2.  But  the  faculty  of  observation,  beifigjmtivated  and  logically 
directed,  has  enabled  scientific  men  to^igmate  experiments  which, 
because  of  our  inherent  faith  in  the©nformity  of  the  laws  of  na¬ 
ture,  have  resulted  in  certain  h)nj4^oses  as  to  the  nature  of  sound, 
light,  heat,  and  other  molecuh^Q^ences.  When  an  hypothesis  not 
only  satisfactorily  explains  ^^Hvnown  phenomena  of  the  science  in 
question,  but  even  predidQ)  others,  it  then  becomes  a  theory,  and 
its  acceptance  is  moreVo^less  complete.  An  hypothesis  is  related 
to  a  theory  as  the^^ffolding  to  the  structure,  the  latter  being  so 
proportioned  in  ^Tt)  ffs  parts  as  to  be  in  the  completest  harmony, 


wnue  tlie  may  be  modified  in  any  way  to  suit  the  ever- 

vamng  ne^e^fties  of  the  architect. 
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While  there  are  many  matters  concerning  which  a  reasonable 
doubt  may  be  entertained,  because  of  insufficient  data,  the  progress 
of  scientific  thought  and  the  fertility  of  scientific  research-  have, 
within  recent  times,  establ  shed  certain  facts  that  are  now  univer¬ 
sally  accepted. 

3.  Molecular  Science .  Molecular  science  is  a  branch  of 
Mechanics  in  which  the  forces  considered  are  the  attractions  and 
repulsions  existing  among  the  molecules  of  a  body,  and  the  masses 
acted  upon  are  the  indefinitely  small  elements,  called  molecules,  of 
which  the  body  is  composed.  It  embraces  light,  heat,  sound,  elec¬ 
trics,  and,  in  one  sense,  chemistry. 

4.  From  the  facts  of  observation  and  experiment,  it  is  assumed 
that  all  matter,  whether  solid,  liquid,  or  gaseous,  is  made  up  of  an 
innumerable  number  of  molecules  in  sensible,  though  not  in  actual 
contact;  that  these  molecules  are  so  small  as  not  to  be  within  range 
of  even  our  assisted  vision  ;  and  that  they  are  separated  from  each 
other  by  distances  which  are  very  great  compared  with  their  actual 
linear  dimensions. 

5.  The  molecular  forces,  which  determine  the  particular  state 
of  the  matter,  are  either  attractive  or  repulsive.  When  the  attrac¬ 
tive  forces  exceed  the  repulsive  in  intensity,  the  WW  a 
when  equal  to  the  repulsive,  a  liquid;  and  whenH@g,%  gas.  The 
relative  places  of  equilibrium  of  the  molecul^ufc  determined  by 
the  molecular  forces  called  into  play  by  th^Qtetion  of  extraneous 
forces  applied  to  the  body.  Thus,  when^Qlid  bar  is  subjected  to 
the  action  of  an  extraneous  force,  eith^Q)  elongate  or  to  compress 
it,  the  molecules  assume  new  pqsiftops  of  equilibrium  with  each 
increment  of  force,  and,  in  eitb^scase,  the  aggregate  molecular 
forces  developed  are  equal  in  iirtensity,  but  contrary  in  direction, 
to  the  extraneous  force  app&xL  In  general,  where  rupture  does 
not  ensue,  the  extran^dCTMces  applied  are  much  less  than  the 
molecular  forces  capah^^t  being  called  into  play. 

6.  While  we  Sgnorant  of  the  true  nature  of  force  and  mat¬ 
ter,  our  senses  enable  us  to  appreciate  the  effects  of  the  former 
upon  the  lattet£?Our  whole  knowledge  of  the  physical  sciences  is 
based  u  pon^Se  correct  interpretation  of  these  sensuous  impressions. 
Obser^t^^teaches  that  if  a  body  be  subjected  to  the  action  of  an 
extram^ms  force,  the  effect  of  the  force  is  transmitted  throughout 
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the  body  in  all  directions,  and  since  the  body  is  connected  with  the 
rest  of  the  material  universe,  there  is  no  theoretical  limit  to  the 
ultimate  transfer  of  this  effect  throughout  space. 

7.  Among  the  appreciable  effects  of  force  are  the  changes  of 
state  with  respect  to  rest  and  motion.  These  can  be  transferred 
from  an  origin  to  another  point  in  but  two  ways,  viz. : 

1°.  By  the  simultaneous  transfer  of  the  body,  which  is  the  de¬ 
pository  of  the  motion. 

2°.  By  the  successive  actions  and  reactions  between  the  consec¬ 
utive  molecules  along  any  line  from  the  origin. 

In  the  molecular  sciences,  the  latter  is  assumed  to  be  the  method 
of  transfer,  and  the  object  of  the  succeeding  discussion  is  to  inves¬ 
tigate  the  nature  of  the  disturbance,  the  circumstances  of  its 
progress,  and  the  behavior  of  the  molecules  as  they  become  involved 
in  it. 

8.  While  the  initial  disturbance  is  perfectly  arbitrary,  the 
molecular  motions  produced  through  its  influence  in  any  medium 
are  necessarily  subjected  to  the  variable  conditions  which  result 
from  the  action  of  the  forces  that  unite  the  molecules  into  a  mate¬ 
rial  system.  The  problems  are  then  those  of  constrained  motion. 

9.  Among  the  physical  properties  of  bodies,  elasticity  is  of  such 

great  importance,  that  a  complete  knc  ematical 

theory  is  essential  to  the  thorough  eluc  the  phe¬ 
nomena  of  hiolecular  science.  The  lin  ait  but  a 

passing  allusion  to  its  more  important 
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10.  A  body  is  said  to  be  homogeneous  when  it  is  formed  of 
similar  molecules,  either  simple  o&^ompound,  occupying  equal 

'^l  properties  and  chemical  corn- 
line  of  given  length  l  and  deter- 


the  ratio  varies  insensibly,  or  is  independent  of  the 


'irection  ;  in  homogeneous  non-crystalline  bodies, 


nder^^'to  pass  through  the  same  number  n 
placed ;  the  ratio  ^  will  vary  with  the 
^ystalline  bodies,  considered  as  homogeneous. 
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direction.  This  supposition  requires  n  to  be  very  great,  however 
small  l  may  be. 

11.  That  property,  by  which  the  internal  forces  of  a  body  or 
medium  restore,  or  tend  to  restore,  the  molecules  to  their  primitive 
positions,  when  they  have  been  moved  from  these  positions  by  the 
action  of  some  external  force,  is  called  Elasticity. 

12.  The  elasticity  is  said  to  be  perfect  when  the  body  always 
requires  the  same  force  to  keep  it  at  rest  in  the  same  bulk,  shape, 
and  temperature,  through  whatever  variations  of  bulk,  shape,  and 
temperature  it  may  have  been  subjected. 

13.  Every  body  has  some  degree  of  elasticity  of  bulk.  If  a  body 
possess  any  degree  of  elasticity  of  shape,  it  is  called  a  solid ;  if  none, 
a  fluid.  All  fluids  possess  great  elasticity  of  bulk.  While  the 
elasticity  of  shape  is  very  great  for  many  solids,  it  is  not  perfect  for 
any.  The  degree  of  distortion  within  which  elasticity  of  shape  is 
found,  is  essentially  limited  in  every  solid  ;  when  the  distortion  is 
too  great,  the  body  either  breaks  or  receives  a  permanent  set;  that 
is,  such  a  molecular  displacement  that  it  does  not  return  to  its 
original  figure  when  the  distorting  force  is  removed. 

14.  The  limits  of  elasticity  of  metal,  stone,  crystal,  and  wood 

are  so  narrow  that  the  distance  between  any  two  neighboring  mole¬ 
cules  of  the  substance  never  alters  by  more  than  a  sqjVll  proportion 
of  its  own  amount,  without  the  substance  eitherH^aking  or  expe¬ 
riencing  a  permanent  set.  In  liquids,  there^*£ho  limits  of  elas¬ 
ticity  as  regards  the  magnitude  of  the  posrCVe  pressures  applied ; 
and  in  gases,  the  limits  of  elasticity  .2&0'  lormously  wider  with 
respect  to  rarefaction  than  in  either  or  liquids,  while  there  is 

a  definite  limit  in  condensation me  gas  is  near  the  critical 
temperature. 

15.  The  substance  of  a  homogeneous  solid  is  called  isotropic 
when  a  spherical  portion  exM0fcs  no  difference,  in  any  direction,  in 
quality,  when  tested  buagp&ysical  agency.  When  any  difference 
is  thus  manifested,  itj^nid  to  be  celotrojnc. 


16.  OrigifS*? the  Theory  of  Elasticity .  In  Mechan¬ 
ics,  by  supposing  the  bodies  perfectly  rigid,  and  the  distances  of 
the  point^oGpplication  of  the  extraneous  forces  invariable,  how¬ 
ever  forces,  the  problems  are  much  simplified,  without 

affectn^Hheir  generality.  But  this  ignores  the  law  by  which  the 
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reciprocal  influence  is  transmitted  from  point  to  point  of  the  body, 
and  by  which  the  action  of  one  force  is  counterbalanced  by  the 
actions  of  others.  In  reality,  the  body  undergoes  deformation,  and 
when  the  limit  is  reached,  rupture  ensues.  The  mathematical 
theory  has  arisen  from  the  necessity  of  a  knowledge  whereby  these 
permanent  deformations  and  rupture  may  be  avoided.  This  theory 
has  been  extended  to  the  determination  of  the  laws  of  small  motions, 
or,  in  general,  to  the  vibrations  of  elastic  media. 

17.  The  initial  state  of  a  homogeneous  body  is  considered  to  be 
that  in  which  it  is  perfectly  free  from  all  extraneous  forces,  to  be, 
indeed,  that  of  a  body  falling  freely  in  vacuo.  Such  a  body  is  then 
the  geometrical  place  of  an  innumerable  number  of  material  points, 
which  are  distinguished  from  the  rest  of  space  by  several  mechani¬ 
cal  properties.  Each  of  these  material  points  is  called  a  molecule. 

18.  When  such  a  body  is  subjected  to  the  action  of  an  extra¬ 

neous  force,  either  a  tension  or  a  pressure,  a  motion  of  its  surface 
particles  ensues,  and  this  disturbance  is  propagated  to  the  interior 
molecules  ;  the  body  becomes  slightly  distorted,  and  soon  takes  a 
new  state  of  equilibrium.  When  the  external  forces  are  removed, 
the  internal  forces  are  again  balanced,  and  the  original  condition  is 
restored,  provided  there  is  no  permanent  set.  All  changes  of  form 
of  a  solid,  or  any  variation  of  the  relative  distances  of  itAmaterial 
points,  are  ever  accompanied  by  the  development  of  native  or 
repulsive  forces  between  the  molecules.  These  varia^^s  and  forces 
begin,  increase,  decrease,  and  end  at  the  same  tin^Sand  hence  are 
mutually  dependent.  .  *p\  . 

19.  The  properties  of  a  solid  body  de^d^ing  only  upon  those 
of  its  material  points,  they  alone  are  the  whence  emanate  these 
interior  forces. 

20.  Let  an  extraneous  force  be  apprfed  to  a  body,  and  consider 
its  effect  upon  any  two  moleculeiis^&tficiently  near  each  other  to  be 
mutually  affected  by  their  ctoHQfflfibf  position.  Should  one  of  the 
molecules,  on  account  of  tl^exterior  action,  approach  the  other,  a 
mutual  repulsion  takes/pkra^  which,  in  time,  overcomes  the  motion 
of  the  first  molecule,  amiwauses  the  second  to  take  its  new  position 
of  equilibrium  witl^Jspect  to  the  first.  The  reverse  is  the  case 
when  the  first  mjtf^bule  withdraws  from  the  second,  and  an  attrac¬ 
tive  force  is  A^x^loped  between  them.  If  r  represent  the  primitive 
distance,  A^Jfcy  represent  the  displacement.  Then  the  intensity' 
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of  the  attractive  or  repulsive  force  developed  between  the  molecules 
may  be  represented  by  f  (r,  A r).  This  function  becomes  zero  when 
A r  is  zero,  whatever  r  may  be ;  it  decreases  rapidly  when  r  has  a  sensi¬ 
ble  value,  whatever  A r  may  be,  since  all  cohesion  ceases  between 
two  parts  of  the  same  body  separated  by  an  appreciable  distance. 
Assuming  that  the  intensity  of  the  molecular  forces  varies  directly 
with  the  degree  of  displacement,  this  limitation  embodies  only  the 
cases  where  the  changes  of  form  are  very  small,  whether  the  extra¬ 
neous  forces  are  extremely  small  or  the  bodies  considered  have 
great  rigidity.  Hence,  f(r,  Ar)  is  limited  to  the  product  of  a 
function  of  r  and  the  first  power  of  Ar,  which  becomes  infinitely 
small  when  Ar  becomes  infinitely  small. 

21.  Mastic  Force  defined ,  From  any  molecule  M  in  the 
interior  of  a  solid,  with  a  radius  equal  to  the  greatest  distance  be¬ 
yond  which  /(r)  is  insensible,  describe 
a  sphere.  This  volume  will  embrace  all 
molecules  that  influence  the  molecule  M, 
and  may  be  called  the  sphere  of  molecular 
activity.  Pass  a  plane  through  M,  di¬ 
viding  the  sphere  into  the  two  parts  SAC 
and  SBC.  Normal  to  LN  and  having  for 
its  base  a  differential  surface  o,  con¬ 
ceive  a  cylinder  in  the  hemisphere  SBC. 

When  the  equilibrium  is  disturbed,  the^O^ 
molecules  in  SAC  will  act  on  the  m^eules  of  the  cylinder. 
The  resultant  uE  of  all  these  actiOps  called  the  elastic  force 
exerted  by  SAC  upon  SBC,  refcina  to  the  infinitesimal  sur¬ 
face  a),  integrating  this  functi(n)  with  respect  to  the  plane,  we 
obtain  the  elastic  force  referre^jfco  the  circle  SMC.  The  resultant 
<oE  will,  in  general,  be  obB^^  to  the  plane  element  o.  If  it  is 
normal  to  this  el ementA&y  directed  towards  the  hemisphere  SAC, 
it  will  be  a  traction  ;^^normal  and  directed  toward  SBC,  it  will 
be  a  pressure;  ifyffi)allel  to  the  plane  SMC,  it  will  be  the  tan¬ 
gential  elastic*  f©fie. 

Similarlyf&Sflie  cylinder  is  situated  in  the  hemisphere  SAC,  the 
resultaiit^asmc  force  exerted  upon  the  molecules  of  the  cylinder 
by  thAm^fecules  in  SBC  is  represented  by  oE,  referred  to  the 
sama  elementary  surface  w.  If  the  body,  slightly  changed  in  form. 
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is  in  equilibrium  of  elasticity,  the  two  elastic  forces  uE  and  uEr 
should  be  equal  in  intensity,  but  contrary  in  direction.  Both, 
however,  will  represent  either  pulls,  pressures,  or  tangential  forces ; 
that  is,  if  one  is  a  pull,  the  other  will  be  a  pull  directly  opposed 
to  it. 

The  elastic  force  uE,  considered  with  reference  to  the  element 
planes  w  drawn  parallel  to  each  other  through  all  points  of  the 
body,  will  vary  in  intensity  and  direction  from  point  to  point ;  and 
at  the  same  point  M  will  vary  with  the  orientation  of  the  element 
plane  co. 

22.  The  direction  of  the  planes  w  may  be  determined  by  that  of 
their  normals.  Using  the  angles  0  and  0  to  designate  the  latitude 
and  longitude  of  the  point  where  the  normal  pierces  the  surface  of 
the  sphere  of  activity,  and  representing  by  x ,  y,  and  z  the  co-ordi¬ 
nates  of  this  point  referred  to  the  co-ordinate  axes,  we  have 


cos  0  cos  0,  y  =  cos  0  sin  0,  z  =  sin  0. 


Representing  the  orthographic  projections  of  o)E  by  gjX, 
and  uZ  upon  the  co-ordinate  axes,  we  see,  in  the  case  of  equilibrium 
of  elasticity,  that  o)E  will  be  a  function  of  the  five  variables  x,  y ,  z, 
0,  and  0 ;  and  if  the  motion  be  progressive,  the  variable  A  will  also 
enter.  X9  Y ,  and  Z  can  be  determined  from  uE,  0*^ncq0 ;  and, 
reciprocally,  the  latter  from  the  former.  X ,  Y,  ai i^Z  are,  how¬ 
ever,  usually  determined,  and  are,  in  general,  futf&^bns  of  the  six 
variables  (x,  y,  z ,  0,  0,  t),  and  which  being  according  to  the 

special  circumstances  that  cause  the  deformafjMf  of  the  body,  would 
enable  us  to  ascertain,  at  each  instant^m^at  each  point  of  the 
body,  the  direction  and  intensity  of  t&^eTastic  force  exerted  upon 
every  element  plane  passing  through  given  point.  In  brief,  the 
determination  of  these  function^®* d  the  study  of  their  properties 
are  the  principal  objects  of  theJ&^hematical  theory  of  elasticity. 

23.  Elasticity  of  Solids.  Experiment  has  shown  that, 
when  a  solid  bar  is  suborned  to  small  elongations,  or  those  within 
clastic  limits,  the  *&^®wing  laws  are  verified,  viz. :  1°,  the  elonga¬ 
tions  are  directh^fcbportional  to  the  length  of  the  bar;  2°,  they  are 
inversely  proportional  to  the  area  of  cross  section ;  3°,  they  are 
directly  proportional  to  the  intensity  of  the  elongating  force;  4°, 
\A 
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they  are  variable  for  bars  of  different  materials.  These  experi¬ 
mental  laws  can  be  expressed  by  the  equation, 

X  —  1  .  (1) 

in  which  l  is  the  length  of  the  bar  unloaded,  s  the  area  of  cross- 
section,  P  the  intensity  of  the  stretching  force,  M  a  coefficient 
varying  with  the  nature  of  the  material,  and  X  is  the  correspond¬ 
ing  elongation.  Making  5  =  1,  X  —  l,  we  get,  from  the  above 
equation,  P  =  M.  If,  therefore,  the  law  of  the  elongation 
should  remain  true  for  all  intensities,  M  would  be  that  intensity 
which,  applied  to  a  bar  of  unit  area  in  cross-section,  would  make 
the  elongation  equal  to  the  original  length.  Such  an  hypothesis 
gives  us  the  value  of  the  coefficient  M,  which  can  be  used  within 
the  limits  of  experiment.  M  is  called  the  coefficient  or  modulus  of 
longitudinal  elasticity,  or  Young’s  modulus.  While  we  cannot 
experiment  over  such  wide  limits  in  longitudinal  compression, 
because  of  the  liability  to  flexure,  the  same  laws  are  held  to  be 
applicable,  with  the  same  limitations.  Taking  the  metre  for  the 
unit  of  length,  the  square  centimetre  for  the  unit  of  area,  and  the 
gramme  for  the  unit  of  intensity,  the  moduli  of  longitudinal  elas¬ 
ticity  for  the  principal  metals  are,  according  to  Werth^j^as  follows: 


Lead, . 177  x  106 

Gold,  ......  813  xlO6 

Silver, .  736  xlO6 

Zinc, .  873  xlO6 


HX 

Copper, .  .  Jo 
Platinum,  - 

Iron,  y-Cy  -  . 
SteeL.rO*  . 


teeJ^V 
uses  witl 


1245  x  10« 
1704  x  106 
1861  x  106 
1955  x  106 


The  coefficient  of  elasticity  dea^eiJ&etf  with  increase  of  tempera¬ 
ture  between  15°  and  200°  0. 

24.  An  isotropic  solid  has^n  addition  to  the  modulus  of  longi¬ 
tudinal  elasticity,  a  modulm^TFigidity  ;  the  former  relating  to  the 
elasticity  of  buik  or  and  the  latter  to  that  of  shape.  It  a 

bar  be  of  square  cross^Otion  before  elongation,  it  will  be  found 
afterwards  to  hav^uff!3ergone  deformation  in  its  angles,  although 
the  diagonals  ofAhecross-section  may  still  be  at  right  angles.  The 
numerical  ratwNjPthe  intensity  of  the  force  applied,  to  the  deforma¬ 
tion  produ/4“^s  the  modulus  of  rigidity.  The  deformation  is 
measu^h^the  change  in  each  of  the  four  right  angles,  in  terms 
of  the  mhan  (57°.  29)  as  unity. 
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25.  Fundamental  Coefficients  of  Elasticity .  Let 

there  be  a  rectangular  parallelopipedon  AH,  subjected  at  first  to  the 
action  of  equal  and  opposite  normal 
pressures  on  the  two  bases  AD  and  EH. 

The  vertical  edges  will,  by  the  laws  of 
elongation,  shorten,  and  the  horizontal 


edges  increase  in  length ;  and  the  relative 
changes  in  length  will  be  proportional  to 
the  quotient  of  the  normal  pressures  by 
the  area  AH ;  that  is,  to  the  pressure  on 
the  unit  of  area. 

Let  a  be  the  relative  shortening  of  the 
vertical  edges,  (3  the  relative  increase  of 

the  horizontal  edges,  and  P  the  pressure  on  the  unit  of  area,  then 
a  =  mP,  P  =  nP , 

m  and  n  being  coefficients  to  be  determined  only  by  experiment. 
If  Q  be  the  pressure  applied  to  the  unit  area  on  the  faces  AF  and 
CH,  the  edge  AO  will  be  shortened  a ',  and  the  edges  AB,  AE 
lengthened  j3',  and  we  will  have 

a'  =  mQ,  (3'  =  nQ. 


If  R  be  the  pressure  on  the  unit  area  of  the  facesy4tf?V 

mm  a 


nd  BH, 
AC  elon- 


tlie  edge  AB  will  be  shortened  a",  and  the  edges  Al^ 
gated  (3 ",  and  we  will  have 

a"  =  mR,  P"  -  j£S P 

If  now  the  three  pairs  of  pressure,  x§*  act  simultaneously, 
their  effects  will  be  superposed,  and^epresenting  by  e,  s',  e",  the 
relative  variations  of  the  lengths  of  i©  edges  AE,  AC,  and  AB,  we 


will  have 


-(ff± 

3.Qf3' 


& 

mP  —  n(Q  +  R ), 
=  mQ  —  n(P  +  R), 
)  =  mR  —  n(P  +  Q ) ; 


s"  = 

from  which  we  readjfc^  deduce, 

yXXP  =  He  +  K  (s'  +  e"), 
Q  =  He' 

R  =  He' 


w 


+  H  (e 
+  H(e 


(3) 


$ 
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in  which 


K  = 


m  —  n 


m  (m  —  n)  —  2?z2’ 
n 

m  (m  —  n)  —  2 n2 


(4) 


Hence  the  pressures  exerted  upon  the  faces  of  the  volume,  and 
therefore  the  elastic  reactions,  can  be  expressed  as  linear  functions 
of  the  relative  variations  of  the  length  of  the  edges  by  means  of  two 
constant  coefficients.  These  two  coefficients,  H  and  K,  are  funda¬ 
mental  in  the  theory  of  elasticity.  They  can  only  be  determined 
by  experimental  investigations ;  once  determined  for  any  body,  the 
problems  of  elasticity  become  those  of  rational  mechanics. 

Exact  analysis  of  the  conditions  of  equilibrium  in  the  interior 
of  a  solid  elastic  body  shows  that,  in  each  point  of  the  body,  there 
exist  three  rectangular  directions,  variable  from  one  point  to  an¬ 
other,  such  that  the  elements  perpendicular  to  these  directions 
support  normal  pressures  or  tractions. 

An  infinitely  small  parallelopipedon,  having  its  edges  parallel  to 
these  three  directions,  is  in  the  condition  of  that  discussed  above; 
and  it  suffices  to  express,  in  a  general  manner,  the  relations  which 
exist  between  the  pressures  which  it  sustains  and  the  changes  of 
length  of  its  infinitely  small  dimensions,  to  obtain  tbsMitferential 
equations  of  the  problem  under  consideration. 

26.  Equations  (3)  can  be  written,  aV 

P  =  {H-K)e  +K{s  ) 

Q  =  {H- K) +  I£{e  e"),  [  (5) 

R=  (H-  K)  e"  +  +  s").  ) 

Galling  6  the  relative  variation^*!  the  volume,  or  cubic  dilata¬ 
tion,  we  may,  because  of  the  smalN^lues  of  the  deformations,  write 

0  E'  e"‘  (6) 

Placing  II  —  K  —  I  =  A,  we  have 

Qr  =  X6  +  2  fie,  ) 

Q  =  Xd  +  2j<  [  (7) 

R  =  A0  +  2jue".  ) 

Each  jf^l^^ractions  or  pressures  is  then  the  sum  of  a  term  pro- 
portiomejNfe^he  cubic  dilatation  and  of  a  term  proportional  to  the 
hnear.  dictation  parallel  to  the  pressure  considered. 

sA 
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27.  A  liquid  parallelopipedon  can  be  in  equilibrium  only  when 
the  pressures  exerted  on  its  six  faces  are  equal ;  and  we  know  be¬ 
sides  that  the  increase  of  density  or  negative  increase  of  volume  of 
the  liquid  is  proportional  to  the  pressure.  We  will  then  have 

P  =Q=  R  =  X9.  (8) 

The  same  general  theory  thus  comprises  both  liquids  and  solids, 
in  admitting  the  coefficient  2 y  of  the  former  to  be  zero.  The  varia¬ 
tion  of  this  coefficient  from  zero  marks  the  departure  of  the  body 
from  the  perfect  liquid  state  and  its  approach  to  that  of  the  solid. 


28.  Analytical  expression  of  the  elastic  forces  developed 
in  the  motion  of  a  system  of  molecules ,  solicited  by  the  forces 
of  attraction  or  repulsion ,  and  subjected  to  small  displace¬ 
ments  from  their  positions  of  equilibrium . 


Let  x,  y,  z ,  and  x  +  Ax,  y  +  Ay,  z  +  Az,  be  the  rectangular  co¬ 
ordinates  of  the  two  molecules  of  the  system,  whose  masses  are 
respectively  m  and  y,  and  whose  distance  apart  is  r.  The  intensity 
of  the  reciprocal  action  of  the  molecules,  being  exerted  along  the 
right  line  joining  them,  is 

f(r)  being  an  undetermined  function  of  the  distanc^NJJ  the  sys¬ 
tem  is  in  equilibrium,  we  have  the  relations, 

=  0, 

™  o- 


(9) 


At  a  certain  instant,  suppose  that  the  molecules  of  the 

system  are  displaced  fromN^fceir  positions  of  equilibrium  by  a  very 
small  distance,  and  f,  be  the  projections  of  the  displace¬ 

ment  e  of  the  molgcme  m  on  the  axes ;  let  f+Af,  tj-\ -Ay,  f+Af, 
be  the  projectionist  the  displacement  of  the  molecule  y  on  the 
axes ;  and  r  -k  new  distance  between  the  molecules.  Repre¬ 
senting  tRjKwmponents  of  the  elastic  force  parallel  to  the  axes 
exerted  u^pa  the  molecule  m  by  all  the  molecules  y  within  the 
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sphere  of  molecular  activity,  by  Xe,  Ye,  Ze,  so  that  X ,  Y,  Z,  are 
the  components  of  the  elastic  force  for  a  displacement  unity  in  the 
same  directions,  we  have 


Xe  =  m  f(r  +  p) 
Ye  =  m  2p  f{r  +  p) 


Ax  -j-  A? 

r  +  P  9 
Ay  +  M 
r  +  P  ’ 


Ze  —  m2p/(r  +  p) 


A  z  +  AC 

r  +  p  > 


(10) 


29.  Developing /(r+p),  and  neglecting  the  terms  of  a  higher 
order  than  those  containing  p,  since  the  displacements  are  regarded 
as  very  small,  we  obtain,  recollecting  that  Af,  Ay,  A?»  are  of  the 
same  order  of  magnitude  as  p,  while  Ax,  Ay,  A z,  may  be  of  any  order 
whatever, 


Substituting  this  value  oiv*fc.  equations  (11),  we  obtain 


Xe  =  m  2p 


f{r) 


k> 


+ 


r) 


2W 


f(r) 


Ax  Ay 


Ay 


(ii) 


(12) 

(13) 

(14) 


r 


(15) 
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Similarly,  for  the  axes  Y  and  Z  we  get, 

Tt  =  m  Up  j  [no  -  i  af 

+  (m  +  [/w-«]^)4. 


(16) 


=  mS^j  [/(?•)  -  ~ 

[/'«  ~ 


.  Az  v 


Aw  Az 

-^5“^ 


/(»’) 


+ 


/» 


^]w)4 


(17) 


m 


Putting  0(r)  for  ^-4-  i/>(r)  for  f'(r)  —  ;  and 

f°r  their  equals  Xe,  Ye,  Ze,  we  have 

Xe  =  m  W  =  m  lfl |  J  ^  +  * (r)  7?] 

/ 

+  [V  (r)  +  y>  (r)fJ^>|^  +  V’  (r)  | , 

+  tid^pr&V  +  +  V’ (r)^AC  |  ;  ^ 


.  .Ax Ay  ,  .  A#  Az 

+  V’(»0  ^a»i  +  v>(0  -^r 


A#  A?/ 


Fe  =  ^ 


(18) 


which  give  ^he^JTues  of  the  component  elastic  forces  developed  in 
any  molec^^df  the  medium,  when  the  displacements  are  small. 

A 
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30.  If  the  displacement  is  only  in  the  direction  of  each  axis  in 
succession,  we  have  the  following  groups  of  equations. 


Of  x : 


Of  y : 


^x2  1 

Xt  =  m  Sfi  [  j>  (r)  +  %p  (r)  — r  J  A|, 

F,  Jj/’  (0 j  Af, 

F,  =  m  2/i  |j/>  (0  ; 

x2  =*ifi  [y  (0  — A??> 

Fs  =  m  Sfi  jj>  (r)  +  ip  (r)  ^§- 


A?/, 


A?/: 


Of  z: 


F2  =  TO  2/i  |j/>  (r)  J 

Xs  =  mill  ip  (r) j  AC, 


I^3  — 

Zz  =  mS/i. 


V’M 


A«/  A2 


A?, 


A?. 


5^ 


(19) 


(20> 


(21) 


*  (0  + 

31.  Combining  the  above  equations,  have 

Xe  =  X,  ^2  +  X3,  ) 

Fs  =  F  VF2  +  F3,  V  (22) 

Zz  +  ^2  JI*  ^3*  ' 

From  Eqs.  (19)  we^^^hat  the  total  intensity  VXi2+  Y?+Z? 
of  the  elastic  forcydcOoped  is  proportional  to  the  relative  displace¬ 
ment  A?,  and  sincW&e  axis  has  been  assumed  arbitrarily,  it  can  be 

said,  in  generaj^jhat  the  total  intensity,  s\/ X2  -f  Y2  -j-  Z 2,  devel¬ 
oped,  is  d^^Jly  proportional  to  the  general  relative  displacement, 

VA?2  +"A_f+"Af2  =  e. 
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From  Eqs.  (22)  we  conclude  that  the  component  intensity  of  the 
elastic  force  developed  in  the  direction  of  any  axis,  due  fco  any  dis¬ 
placement,  is  equal  to  the  sum  of  the  three  component  intensities 
developed  by  three  successive  displacements  along  these  axes,  equal 
to  the  respective  projections  of  the  general  displacement  on  these 
axes. 

32.  Of  the  nine  coefficients  of  A£  A?7,  Af,  given  in  Eqs.  (18), 
six  only  are  distinct.  Representing  these  by 


(23> 


j F  =  m  S[i 


we  can  write  Eqs.  (22), 


Xe  =  A  A?  +  E  A77  +  F 
Ye  =  E  A?  +  B  A?]  +  Dj 
Ze  =  F  A£  +  D  A??  ■0% 


(24) 


Ze  =  F  A?  +  D  Arj  -©X;) 

from  which  we  conclude  that  the  confident  elastic  force  developed 


along  any  axis,  x,  for  example,  by  ^displacement  e  along  any  other 
axis  y  is  equal  to  the  componeiffcvjlastic  force  developed  along  the 
axis  y  by  an 


33.  From  Eqs.  (19-21  )ny^see  that  when  a  displacement  is  made 
in  any  direction,  the  rebutting  elastic  force  is  not,  in  general,  in  the 
same  direction.  d  whether  we  can  refer  the  system  to  rectan¬ 


gular  co-ordinate  so  that  when  a  displacement  is  made  along 
such  an  axis,  <^$£ptional  elastic  forces  will  be  developed,  whose 


total  resultmk^l  be  in  the  direction  of  the  displacement,  let  a,  j3,  y, 
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be  the  angles  which  the  direction  of  the  displacement  makes  with 
the  axes;  X,  fi,  and  v,  the  angles  which  the  resultant  elastic  force 
makes  with  the  same  axes ;  then  we  have 


cos  X 

cos  g 

cos  v 

cos  a 

cos  13 
cos  y 


_ X_ _ 

’  +  Y2  + 

Y 

'  a/X2+  ?2  + 

z _ 

'  a/x2  +  r*~+z*’ 

_ _ _ 

A/Af2  +  /\rj2  +  AC2* 

A  Tj 

a/aC2  -4-  A772  -f-  AC2* 

.  AC  _ 

a/aC2  +  A??2  +  AC2’  , 


(25) 
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v  —  yy 


Applying  the  conditions 

X  —  a,  fi  z=z  (3, 
we  have  the  equations  of  condition, 

(A  —  X)  cos  a  +  E  cos  p  +  F  cos  y  =  0, 
F  cos  a  -f  (B  —  X)  cos  P  +  D  cos  y  =  0, 
F cos  a  D  cos  P  +  (0—  X)  cos  y  =  0; 

together  with  cos2  a  +  cos2  P  +  cos2  y  =  1, 


(28) 


(29) 


which  make  four  equations  containing  the  four  unknown  quantities 
a,  ft,  y,  and  K. 

34.  In  order  that  Eqs.  (28)  may  be  true  for  the  same  set  of 
values  of  cos  a,  cos  ft,  cos  y,  we  must  have  the  determinant 


A  -  K,  E,  F,  ) 

E,  B-  K,  D,\=  0. 

F,  I),  O—K,) 


(30) 


Multiplying  Eqs.  (28)  respectively  by  D,  F,  and  E,  we  get 

(AD  —  KD)  cos  a  +  DE  cos  ft  +  DF  cos  y  =  0,  ) 

EF  cos  a  +  (BF  —  FK)  cos  ft  +  DF  cos  y  =  0,  [  (31) 

EF cos  a  +  DE  cos  ft  +  (CE  —  EE)  cos  y  =  0.  ) 

Placing  AD  —  EF  —  aD,  \ 

BF  —  DE  =  a'F,  >  -Q)  (32) 

CE-DF  =  a"E,  ) 

xy 

(« — if)  D  cos  «  4-  EF  cos  a  +  DE  cos/ft>fo)F  cos  y  —  0,  \ 

(«'— K)F  coaft  +  EF  Ma  +  DE  <^%Ji-DF  cosy  =  0,  1(33) 
(a"—K)  E cos  y  +  E'J7  cos  a  +  Dl^Sft  +  ZX^cos  y  =  0;  j 

from  which  (a  — E)D  cos  «  —  E)  F  cos  fl  )  ,  , 

/h(«"-jr)£c„sr  =  p!t  (34) 


we  have 


whence. 


(a-E)D’ 
^^os  ft  =  P 


cos  y  = 


(a'  -  K)  F’ 
F 

(a"  —  E)E' 


(35) 
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Substituting  these  values  in  the  first  of  Eqs.  33,  we  obtain 


1  + 


EF 


+ 


EE 


(a-K)D  '  (a!  —  K)  F  +  (a"  —  K)  E 

Clearing  of  fractions,  we  have 

DEF{K-a)(K-a')(K-a")-E2F2(K-a')  ( K-a ")  ) 

-D2E 2  (K-a")  ( K-a )  |  =  0.  (37) 
—D2F2  (X—a)  (X—a1)  ) 

If  DEF  be  positive,  supposing 

1°,  that  a  <  a!  <  a",  by  substituting  for  X ,  in  succession  in 
Eq.  (37),  —  oo ,  a,  ar,  a ",  +  oo  ,  we  obtain 
— 

—  E2F2  {a’  -a)  (a"  -  a), 

+  D 2  E2  (a"  -  a')  (a'  -  a), 

-  D2  F2  (a"  —  a)  (a"  -  a'), 

+  0°, 

which,  since  there  are  three  variations  in  the  signs,  shows  that 
Eq.  (37)  has  three  real  roots,  one  lying  between  a  and  a ',  one  be¬ 
tween  a!  and  a",  and  the  third  between  a"  and  go.  Similarly,  if 
DEF  be  negative,  the  real  roots  will  be  found  as  ahtf*4 

2°.  If  two  of  the  quantities  a ,  a ",  are  eaufi^&s,  for  example,. 

a'  —  a ",  Eq.  (37)  reduces  to 

(K-a'){[EF(K-a')][D(K-a)XW\  ^  J  = 


DF 


=  0.  (36) 


0.  (38) 


D2  (fflW)  (K-a)] 

which  gives  a  real  root  between^hid  ar,  a  second  equal  to  a ',  and 


& 


,  are  equal,  Eq.  (37)  reduces  to 


a  third  greater  than  a'. 

3°.  If  the  three  quant^jO^,  a\  a", ; 

(K  —  of  [DEF  a)  —  E2F2  —  D2E*  —  D^F*)  =  0,  (39) 

giving  two  real  ifboHs,  each  equal  to  a,  and  one  greater  than  a. 
Each  of  these%^p)  roots  of  X ,  being  substituted  in  one  of  Eqs.  (35), 
will  enable  J0itO  find  values  for  each  of  the  cosines  between  -f-1 
and  — hence  a  given  direction  for  each  value  of  X ,  or  in  all 


three  'VW&tions. 
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35.  We  therefore  conclude,  that  the  total  elastic  force  de¬ 
veloped  by  any  displacement  is  not  in  general  in  the  line  of 
direction  of  the  displacement,  bat  i oblique  to  it ;  that  there 
are  three  directions  at  right  angles  to  each  other,  and,  in 
general,  only  three,  along  which ,  if  the  displacement  be 
made,  the  resultant  elastic  force  developed  will  be  in  the 
direction  of  the  displacement. 

36.  These  three  directions  are  called  principal  axes.  They  are 
not  specific  lines  in  a  body,  but  simply  mark  directions  along  which 
the  above  property  exists. 

37.  The  angle  which  the  direction  of  the  displacement  and  the 
resultant  elastic  force  make  with  each  other  is  given  by 


cos  U  = 


XAf  +  fat?  +  z  m; 


VX2  -f  Y2  +  Z2  yA£2  +  At?2  +  Af2 
XAf  +  Y  At?  +  F  A£# 


k  yAf2T“A^T~AT2 

and,  if  the  displacement  be  equal  to  unity,  we  have 

K  cos  U  =  X  Af  +  Y  bp  +  Z  Af 

=  X  cos  a  +  Y  cos  P  +  Z  cos  y. 


(40) 


(41) 


38.  Surfaces  of  Elasticity .  If  now  distaim^wjjbich  are 
proportional  to  the  elastic  forces  developed  by  a  coqjSfchlt  displace¬ 
ment,  eqfial  to  unity,  for  example,  in  each  directi*Q>be  laid  off  in 
all  directions  from  any  point  of  the  mediiuzpvhe  extremities  of 
these  lines  will  form  a  surface  which  mayily^alled  a  surface  of 
elasticity.  But,  as  for  each  direction  tfera  are  two  things  to  con¬ 
sider,  viz.,  the  intensity  of  the  elastic  and  the  angle  which  its 
direction  makes  with  the  displacement)  we  cannot,  in  general,  con¬ 
struct  a  surface  which  would  unj±®fhese  two  particulars. 

39.  It  will  be  shown,  hereaway  upon  what  grounds  we  can  dis¬ 
regard,  in  optics,  that  cd^jjmient  of  the  elastic  force,  K  sin  U, 
which  is  perpendicular  Mm  displacement,  and  consider,  a  s'  alone 
effective,  the  componeimj^hose  intensity  is  represented  by  K  cos  U, 
narallel  to  the  dispk^ment. 

40.  AssummAJmen,  for  the  present,  that  the  effective  elastic 
force  cause(BB%^lisplacement  equal  to  unity  is  given  by  Eq.  (41), 
and  substi^Jhg  the  radius  vector  r  for  the  first  member,  and  the. 
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values  of  X ,  Y,  Z,  from  Eqs.  (24),  and  for  a&  A?7,  A?,  cos  a,  cos  ft 
cos  y,  tlieir  values  for  a  displacement  unity,  we  get 


r  =  A  cos2  a  -p  2E  cos  a  cos  P  +  2F  cos  cc  cos  y 

-p  B  cos2  p  +  2D  cos  p  cos  y  +  0  cos2  y, 


the  polar  equation  of  a  surface  of  elasticity  of  the  medium. 

CC  1/  z 

Substituting  for  cos  «,  cos  ft  cosy,  their  values  - ,  ~,  -,  and 
for  r  its  equal  j-z%  Eq.  (42)  becomes 

V^+y+^  =  2  rrn  tAz2 + +  CA + '2Exy +%Fxz+ %Dyz\. 

x  +y  +z  (43) 

41.  Assuming  that  the  radius  vector  is  proportional  to  the 
square  root  of  the  elastic  force,  the  equation  takes  the  form 

(x1  +  if + z2)2  =  Ax2  +  By2  +  Gz2 + 2Exy  +  2  Fxz  +  2Dyz,  (44) 


which  is  the  equation  of  Fresnel’s  Surface  of  Elasticity. 

42.  By  assuming  each  radius  vector  proportional  to  the  recipro¬ 
cal  of  the  square  root  of  the  elastic  force,  Eq.  (42.)  becomes 


1  =  Ax2  -p  By 2  +  Gz2  +  2 Exy  +  2 Fxz  +  2 Dyz,  (45) 

which  is  the  equation  of  what  has  been  designated^®  the  inverse 
ellipsoid  of  elasticity,  or  the  first  ellipsoid,  and  i&Salled  the  ellip¬ 
soid  e. 

43.  Surfaces  of  Elasticity  reft&ed  to  Principal 
Axes.  Principal  axes  are  those  alopgA^Dich,  if  the  displacement 
he  made,  the  resultant  elastic  forces  craajnoped  will  be  wholly  in  the 
same  direction.  We  have  seen  tlnrtSin  any  homogeneous  medium, 
there  are  in  general  three,  aniWiTy  three,  such  directions.  Making 
Ay,  Af ;  Af,  AC;  A|,  Ay,  res^gnvelv  equal  to  zero  in  Eqs.  (24),  and 
placing  A,  B,  C,  equal c2,  respectively,  we  have 

X  =  <sTA0 1  r  =  l2  Ay,  Z  =  <?  AC,  ) 
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Fresnel’s  surface  of  elasticity,  Eq.  (47),  is  of  the  fourth  order, 
its  equation  being  of  the  fourth  degree.  Figure  (3)  represents  one- 
quarter  of  the  principal  section  made  by  the  plane  ac ,  turned  about 
the  axis  b  through  an  angle  of  90°.  Taking  the  axes  to  be 

a  =  1.53,  b  =  1.32,  c  =  1.00, 

we  may,  by  Eq.  (47),  readily  construct  the  principal  sections. 
Thus,  since 

r4  =  a2x2  +  b2y2  +  c2z2,  a2  cos2  a  +  b2  cos2  0  +  c2  cos2  y  =  r2 ; 
we  have  for  the  intersection  by  the  plane  ac ,  /3  =  90°,  and 
r2  —  a2  cos2  cc  +  c3  cos2  y  =  r'2  +  r"2, 
when  r'  =  a  cos  «,  and  r"  —  c  cos  y  =  c  sin 


r  I 


igure  3. 


Therefore  r  is  eqi-^Tjfo  the  hypothenuse  of  the  right-angled  tri¬ 
angle  on  r'  and  ^"(jJience,  describe  semicircles  oh  a  and  r.  •  draw 
any  right  line  ( 

ffKrae 


c  ;  drav 

0,  and  lay  olf  on  it  a  distance  equal  to  tin 
hypothenuse  4^vCne  intercepts  of  the  two  circles,  and  this  will  be 
point  of^Q^curve.  Three  such  points  are  constructed  41 


m 


the 
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figure.  The  curve  CMA  is  the  intersection  of  Fresnel's  surface 
with  ac;  the  curve  CNA  is  that  of  the  ellipsoid  whose  semi-axes 
coincide  with  and  are  equal  to  those  of  the  surface  of  Fresnel ;  0 o 
and  0 o'  are  the  traces  of  the  cyclic  planes  which  contain  the  axis  b 
of  the  surface  #of  elasticity  and  of  the  ellipsoid  respectively.  The 
principal  elasticities  in  crystals  never  differ  so  much  as  those 
assumed  above,  and  therefore,  in  many  cases,  the  departure  of  the 
surface  from  the  ellipsoid  is  negligible. 


WAVES. 


44.  The  elastic  forces  of  the  medium,  developed  by  the  assumed 
arbitrary  displacement  of  a  molecule,  will  propagate  the  motion  in 
all  directions  from  the  point  of  initial  disturbance.  As  an  ever- 
enlarging  volume  becomes  involved  in  this  disturbance,  each  mole¬ 
cule  takes  up  a  motion  exactly  similar  to  that  of  its  predecessor, 
which  it  transmits  in  turn  to  the  next  molecule.  This  transfer  is 
complete  when  a  single  pulse  traverses  the  medium,  and  is  both 
complete  and  continuous  when  these  pulses  are  successively  con¬ 
tinuous. 

In  this  latter  case  the  exciting  cause  acts  for  a  definite  portion 
of  time.  Representing  by  a  series  of  dots,  a - b ,  fcfic  position  of 

. 


b 

d 

f 

h 


U 

Lofst 


a  file  of  molecules  in  their  conditiof^fstable  equilibrium  and  con¬ 
sidering  alone  the  simple  case  ©■  rectilineal  displacements,  the 
arbitrary  displacement  of  tho0plecule  m  will  give  rise  to  the  suc¬ 
cessive  displacements  of  th(^^5£rs>  and  c d  and  ef  will  represent  the 
relative  positions  of  tlf^^molecules  at  the  end  of  a  given  subse¬ 
quent  time  t ,  equal  periodic  time  of  vibration ;  the  former, 

when  the  displacements  are  parallel  to  the  direction  of  disturbance 
propagation,  arf(^ft>e  latter,  when  at  right  angles  to  this  direction. 

While,  the(e|ore,  any  molecule  m  is  describing  its  orbit,  the  dis¬ 
turbance  d^telng  propagated  in  all  directions,  and,  at  the  instant 
the  orbl^  of  m  is  completed,  the  disturbance  will  have  reached 
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another  molecule  m',  on  the  same  line  of  direction,  which  will  then, 
for  the  first  time,  begin  to  move ;  and  the  molecules  m  and  ml  will, 
thereafter,  always  be  at  the  same  relative  distances  from  their  origins. 

45.  While  this  undulatory  motion  is  being  propagated,  mole¬ 
cules  will  be  found  between  m  and  m',  with  all  degrees  of  displace¬ 
ment,  both  as  to  amount  and  direction  of  motion,  consistent  with 
the  dimensions  and  shapes  of  their  orbits.  If  the  velocity  of  wave 
propagation  be  constant  in  all  directions,  the  form  assumed  by  the 
bounding  surface  containing  the  disturbed  molecules  will  be  spheri¬ 
cal  ;  but  if  the  velocity  vary,  the  form  will  depend  upon  the  law  of 
its  variation. 

46.  This  continuous  transmission  in  any  given  direction  of  a 
relative  state  of  the  molecules,  while  the  motion  of  each  molecule 
is  orbital,  is  characteristic  of  an  undulation . 

47.  The  term  phase  is  used  to  express  the  condition  of  a  mole¬ 
cule  with  respect  to  its  displacement  and  the  direction  of  its  motion . 
Molecules  are  said  to  be  in  similar  phases,  when  moving  in  parallel 
orbital  elements  and  in  the  same  direction;  and  in  opposite  phases, 
when  moving  in  parallel  orbital  elements  and  in  opposite  directions. 
More  generally,  similar  phases  are  those  in  which  the  anomalies  of 
the  molecule  are  the  same,  and  opposite  phases  those  in  which  the 
anomalies  differ  by  180°.  (By  anomaly  is  meant  the  angular  dis¬ 
tance  from  an  assumed  right  line.) 

48.  A  wave  is  the  particular  form  of  aggrego^Jt  assumed  by 
“the  molecules  between  the  nearest  two  consecutivCVirfaces  in  which 
similar  phases  simultaneously  exist  throughota^k/ 

A  tuave  front  is  that  surface  whiclyo^Bdns  molecules  only  in 
the  same  phase ;  it  is  generally  understood)  to  refer  to  the  surface 
upon  which  the  molecules  are  just  b^^ning  to  move.  The  veloc¬ 
ity  of  a  wave  front  will  always  be^tmfcrof  the  disturbance  propaga¬ 
tion.  '  aSZ> 

A  ivave  leyigth  is  the  intew^measured  in  the  direction  of  wave 
propagation,  between  theS^arest  two  consecutive  surfaces  upon 
which  the  molecules  1/Svl^similar  phases. 

The  amplitude  of  nrc  undulation  is  the  maximum  displacement 
of  the  molecule  fmnPits  place  of  rest. 

49.  From  A^nsideration  of  the  nature  of  an  undulation,  we 
see  at  onc^NjMt,,  if  X  be  the  wave  length,  r  the  periodic  time,  and 
V  the  velo^by  of  w; 


'  wave  propagation,  we  will  have 
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(49) 


and  the  values  of  V,  X,  and  r  are  each,  theoretically,  independent 
of  the  amplitude. 

50.  To  find  an  expression  for  the  displacement  of  a  molecule  at 
any  time  during  the  transmission  of  an  undulation,  let  x  be  the  dis¬ 
tance  of  the  molecule  from  the  origin  of  disturbance,  t  the  time 
from  the  epoch,  r  the  periodic  time  of  the  molecule,  X  the  wave 
length,  and  V  the  velocity  of  wave  propagation.  Now,  whatever 
be  the  displacement  d  of  the  molecule  x ,  at  the  time  t ,  an  equal  dis¬ 
placement  (neglecting  the  loss  due  to  increased  distance  from  the 
origin)  will  exist  for  another  molecule  at  a  distance  x  -f  Vt' ,  at  the 
time  t  +  t\  This  condition  gives,  whatever  he  the  value  of  t\  . 


6  —  0  (x,  t)  =  0  (x  +  Vt',  t  +  t’). 


(50) 


x  +  Vt’  is  the  distance  from  the  origin  to  the  wave  front  at  a 
time  t  subsequent  to  the  instant  at  which  it  was  at  x.  Hence  the 
molecule  x  is  behind  the  wave  front  a  distance  Vt —  x ,  and  the  dis¬ 
placement,  0  ( x ,  t),  may  be  replaced  by  (p  (Vt  —  x) ;  therefore  we 
have 


6  =  0  (x,  t)  =  0  ( Vt  —  x), 


(51) 


as  the  form  of  the  function. 


51.  We  have  implicitly  assumed  the  mediui^£M)e  in  a  state  of 
stable  equilibrium  during  the  passage  of  the  m^hnation,  and,  there¬ 
fore,  the  molecule  will  necessarily  )closed  orbit  about  its 

place  of  relative  rest.  This  orbit  the  circumstances  of 

the  case,  be  of  the  most  varied  ch  1,  after  the  energy  due 


^closed 


to  the  disturbance  has  been  dissin&tedTthe  molecule  will  resume  its 
original  ]3lace  of  relative  rest,  iQil  again  displaced  by  some  new 
disturbance.  It  is  necessan  *  this  discussion,  to  consider  those 


disturbances  alone  whi  1  angular  and  periodic,  and  to  consider 
the  orbit  after  it  has  b  3  determinate.  We  therefore  limit  the 
discussion  to  that  regular  periodic  disturbance,  and  the  orbit 

to  that  of  the  elftpae  or  any  of  its  particular  cases,  such  as  the 


discussion  to  that  regular  periodic  disturbance,  and  the  orbit 

to  that  of  the  elftpae  or  any  of  its  particular  cases,  such  as  the 
ellipse,  the  cifsj£)or  the  right  line. 


orbit  after  it  has  b  3  determinate.  We  therefore  limit  the 


nfcrte  Harmonic  Motion .  If  a  point  a  (Fig.  5) 
•rmly  in  a  circular  orbit,  the  distance  of  its  projection 


52. 

move  1 
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Prom  the  centre,  upon  the  vertical  diameter,  can  always  be  found 
from  the  equation 

y  =  a  sin  +  aj,  (52) 

in  which  y  is  the  required  displacement  at  the  time  t,  a  is  the  am- 
plitude  or  maximum  displacement,  t  the  periodic  time,  and  a  the 
angle  included  between  the  horizontal  diam¬ 
eter  and  that  passing  through  the  origin  of 
motion. 

2  rrt 

The  angle  —  +  a  is  called  the  phase  of 

the  vibration,  and  may  be  made  of  any  value 
by  changing  the  arbitrary  arc  «,  the  time  t, 
or  both  together.  The  same  value  will  apply 
to  motion  along  any  diameter.  Such  mo¬ 
tions  are  called  simple  harmonic  motions. 

It  may  easily  be  shown  that  any  two  simple  harmonic  motions,  in 
one  line  and  of  the  same  period,  may  be  compounded  into  a  single 
simple  harmonic  motion  of  the  same  period,  but  whose  amplitude 
is  equal  to  the  diagonal  of  a  parallelogram  constructed  on  the  am¬ 
plitudes  of  the  components  inclined  to  each  other  by  an  angle  equal 
to  their  difference  of  phase. 

53.  The  Harmonic  Curve .  If  the  motj^AGf  a  point  be 
compounded  of  a  rectilineal  harmonic  vibratia^Chid  of  uniform 
motion  in  a  straight  line  perpendicular  to  thH^wration,  the  point 
will  describe  a  plane  curve,  which  is  callecW mwiarmonic  curve . 

Let  the  vibration  be  along  the  asis  V^/,  and  uniform  motion 
along  the  axis  x;  we  will  then  have 


y  —  a  s 


O' 

1  '  a) 


w  .  ,  (53> 
for  the  ordinates,  and  •#=  Vt  (54) 

for  the  abscissas,  due  (teethe  uniform  motion.  Combining  these 
equations,  eliminatiigg^,  and  replacing  Vr  by  its  equal  A,,  Eq.  (49), 
page  40,  we  have^yvuie  equation  of  the  harmonic  curve, 

/2  ttx 


A 


y  =  a  sin  ; 


(55) 


•'I? 

£ 
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in  which  X  is  the  wave  length.  Substituting  for  x,  x  ±  iX,  the 
value  of  y  remains  the  same  for  all  integral  values  of  i.  The  curve, 
therefore,  consists  of  an  infinite  number  of  similar  parts,  which  are 
symmetrical  with  respect  to  the  axis  of  x. 


x 


Figure  6. 


54.  To  construct  the  curve  by  points,  divide  the  circumference 
into  any  number,  as  twelve,  equal  parts ;  lay  off  on  the  axis  of  ab¬ 
scissas  twelve  equal  distances,  corresponding  to  the  positions  of  the 
point  in  uniform  motion,  erect  ordinates  at  these  points  and  make 
them  equal  to  the  corresponding  displacements  at  the  given  times, 
and  we  have  the  curve  as  follows  : 
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55.  The  varying  velocities  of  a  point  of  a  simple  pendulum  in 

motion  can  be  represented  by  the  ordinates  of  tlnfl^rmonic  curve  ; 
and  because  of  this  analogy  all  vibrations  ^presented  by  these 
curves  are  called  simple  or  pendular  vibrfd^ms.  The  vibration  is 
taken  to  be  the  complete  oscillation,  the  time  at  which  the 

moving  point  was  in  one  position  unl^lrt returns  to  the  same  posi¬ 
tion  again.  By  this  definition,  thJ^luration  of  the  vibration  of  a 
second’s  pendulum  would  be  tivo  Oonds,  and  not  one  second. 

56.  Con  Carves.  Let 


(56) 


(57) 


be  the^Ks^fccions  of  any  two  harmonic  curves,  having  the  same  wave 
length^mit  different  amplitudes.  The  resultant  value  of  y  will  be 
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y  —  c  s 


(58) 


which  is  the  equation  of  another  harmonic  curve,  of  equal  wave 
length,  but  of  different  amplitude  from  either  of  the  components. 
The  values  of  c  and  y  are  given  by 


c  cos  y  —  a  cos  a  4-  b  cos  0, 
c  sin  y  =  a  sin  a  +  b  sin  0 , 


(59) 

(60) 

(61) 


c  =  V a2  +  b2  +  %ab  cos  (a  —  0 ). 


From  the  last  equation  we  see  that  c  may  have  any  value  be¬ 
tween  the  sum  and  difference  of  a  and  b,  depending  upon  the  value 
■of  the  difference  of  phase,  a  —  0,  of  the  components. 

By  a  similar  process,  it  can  be  shown  that  any  number  of  com¬ 
ponent  harmonic  curves,  of  the  same  wave  length,  may  be  com¬ 
pounded  into  a  single  resultant  harmonic  curve  having  an  equal 
wave  length,  but  whose  amplitude  and  phase  differ  in  general  from 
those  of  any  of  its  components. 

57.  If  the  component  curves  have  different  wave  lengths,  they 
■cannot  be  compounded  into  a  single  harmonic  curve ;  but  when 
their  wave  lengths  are  commensurable,  they  can  be‘  compounded 
into  a  periodic  curve,  whose  period  is  the  least  common  mtftlsple  of 
their  several  periods.  Thus,  in  the  first  case,  where  the  lengths 
are  unec 


y  -a  sin  {-Jr  +  cc)  +  b  sin  (-^  +  0 )  +  +  7)  +  • 


in  which  the  period  is  infinite,  or  the  curvets  non-periodic. 
In  the  s< 


(63) 


ie  above  equation  becomes 


V  =  a  sin  sin  ( 


y  =  a  sin 


it  admitting  of  reduction 


of  reduction  to  a  simpler  form,  gives 
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constantly  recurring  values  of  y  when  for  x  we  substitute  x  +  A. 
The  wave  length  of  the  resultant  curve  is  therefore  A,  and  the  curve 
is  periodic. 

58.  The  forms  of  the  component  curves  depend  only  upon  the 
wave  lengths  and  amplitudes ;  but  their  positions  on  the  axis  de¬ 
pend  on  the  values  of  the  phase  «,  (3,  y,  etc.  By  assigning  arbitrary 
values  to  these,  we  may  shift  any  curve  along  the  axis  any  desired 
part  of  its  wave  length.  Any  such  shifting  for  any  one  or  more  of 
the  component  curves  will  necessarily  alter  the  form  of  the  result¬ 
ant  curve,  but  will  not  change  its  wave  length. 

59.  If  the  wave  length  of  the  resultant  curve  be  assumed,  the 
wave  lengths  of  its  components  may  be  all  possible  aliquot  parts  of 
A,  and  the  number  of  the  possible  components  is  therefore  unlimited. 
Therefore  every  possible  curve  of  wave  length  A,  which  could  be  so 
constructed  from  such  component  curves,  would  be  found  among 
those  produced  by  placing,  along  the  same  axis,  an  unlimited  num¬ 
ber  of  harmonic  curves,  as  components,  with  wave  lengths  A,  4-A, 

etc.,  ... 

By  varying  the  amplitudes  of  the  components  and  shifting  them 
arbitrarily  along  the  axis,  an  infinite  number  of  resultants  can  be 
produced,  all  having  the  same  wave  length  A.  Fourier’s  theorem 
demonstrates  that  every  possible  variety  of  perioM^CTjrve,  of  given 
wave  length  A,  can  be  so  produced,  provided  the  ordinate  is 
always  finite  and  that  the  moving  point  is  M&hned  to  move  always 
in  the  same  direction. 

60.  A  periodic  series  is  one  whose  ktfhis  contain  sines  or  cosines 
of  the  variable,  or  of  its  multiples  Cr 

A1  cos  %  +  A2  cos  2x  +  s  3x  + - An  cos  nx  + - 

is  a  periodic  series.  This  goes  through  a  succession  of  values 
as  the  arc  increases  to  for,  every  term  has  the  same 

value  at  the  end  ancf^ffie  beginning  of  that  period,  and  this  con¬ 
tinuously,  so  tlw*  Qhtever  n  may  be,  the  period  of  the  function 


is  27 T. 


61.  Foi’d^ps  Theorem  has  for  its  object  the  determination  of 

the  unk^On  constants,  A0,  A1,  A2, - Bt,  Bg,  B3, . . ..,  and 

the  domination  of  the  conditions  by  which  any  given  function, 


:),  can  be  expressed  in  the  form  of 


V\-  : 
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y  z=  f(x)  =  A0  +  A1  cos  x  +  A2  cos  2x  -f _ 

+  B  j  sin  x  +  B2  sin  2a;  +  etc. . 


(65) 


The  non-periodic  term  A0  is  introduced  to  make  the  theorem 
conform  to  the  most  general  case.  If  the  function  is  capable  of 
expression  in  periodic  terms  only,  then  A0  =  0;  this  fact  can  only 
be  determined  by  considering  each  special  case. 

The  equation  which  expresses  the  mathematical  statement  of 
Fourier’s  Theorem  is 


I  =  00  ^-y  .  /2  i^rt  \ 

y  —  y o  +  Qsm  +  cHy 


\  T 


(66) 


in  which  ?/0  is  the  mean  value  of  y ,  and  each  of  the  variable  terms 
represents,  by  itself,  a  harmonic  vibration  of  which  the  period  is  an 
aliquot  part  of  the  whole  period  r. 

62.  Wave  Function .  Resuming  Eq.  (51), 

6  =  <f>(x,  t)  =  <p(Vt  —  x), 

\ 

we  see  that,  since  the  displacement  6  passes  through  all  of  its  values 
while  the  undulation  advances  a  distance  equal  to  its  wave  length 
A,  it  has  the  properties  of  simple  harmonic  motion,  and,  therefore, 
may  be  written 


d  =  cc  sin  -y  (Vt  —  x ).  (67) 

itf^Pvary  continu- 
,  6  will  increase 
ncl  finally  return  to 
zero,  during  the  time  y,  which  is  C0>1  ltly  the  interval  of  time 

required  for  the  undulation  to  pasj  r  the  wave  length  A.  Again, 
supposing  t  to  remain  constan4w)d  x  to  vary  through  all  values 
from  Vt  —  A  to  Vt,  we  obt&iMrgam  all  possible  values  of  the  dis¬ 
placement,  which  values^  HD  vidently  belong,  at  the  same  instant, 
to  all  molecules  in  the  m&i  length.  The  following  diagram  illus¬ 
trates  the  two  cases 


This  is  called  the  wave  function.  By  makit 

cc 

ously  through  all  values  from  t  =  y  to  t  = 
from  zero  to  +  «,  decrease  then  to  j- 

fmSi 
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By  the  addition  of  an  arbitrary  arc  we  can  cause  the  displace¬ 
ment  to  take  any  one  of  its  values,  at  any  time  t ,  and  thus  change 
our  origin  at  pleasure. 

63.  The  corresponding  expression  for  the  velocity  of  the  mole- 
cule  in  its  rectilineal  orbit,  sometimes  called  the  velocity  of  the  wav& 
element ,  in  contradistinction  to  the  velocity  of  wave  'propagation ,  is- 

giV6nby  2*,™  V 

u  —  a  cos  -y-  (  Vt  —  x).  (68) 


64.  The  principle  of  the  coexistence  and  superposition  of  small 
motions  is  shown  in  Mechanics  to  be  applicable  to  planetary  per¬ 
turbations.  It  is,  for  similar  reasons,  applicable  to  the  determina¬ 
tion  of  the  resultant  displacement  of  a  single  molecule,  arising 
from  the  concurrent  effect  of  many  disturbing  causes  acting  sepa¬ 
rately.  The  acceptance  of  this  principle  is  equivalent  to  assuming 
that  the  several  displacements  are  so  small  that  their  products  and 
powers  higher  than  the  first  are  negligible  with  respect  to  the  dis¬ 
placements  themselves;  and  it  embodies  the  primary  supposition 
that  the  intensity  of  elastic  forces  developed  varies  directly  with  the 
degree  of  displacement. 


65.  Wave  Interference .  If  we  apply  this  principle  to  de¬ 
termine  the  displacement  of  a  molecule  by  twn^lmurbing  causes, 
giving  rise  to  two  undulations  of  the  same  length,  we  will 

have  for  the  first, 

cF 


6'  —  a  sin 


(69) 


for  the  second, 


6"  =  a"  sin 


Vt  -  x)  +  A 


The  total  displaceme  be 

6’  +  <5"  =  6  =  («'  A'  +  «"  sin  A")  cos 

rP 

cos  A!  +  «"  cos  A")  sin 
which  may  l^put  under  the  form 


6  =  cc  sin 


2n 


2n 

X 


(Vt-x)  +  A 


^(Vt-x)  1 
(Vt (-*)], 


(70) 


(71) 


(TO) 
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by  placing 
Whence, 


a  cos  A  =  a  cos  A'  +  a"  cos  A”,  ] 
cc  sin  A  =  a  sin  A'  +  a"  sin  A",  f 


a2  =  a'2  -f  a"2  2 a!  an  cos  (A'  —  A"), 


tan  A  = 


a'  sin  A'  +  a"  sin  A " 
cos  +  a"  cos  H"’ 


(73) 

(74) 

(75) 


By  Eq.  (72)  we  see  that  the  resultant  undulation  is  of  the  same 
wave  length  as  the  components ;  that  the  maximum  displacement 
of  the  resultant  undulation  is  not,  in  general,  equal  to  that  of  either 
of  the  components,  and  that  it  does  not  occur  at  the  same  time  nor 
place  with  either  of  them. 

66.  Taking  the  square  root  of  Eq„  (74),  we  have 


—  yV2  -f  a"2  4-  2 a! a"  cos  (A'  —  A")  ; 


(76) 


from  which  it  is  seen  that,  when  'A'  —  A"  =  0,  a  =  a  +  a" ; 
and,  when  A '  —  A"  =  180°,  a  =  a'  —  a Hence,  in  Eq.  (75), 
A  =  A!  ==  A"  in  the  first  case,  and  A  =  A'  =  180°  +  A"  in 
the  second.  The  maximum  displacement,  then,  of  the  resultant 
undulation  may  vary  between  the  sum  and  difference  of  the  maxi¬ 
mum  displacements  of  the  two  component  undulations,  depending 
upon  the  difference  of  phase.  \ 

If,  m  the  two  component  undulations,  a '  =  a",  a  equal 

to  2 a  when  A1  —  A",  and  vary  from  this  value  to  as  the  dif¬ 
ference  of  phase  A'  —  A "  passes  from  zero  to  180^0^ 

Substituting,  in  the  expression  for  the  dispj£@ilent,  A '  ±  180° 
for  A',  we  will  have  * 

d  sin  ~{Vt-x)  +  A’  +  T?^  =  a!  sin  S^Vt-x  ±  +  A'^,  (77) 


which  is  exactly  the  same  as 


a  sin 

O' 

when  for  x  we  put4a^  -• 

Therefore,  ifx^)siippose  that  two  undulations  of  the  same  wave 
length,  starti^w  the  same  phase,  meet  after  travelling  over  routes 
which  differ^J^one-half  the  wave-length,  there  will  be  no  displace- 

n\ 
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ment  of  the  molecule  at  the  place  of  meeting,  and  complete  inter¬ 


ference  will  result. 

The  diagrams  of  Figure  9  illus¬ 
trate  the  composition  of  two  un¬ 
dulations  of  equal  wave  length, 
having  the  same  phase  in  the  first 
case,  and  opposite  phases  in  the 
second  and  third  cases.  In  AB, 
the  amplitude  of  the  resultant  un¬ 
dulation  a  is  equal  to  the  sum  of 
the  amplitudes  of  the  component 
undulations,  a'  and  a”;  in  A'B' 
and  A"B",  equal  to  the  difference 
of  the  amplitudes.  In  A"B  ',  the 
displacement  of  the  molecules  is 
zero,  and  the  two  components  mu¬ 
tually  destroy  each  other’s  action. 


_ ,  a"  a 

A a  a "  ^  B  ' 

Figure  9. 


67.  Interference  of  any  Number  of  Undulations. 

1°  Case.  When  the  component  undulations  have  the  same 
wave  length.  A 

8’  =«'  sin  + 

8"  =  a"  sin 


Let 


feP-  *>  +  A‘ 

>  vUC. 


(78) 


8"’  =  sin 
ete.,  <3 

be  the  values  of  the  scvc^W^mponent  displacements.  By  addition 
we  have  O' 

8'  +  8"  +  8"'  +  O 

=  («'  sin  /lj+  a"  sin  A"+cc"' sin  A"'+ etc.)  cos  j~^  (Ftf— z)J  ^  ^ 
+  +  a”  cos  A"  +  cos  A’"  +  etc.)  sin  (Vi— x)  J.  ^ 


hQ 


y 
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The  second  member  may  be  placed  under  the  form  of 
«  sin  A  cos  ^  ( Vt  —  x)  +  a  cos  A  sin  ( Vt  —  x) 

A  A 


a  sin  |j^  (  Vt  —  x)  +  A  J  =  6. 


y  (so) 


From  which  we  conclude  that  the  resultant  undulation  will 
have  the  same  wave  length  as  that  of  the  components,  but  that  in 
general  the  maximum  displacement  and  the  phase  at  the  time  t  will 
he  different  from  those  of  its  components. 

68.  2°  Case.  Component  undulations  of  different  wave  lengths. 

If  the  wave  lengths  are  different,  the  displacements  are  of  the 
form 


a  sm 


a  sm 


+  i"]. 


which  cannot  be  combined  into  a  single  circular  function  of  the 
same  form.  If  in  addition  the  wave  velocities  also  diff^Nhey  may 

be  combined  if  —  =  Hence,  undulations  ojL@fferent  wave 

A  A 

lengths  cannot  destroy  each  other,  and  the 
eral  undulations  upon  a  single  molecule  w: 
braic  sum  of  their  separate  effects.  If 
zero  for  a  given  molecule,  it  will  diffei^rSm 


immediately  preceding  and  folio  win  g<2r 


effect  of  sev- 
equal  to  the  alge- 
Yn  should  reduce  to 
zero  for  the  molecules 


69.  The  Principle  of  fi$n/f/heiis.  Since  the  displace¬ 
ment  of  any  molecule  is  of  the  subsequent  displacement 

of  other  molecules,  we  mp^^gard  the  displacement  of  the  mole¬ 
cules  upon  any  wrave  fftmyns  the  cause  of  the  subsequent  displace¬ 
ment  of  the  molecules  upon  any  other  front  which  the  wave 
afterwards  reach  may  therefore  consider  each  molecule  of 

the  wave  front^i^wiy  of  its  anterior  positions  as  being  the  origin, 
and  its  disnftA^hent  as  the  cause  of  secondary  waves,  each  of  which 
proceed  wit!Vuie  same  velocity.  The  aggregate  effect  of  all  these 

"V 
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secondary  waves  upon  any  other  molecule  beyond,  or  its  resultant 
displacement,  will  evidently  be  the  same  as  that  due  to  the  primary 
wave  itself.  This  principle  is  known  as  that  of  Huyghens,  and,, 
together  with  the  principle  of  interference,  is  exceedingly  h  uitful  in 
explaining  many  of  the  phenomena  of  wave  motion  in  sound  and 
light. 


\P 


P 


Let  0  be  the  origin  of  disturbance,  and  BAC  the  great  wave  in 
any  of  its  anterior  positions  before  reaching  a  molecule  P';  let 
AP'  =  V,  AB  =  AC  —  let  dz  be  any  indefinitely  small  part  of' 
the  wave  front,  and  6  the  angle  made  by  the  wave  front  with  any 
right  line  l  drawn  from  P'  to  any  point  of  the  wave  front,  at  a  dis- 
f  n  >i  rta  v  -fVrvm  A  •  fTi  on 


The  displacement  at  P',  due  tojj^  secondary  waves  originating  in. 
dz,  will  therefore  be 


Replacing  AI^JeQ^and  integrating,  we  have  for  the  resultant 
displacement  of  R{j|ue  to  the  great  wave, 


co$-^-(Vt  —  l  +  z  cos  0) 

Aj 


(85> 


RELATING  TO  SOUND  AND  LIGHT. 


51 


and  between  the  limits  corresponding  to  +  b  and  —  b > 
6  = 


ccX  2nb  cos  6  .  .  Vt  —  l 
sm - r - sin  2n - - —  • 


7 tI  cos  6  A 

The  maximum  displacement  is  therefore 

6  = 


aX  .  2nb  cos  0 

sm - r - • 


nl  cos  0 


(86) 


(87) 


70.  1°.  The  above  value  of  the  displacement  will  vary  with  b, 
6,  X ,  and  l  When,  as  in  sound,  X  is  very  great  as  compared  with  b, 
2nb  cos  0 

■ - ^ - will  be  so  small  that  the  arc  may  be  substituted  for  the 

sine  without  material  error,  and 


6  = 


2  ab 
~9 


(88) 


*  %ccb 
3  = 


which  is  independent  of  0 . 

2°.  When  X  is  much  smaller  than  b ,  as  in  the  case  of  light,  we 
have,  when  cos  0  is  very  small,  and  Q  therefore  differs  but  little 
from  90 D,  again 

^  <89> 

At  other  points,  where  0  is  not  great  and  cos small,  the 
resultant  displacement  becomes  equal  to  zero  whA^ 

27 rb  cos  6 

- j - =  ±7T,  ±  2tt,  etc. ; 

X  3X 

that  is,  when  cos  6  =  ±  — ,  ±\rf,  ±  — ,  etc. 


nent,  other  than  that  indicated 
in  Eq.  (87), 


=  ± 


(90) 


The  greatest  resultant  dii 
above,  will  be  found  by  ma1* 

and  it  will  be  emr  to  — - - , 

t rl  cos  0 ’ 

and,  since  me  intensity  of  the  sensation  is  directly  proportional  to 


frrb  cos  0 


aX 
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the  square  of  the  maximum  displacements,  we  will  have  the  rela¬ 
tion  of  the  intensities, 


«2A2 


7 t212  cos2  0 


4=a2b 2  . 9 


4t252cos  2  6  = 


X2 


4 7T2#2  cos2  0 


1.  [(91) 


71.  In  acoustics  it  will  be  shown  that  the  wave  lengths  corre- 

1  *11  *  H40'  4-  1140' 

sponding  to  audible  sounds  will  vary  from  — —  ==  57  to  4QQ^ 

r=  -J-  of  an  inch,  and  therefore  there  will  be  no  point  exterior  to  an 
aperture  where  the  displacement  will  not  occur,  and  hence  the  cor¬ 
responding  sound  be  heard.  In  light,  the  wave  lengths  vary 
between  .000026  and  .000017  of  an  inch,  and  there  will  be,  accord¬ 
ing  to  the  2°  case,  alternations  of  light  and  darkness  surrounding 
the  central  line  drawn  from  the  place  of  original  disturbance  to  the 
centre  of  the  aperture.  These  zones  are  called  Huyghens*  zones, 
and  will  be  again  referred  to  in  the  subject  of  diffraction. 

72.  Diffusion  and  Decay  of  Kinetic  Energy.  The 

displacement  of  any  molecule  due  to  wave  motion  of  a  given  wave 
length  is  independent  of  the  periodic  time,  and,  since  the  orbits  of 
the  molecules  are  described  in  equal  times  when  the*  arise  from  a 
given  periodic  motion,  they  will  be  directly  prop^^mil  to  the  dis¬ 
placements  or  any  other  homologous  lines.  velocities,  then, 

of  the  moving  molecules  being  represented  Umi1’  kinetic  ener¬ 
gies  will  be  represented  by  •  Them^^iuse  these  energies  are 

transmitted  without  appreciable  loi^^pbm  the  molecules  of  one  sur¬ 
face  to  those  of  another,  we  will3^ve  the  energies  of  the  molecules 


of  the  two  homologous  surfaces: 


.  o  A 

47tH  •  — —  =  4^ r?| 


r>, 


that  is,  2  :  r2,  or  varying  according  to  the  law  of 

the  inverse  srtjfore  of  the  distance.  Similarly,  we  will  ha^ve 

d"r"  =  6V,  (93) 

or  th^S^ahximum  displacements  inversely  proportional  to  the  dis- 
ts^Jceis  to  which  the  disturbance  has  been  propagated. 


2 

9 


mv2  0  mv '2 

or  ~2~  ’  T  ~~  2 


(92) 
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73.  Reflection  and  Refraction .  It  is  difficult  to  con¬ 
ceive,  satisfactorily,  in  what  manner  the  molecules  belonging  to 
two  media  of  different  elasticity  and  density  are  arranged  with  re¬ 
spect  to  each  other  in  or  near  the  bounding  surface  which  separates 
them.  When  they  occupy  positions  of  relative  rest,  the  elastic 
forces  must  be  mutually  counterbalanced  and  must  be  equal  to  those 
affecting  the  molecules  within  the  media.  We  may  assume  the  two 
media  to  have  different  densities  and  elasticities,  and  the  relative 
positions  of  the  molecules  near  the  separating  surface  to  be  deter¬ 
mined  by  the  action  of  the  equilibrating  molecular  forces.  But 
when  a  disturbance  arising  in  one  of  the  media  reaches  the  surface, 
the  molecules  of  the  second  medium  must,  in  general,  have  motions 
and  displacements  different  from  those  of  the  first.  If  we  consider 
alone  the  difference  in  density  of  the  molecules  of  the  media,  we 
perceive  that  the  energy  in  the  incident  wave  will  not  be  wholly 
given  up  by  the  molecules  to  their  neighbors  in  the  new  medium. 
In  either  case,  whether  the  molecules  have  greater  or  less  density,, 
a  return  wave  will  originate  in  the  incident  medium,  analogous  to 
the  reflected  motion  in  the  impact  of  elastic  balls.  Again,  if  the 
elasticity  of  the  media  be  different,  the  elastic  forces  for  equal  dis¬ 
placements  will  be  different,  and  thus  cause  a  return  wave  in  the 
incident  medium.  We  may  therefore  assume,  for  the  preset,  that, 
owing  to  the  different  elasticities  or  densities,  or  botlnj^rerwill  be, 
in  general,  a  separation  of  the  incident  wave  wheiwJj&r  it  meets  a 
surface  separating  two  media  of  different  densjCpand  elasticity. 
The  fact  of  such  a  separation  is  experimentaljX^rnonstrated  in  the 
phenomena  of  sound  and  light.  The  veWtifijbf  wave  propagation 
will  be  shown  to  be  a  function  of  thevelas£fcity  and  density  of  the 
medium,  and  therefore  the  waves,  iiw&neral,  will  proceed  in  the 
two  media  with  different  velocities^  ^ 

74.  The  plane  of  incidence  hsJ&at  plane  which  is  normal  to  the 
deviating  surface  and  to  thawpra&ont. 

The  plane  of  reflectionSpcfo rmal  to  the  deviating  surface  and 
to  the  reflected  wave  fi/fTU>^t  coincides  with  the  plane  of  incidence. 

The  plane  of  refracHm  is  normal  to  the  refracted  wave  front  and 
to  the  deviating 

JD 


75.  I) 

When  theVv 


ng,  Converging,  and  Plane  Waves. 
■gy  of  molecular  disturbance  is  distributed  among 
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the  molecules,  upon  an  increasing  wave  front,  the  wave  is  said  to 
be  diverging  ;  when  among  those  of  a  decreasing  wave  front,  a  con¬ 
verging  wave;  and  when  among  those  of  an  unchanged  wave  front, 
a  plane  wave.  An  indefinitely  small  portion  of  the  front  of  any 
diverging  wave,  taken  at  a  correspondingly  great  distance  from  the 
origin,  may,  without  sensible  error,  be  considered  as  coinciding 
throughout  with  the  tangent  plane  to  the  wave  front,  and  consid¬ 
ered  as  a  plane  wave.  The  molecules  of  a  plane  wave  at  any 
assumed  position  are  animated  by  equal  parallel  displacements,  and 
undergo  all  their  phases  while  the  plane  wave  advances  a  distance 
equal  to  the  wave  length,  measured  in  a  direction  perpendicular  to 
the  plane. 

76.  Differentiating  Eq.  (67),  we  have 


d2<5  _  4tt2F2^ 

dP  “  ~  T*-  ' 


(94) 


Multiplying  both  members  by  m,  the  mass  of  the  molecule,  and 
replacing  ^^2  by  its  equal  Z7d,  the  intensity  of  the  elastic  force 
developed  by  the  displacement  d,  we  have 


(95) 


(96) 


whence. 


Hence,  when  a  plane  wave  i^^1y}(agated  ivithout  altera¬ 
tion  in  a  homogeneous  medii$m!'rvs  velocity  of  propagation 
is  directly  proportional  to  th^yfuare  root  of  the  elastic  force 
developed  by  the  displacev^gyt  of  its  molecules. 

77.  Reflection  ^^T^Re fraction  of  Plane  Waves . 
Let  the  incident  nj^wave  AC  (Eig.  11)  meet  the  deviating  sur¬ 
face  at  all  points,  ^n^uccession,  from  A  to  B.  Let  V  and  X  be  the 
Telocity  of  w^vgj,nropagation  and  the  wave  length  in  the  medium  of 
incidence,  aiwbs and  X'  those  in  the  medium  of  intromittance. 
Let  and  CB  =  Vdt.  While  the  disturbance  in  the  in- 

cide  is  moving  from  C  to  B,  the  disturbance  from  A  as  a 

centre  Vill  proceed  in  all  directions  in  the  medium  of  incidence. 
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•and  be  found,  at  the  instant  considered,  upon  the  hemisphere  whose 
radius  is  AD  =  CB  =  V dt ,  and  in  the  medium  of  intromittance 
on  the  hemisphere  whose  radius  is  AD'  =  V'  dt. 


Each  point  in  the  line  AB 
will,  in  like  manner,  become  in 
succession  a  new  centre  of  dis¬ 
turbance,  sending  secondary 
waves  into  the  media  of  inci¬ 
dence  and  of  intromittance, 
whose  radii  will,  at  the  instant 
the  incident  wave  reaches  B,  be 
equal  to  V  and  V’  multiplied 
by  the  interval  of  time  elapsing 
between  the  instant  of  arrival  of 


Figure  II. 


the  w^ave  front  at  the  centre 

considered  and  that  of  its  arrival  at  B.  The  surface  through  B, 
which  is  tangent  to  all  the  reflected  pulses,  may  be  taken  as  the 
front  of  the  reflected  wave,  for  it  will  contain  more  energy  than 
any  other  surface  of  equal  area  in  the  incident  medium.  Similarly, 
the  surface  through  B  tangent  to  all  the  refracted  pulses  will  con¬ 
tain  more  energy  than  any  other  of  equal  area  in  the  medium  of 
intromittance,  and  may  be  taken  as  the  front  of  the  reMN^d  wave 
at  this  instant.  These  surfaces  are  readily  seen  to  be  gS&ks ;  hence, 
denoting  the  angle  CAB  =  ABD  by  0,  and  ABJ^vtiy  0',  we  will 


have 


ds  sin  0'  dt ; 


ds  sin  0  =  V  dt , 


(97) 


from  which  we  obtain 


sin  0  =  -yj  sin 


(98) 


cident  am 
normal  ta 


Figure  12. 
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are  called  angles  of  incidence  and  refraction .  The  angles  of  inch 
dence  and  refraction  are  measured  from  the  normal  to  the  deviating 
surface  on  the  side  of  the  medium  of  incidence  to  the  normal  of  the 
incident  waveband  to  thai^of  the  refracted  wave  produced  back 
into  the  medium  of  incidence. 

The  angle  of  reflection  is  measured  from  the  normal  to  the  de¬ 
viating  surface  to  the  normal  to  the  reflected  wave  front,  and  is 
therefore  negative.  In  the  reflected  wave,  since  the  velocity  of 
wave  propagation  is  unchanged,  g  is  equal  to  unity,  and  Eq.  (98) 
becomes 

sin  0  =  —  sm  </>'.  (99) 


79.  These  principles  may,  in  ordinary  cases,  then  be  summa¬ 
rized  as  follows: 

1°.  The  planes  of  incidence,  reflection,  and  refraction  are  coin¬ 
cident. 

2°.  The  sine  of  the  angle  of  incidence  is  equal  to  the  index  of 
refraction  or  of  reflection  multiplied  by  the  sine  of  the  angle  of  re¬ 
fraction  or  of  reflection. 

The  modifications  which  take  place  m  polarized  light  will  be 
referred  to  hereafter  in  physical  optics. 

80.  We  see  from  Art.  77  that  the  reflected  and  refected  waves 
are  plane  when  an  incident  plane 
wave  meets  a  plane  deviating  sur¬ 
face.  It  is  evident  also,  from  the 
construction,  that  the  reflected 
rays  are  all  normal  to  a  plane  XN' 
symmetrical  with  MM'  with  refer¬ 
ence  to  OX ;  and  that  the  incident  ^ 
and  reflected  rays  are  directecQ 
from  their  corresponding  pl^g^s 
towards  the  deviating  si^jrtee. 

The  refracted  rays  are^fetftaT  to 
a  plane  RR'  on  tlm  side  of 
the  deviating  surf^cejas  the  incident  wave,  and  are  also  directed 
towards  that 

81.  Gt, 

JEt  efrcti 


al  Construction  of  the  Reflected  and 
rq&tQp,  Waves.  Let  the  deviating  surface  AB  (Fig.  14)  be 
any  wm^fcVer,  and  the  rays  proceed  from  any  origin  0 ;  take,  in 

sA 


Figure  13. 
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the  medium  of  incidence,  any  spherical  surface  SS',  with  centre  at 
0,  as  the  incident  diverging  wave  ;  then,  from  all  points  I,  I',  I", 
etc.,  of  AB,  describe  spheres,  whose  radii  are  equal  to  the  intercepts 
of  the  rays  between  SS'  and  AB. 

If,  now,  tangent  planes  be  drawn 
to  the  deviating  surface  at  I,  I',  I", 
etc.,  and  to  the  surface  SS'  at  the 
corresponding  points  s,  s' ,  s ",  etc., 
each  pair  of  tangent  planes  will 
determine,  by  their  intersection,  a 
right  line,  through  which  if  a 
plane  be  passed  tangent  to  the  cor¬ 
responding  sphere  on  the  other 
side  of  the  deviating  surface,  it 
will  be  symmetrical  with  the  in¬ 
finitesimal  surface  of  SS'  at  s  with 
respect  to  that  of  AB  at  the  point 
I;  and  similarly  for  the  other 
points.  By  con  tin  uity,  these  points 
of  tangency  may  be  considered  as 
forming  the  envelope  of  the  re¬ 
flected  wave.  The  direction  of  the 
reflected  rays  is  found  by  joining 
these  points  with  I,  I',  I",  etc., 
and  extending  the  lines  toward  and  beyond  tho-A^iating  surface. 

82.  By  the  proper  modification  of  the  r^^nlue  to  the  value  of 

fi,  the  index  of  refraction,  the  envelop(^ntf\5e  refracted  wave  and 
the  direction  of  the  refracted  rays  nnw  ns  true  ted. 

83.  Considering  the  reflected  vpvVas  a  new  incident  wave,  the 

new  reflected  wave,  by  another  debating  surface,  can  be  constructed 
by  an  application  of  the  above/roynciples ;  and  since  reflection  may 
be  considered  as  refraction  index  is  —  1,  the  principle  may 

be  generally  stated,  thatJfc^ number  of  reflections  and  refractions 
may  be  replaced  by  spgle  refraction  at  a  supposable  deviating 
surface  with  a  pronpr^miodified  index  of  refraction. 

84.  Let  DEflv©g.  15)  be  any  incident  wave  whose  rays  are  not 
necessarily  paraUJl ;  MNP  any  deviating  surface.  At  some  subse¬ 
quent  tin^Qtne  incident  wave  will  occupy  some  position  such  as 
ABG,  I^V$eing  equal  to  EB  =  DA  =  Vt.  By  the  principle 

-Ok 


Figure  14, 


58 


ELEMENTS  OF  WAVE  MOTION. 


established  above,  abg  will  be  the  enveloping  surface  of  the  reflected 
wave  corresponding  to  ABG,  and  ct1b1g1  that  of  the  refracted  wave, 
and  both  will  be  concurrent,  that  is,  the  phases  of  the  molecular 
motions  on  them  will  be 
similar ;  #PG',  £NB', 

^MA'  will  be  the  re¬ 
flected,  and  #iPGri, 
ixNB1?  f^MAj  the  re¬ 
fracted  rajs. 

85.  Prolong  the  con¬ 
secutive  rays  of  either 
the  reflected  or  refract¬ 
ed  waves,  say  the  re¬ 
flected  wave  abg ,  until 
they  meet  two  and  two r 
they  will  be  tangent  to 
the  surface  a/3y,  which 
is  the  evolute  of  abg . 

Since  the  reflected  rays 
are  all  normal  to  abg , 
this  evolute  will  corre¬ 
spond  to  any  other  po¬ 
sition  of  the  reflected 
wave,  also.  The  surface 
of  which  a(3y  is  a  generatrix  is  in  optics  callodCyie  caustic  surface . 
It  is  evident  that  the  points  of  this  cau^W-7 ire  not  concurrent, 
because  their  distances,  being  equal  to/ffiiS$dii  of  curvature  of  abg 
from  the  reflected  wave,  are  them^elVr  unequal ;  and  points,  in 
order  to  be  concurrent,  must  be  rit^qual  distances  from  the  wave 
surface.  Whether  the  caustic  boreal  or  virtual,  the  displacements 
of  its  molecules  being  either otio  that  of  two  rays,  or  apparently 
so,  the  energy  of  the  r  sf  and  hence  the  resulting  sensation, 

will  be  greater  than  tha^he  to  but  one  ray. 

86.  When  the  ^oShre  a/3y  is  known,  the  various  possible  posi¬ 
tions  of  the  reflecteawave  can  readily  be  determined.  In  the  ordi¬ 
nary  cases  coj^Ecred  in  optics,  the  surfaces  abg  are  those  of 
revolution  jHqs'  caustic  is  then  also  9,  surface  of  revolution.  Sup- 

one  of  the  generatrices  of  the  reflected  wave,  consid- 
irface  of  revolution,  and  afiy  to  be  its  evolute ;  then,  by 


pose  abi 
ered 


.  as  : 


r 


# 
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the  property  of  the  evolute,  if  the  tangent  ct  act'  be  caused  to  roll  on 
cc(3y,  each  point  of  this  tangent  will  describe  one  of  the  sections  of 
the  reflected  wave.  Thus,  ab'g’ ,  a"(3g",  and  dbg  are  such  sections; 
the  second  of  these  being  of  two  nappes,  tangent  to  each  other  and 
normal  to  the  evolute  at  the  point  f3. 

87.  The  principle  that  the  rays,  after  the  wave  has  been  sub¬ 
jected  to  any  number  of  reflections  and  refractions,  are  all  normal 
to  a  theoretically  determinable  surface,  and  consequently  to  a  series 
of  surfaces,  of  which  any  two  intercept  the  same  length  on  all  the 
rays,  is  principally  applicable  to  the  determination  of  caustic  sur¬ 
faces,  and  to  the  formation  of  optical  images,  and  will  therefore  be 
further  discussed  in  that  branch  of  the  subject. 

88.  Utility  of  Considering  the  Propagation  of  the 
Disturbance  by  Plane  Waves .  In  a  homogeneous  medium, 
the  arbitrary  displacement  of  a  molecule  gives  rise  to  elastic  forces 
whose  intensities  depend  on  the  degree  and  the  direction  of  the 
displacements,  and  whose  directions  are  not,  in  general,  those  of  the 
displacements.  In  Art.  (35)  we  have  seen  that  the  displacements 
must  be  made  only  in  exceptional  directions,  in  order  that  the  elas¬ 
tic  forces  varying  directly  with  the  degree  of  the  displacement 
should  be  wholly  in  those  directions.  Should  the  orbk>84  the  dis¬ 
placed  molecule  be  curvilinear,  it  is  evident  that,  aW?ahli  point  of 
its  path,  the  elastic  forces  developed  would  varv^jm  in  direction 
and  intensit}7,  and  thus  the  general  problem  bae&^s  one  of  extreme 
intricacy. 

89.  If,  however,  it  be  possible  to  lijTTtkthe  discussion  to  that  of 
molecules  in  the  same  plane,  all  actimt&WDy  equal  and  parallel  dis¬ 
placements,  the  variation  as  to  diraxton  of  the  elastic  forces  may, 
perhaps,  be  eliminated.  It  has  J^een  shown,  Art.  76,  that  when  a 
plane  wave  is  propagated  with^LMlteration  in  a  homogeneous  me¬ 
dium,  the  velocity  of  prora^twm  is  directly  proportional  to  the 
square  root  of  the  elas&k^force  developed  by  the  displacement. 
Hence  the  importan^ojs-cleducing  from  the  general  equations  (18) 
the  corresponding  equations  applicable  to  the  vibratory  motions 
propagated  by  nMJPwaves. 

90.  At  thA$ne  t  let  r  be  the  distance  of  the  plane  wave,  in  a 
homogen^&^medium,  from  the  origin  of  co-ordinates ;  e  the  dis- 
placemem^M*  the  molecules  whose  co-ordinates  are  x,  y,  z;  rj, 
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Substituting  these  values  in  Eqs.  (18),  and,  since  the  medium  is 
homogeneous,  the  sums  arising  from  the  substitution  of  the  second 
part  of  the  values  of  Af,  A 77,  Af,  and  which  are  of  the  form 


SjH  <p  (r)  sin  ~  A  r, 

A 

.  .  Ay2  .  2n 
2/i  i/>  (?•)  — sin  -T-  A r, 


A?/  A# 

Zy  i p  (r)  -=a_  sin  X  Ar, 


2tt 

X 


_  ...  Ax  Ay  .  2t t 

^  (0  S1D  T  Ar> 


.  .AX2  .  2  7T 

^  (r)  -2-  sin  —  Ar, 


S/i  V>  (?•) 


As® 


sm 


A 

27T 


■  Ar, 


(106) 


„  ,  .  .  Ax  Az  .  2tt 

v>  (*•)  — sin  x 

all  reduce  to  zero,  because  they  are  formed  of  terms  which,  two  and 
two,  are  equal,  with  contrary  signs ;  for,  to  the  values  Ay,  A z, 

equal,  with  contrary  signs,  correspond  values  of  A^Mhcli  are  also 

equal  and  have  contrary  signs.  Then,  replaci^j^os  ^  Ar.  by  its 

equal,  1  —  2  sin2  ^  Ar,  and  6  sin  ^  hy  its  equal  e , 

Eqs.  (18)  become,  for  plane  waves,  .o< 


V  X 

A.1  =  —  - —  =  COS  a 

1  2  m 

Ax 

+  cos  p  Zy  if)  (r) 


v 


si 


Z,  =  -^=oo<^*(r)^^-* 


•  O  ^ 

sm2  ^  Ar 


.  _  ,  ,  x  Ax  Az  .  0  TT  A 

^  Ar  +  cos  y  2/z  *0  (r)  ^2—  sm2  -  Ar, 


sm4 


A?*. 


x> 


A 


& 


i  A?/2  ,, 

+  cos  p  ZfM  ^  <p  (r)  +  ip  (r)  sin2  ^  Ar 

A^/  7T 

-f-  cos  y  Sj il  xp  (r)  — sin2  y  Ar, 
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_  z  v  ,  t  \  Az  .  r, 

Z.  =  —  —  =  cos  «  2//  i/j  (r)  — 5—  sm2  T  Ar 

1  2m  '  r2  A 


+  cos  (3  Z.fi'ip  (r)  sin2  ^  A r 

A  ^2  I  jj- 

+  cos  y  2/a  (r)  +  *0  (r)  ~^2  sin2  ^  Ar' 

(107> 

91.  The  conditions  for  the  propagation  of  the  plane  wave  with¬ 
out  change  are 


*1  =  z  =A-  =  U . 

cos  «  cos  P  cos  y  1  * 


(108> 


Substituting,  in  Eq.  (107),  for  Ar  its  equal, 

Ax  cos  l  +  Ay  cos  m  +  Az  cos  n  =  Ar, 


(109) 


and  substituting  in  Eqs.  (108)  the  values  of  X19  Y19  Z19  thus  ob¬ 
tained,  we  will  have  two  relations  which,  with  V 

zCv 

cos2  a  +  cos2  p  +•  cos2  y  =  1 ~\0  (110) 

pjo 

will  enable  us  to  determine  the  angles  which  the  displace¬ 

ment  should  make  with  the  axes,  in  a*&Qhat  the  propagation  of 
the  plane  wave  may  be  possible.  . 

92.  Because  of  the  equaliix  of  the  coefficients  of  cos  P  and 
cos  a  in  the  first  and  secondffci^Eqs.  (107),  and  of  cos  P  and  cos  y 
in  the  third  and  second^  an]K»f  cos  a  and  cos  y  in  the  third  and 
first,  we  can,  by  substitujj^ns  and  reductions  similar  to  those  em¬ 
ployed  in  Art.  33^cMaice  corresponding  principles,  and  hence 
determine  that,  fpiSiach  direction  of  the  plane  wave,  there  corre¬ 
spond,  for  the JjnQcular  displacements,  three  rectangular  directions 
such  that  th^Qane  wave  may  be  propagated  without  change,  and 
that  thq^Qwree  directions  are  parallel  to  the  three  axes  of  an  ellip¬ 
soid  wn^  equation  is, 
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►  =  1.  (Ill) 


A  'll  7T 

+  2 xy  hfi  \j>  (r)  — sin2  -  A r 


This  is  called  either  the  inverse  ellipsoid  or  the  ellipsoid  of  polar¬ 
ization.  Having  also  the  relation  expressed  in  Eq.  (109),  we  sec 
that  the  coefficients  of  Eq.  (Ill)  depend  upon  the  angles  l ,  m,  n, 
which  determine  the  direction  of  the  plane  wave,  upon  certain  con¬ 
stants  which  define  *the  constitution  of  the  medium,  and  upon  the 
wave  length.  The  velocity  of  propagation  is  inversely  proportional 
to  the  length  of  that  axis  of  the  ellipsoid  to  which  th^Mnolecular 
displacements  are  parallel. 

93.  j Relation  between  the  Velocity ^pf  Wave  Propa¬ 
gation  of  Plane  Waves  and  th^Wave  Length  in 
Isotropic  Media •  All  directions  identical  in  isotropic 

media,  we  will  assume  the  plane  wavjmoPmal  to  the  axis  of  x.  We 
then  have  A r  =  Ax ,  and  P 
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Xt  =  COS  a  2(1 

At2 

<t>{r)  +xp  (r)  - 

T  ' 

sin2  -  Ax, 

Yx  =  COS  0  2(i 

4 >  (r)  +  V-  (r) 

7 T 

sm2  -  Ax,  > 
A 

Zx  —  cos  y  2(i 

4>(r)  +t(r)-pr 

.  _  7T 

sm2  —  Ax ; 

A  «, 

(113) 


and  tlie  equation  of  the  ellipsoid  to 


X2  2ft 

,  ,  x  ,  ,  x Ax 2 

4>(r)  +  4>  O')  -3- 

.  7T 

sm2  -  Ax 

A 

+  ^Sft 

4>(r)  +  i>(r)^ 

7T 

sin2  T  Ax  > 
A 

+  Z2  2  ft 

Az2 

4>  (r)  +  ip  (r) 

sin2  y  &x 

A  > 

=  i;  (H4) 


and,  since  all  directions  perpendicular  to  the  axis  of  x  are  identical 
with  reference  to  the  plane  of  the  wave,  we  have  A y  =  A z,  and 
Eq,  (114)  of  the  ellipsoid  becomes  one  of  revolution  about  the  axis 
of  x.  Whence,  we  conclude  that,  in  an  isotropic  medium,  a  plane 
wave  normal  to  a  given  direction  can  be  propagated  wtAout  change, 
whenever  the  molecular  displacement  is  parallel  ojA^pendicular  to 
this  direction.  To  anyone  direction  of  normal/ro^pagation  in  such 
a  medium,  there  corresponds  an  infinite  ^flipber  of  waves  with 
transversal  vibrations,  having  the  same  jA^xy,  and  but  one  wave 
with  longitudinal  vibrations  whose  v^Ssr^  is  different  from  those 
with  transversal  vibrations.  ^ 

94.  For  the  wave  with  longitQlnal  vibrations,  we  have 
«  =  0,  P  =  7  =  90°, 


(115) 


(116) 


sm2  ^  A#, 

1 

o 

II 

II 

V 

b 

( 

and,  from  Ecjs^($?)  and  (107),  we  have 


.'Q 
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In  Acoustics,  it  will  be  shown  that  sound  is  due  to  longitudinal 
vibrations  of  the  medium.  This  equation  will  then  be  applicable  in 
all  cases  of  sound  arising  from  such  vibrations,  and  will  be  referred 
to,  in  that  branch  of  the  subject.  In  Optics,  it  will  be  shown  that 
transversal  vibrations  only  are  efficacious  in  producing  light. 

95.  For  waves  with  transversal  vibrations  in  isotropic  media, 
the  velocity  is  independent  of  the  direction  of  the  displacement 
We  can  then  suppose  the  displacement  parallel  to  the  axis  of  y ,  and 
thus  have 

a  =  y  =  90°,  0  =  0, 


and 


Yt  =  2/* 


II 

II 

o, 

<t>(r)  +%jj  (r) 

.  7 r  y 

sin2  ^  Ax  =  Ut  ; 

> 

+  (r) 


A y 2 


.  7 T 

sm2  -  Ax. 


(117) 

(118) 


This  equation  is  applicable  in  light,  for  the  determination  of 
wave  velocity  in  isotropic  and  homogeneous  media,  and  will  be  used 
hereafter  in  determining  the  velocity  of  light  propagation. 
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These  constants  depend  only  on  the  constitution  of  the  medium, 
and  decrease  very  rapidly  in  value,  for  A®  is  always  a  very  small 
quantity.  If  the  wave  length  be  not  excessively  small,  if  it  sur¬ 
passes  a  certain  value  which  observation  only  can  determine,  the 
terms  of  the  second  member  of  Eq.  (119)  will  have  very  rapid  v 
decreasing  values,  and  we  will  obtain  an  expression  approximately 
near  to  V2  by  taking  only  the  first  few  terms.  Hence,  a  must  be 
positive,  and,  since  observation  shows  that  the  most  refrangible 
rays  are  those  of  the  shortest  wave  length,  and  that,  as  a  conse¬ 
quence,  V  decreases  with  A,  b  is  necessarily  negative. 

96.  Hence,  in  isotropic  media,  the  elasticity  being  uniform  in 
all  directions,  the  form  of  the  wave  surface  will  be  spherical,  and 
when  the  displacements  are  longitudinal,  its  radius  at  the  unit  time 
from  the  epoch  will  be  the  value  of  V  obtained  from  Eq.  (116) ; 
when  the  displacements  are  transversal,  the  radius  will  be  the  value 
of  V  in  Eq.  (118).  The  former  relates  wholly  to  waves  of  sound, 
and  the  latter  to  those  of  light. 

The  subsequent  discussion  will  now  apply  to  transversal  vibra¬ 
tions  alone,  and  the  conclusions  derived  belong  therefore  to  the 
transmission  of  light  undulations. 

Experiment  shows  that  the  media  which  transmit  (he  waves  ot 
light  are  not  in  general  isotropic,  and  as  a  consequra^lie  form  of 
the  wave  surface  will  not  be  spherical.  We  wil^werel 
seek  the  form  of  this  surface  in  the  general  ca^a 
the  properties  of  plane  waves  for  this  purpc^p^ 

97.  Plane  Waves  in  a  HorfiXM^neous  Medium  of 
Three  Unequal  Masticitie^h*<Bectangi(lar  Direc¬ 
tions.  In  the  plane  wave,  the^powing  conclusions  have  been 
deduced : 

1°.  The  displacements  v 
same  plane  wave,  musl^V^c 

to  their  original  dii^qmns.  .  ,  , 

2°.  The  elastidffoacSes  developed  by  these  displacements  must  be 
either  in  the  (lij^ctions  of  the  displacements  or  alone  efficacious  in 

fhpap.  flirp,r,tio*&0^  .  i 

^propagation  of  the  plane  wave  unaltered  is  then 


herefore,  now 
A  make  use  of 


hi  molecules,  in  each  position  of  the 
[lineal  and  parallel  to  each  other  and 


these  directi 
3°. 

prmp.lnsioTis  involve, 


possi 


rinnonmiATlPfiS.  fl,  COnStanCV  Of 
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locity  of  propagation  when  the  plane  wave  is  unchanged  in  direction,, 
and  a  variation  in  the  velocity  as  the  direction  is  changed.  Hence,, 
if  the  elasticities  of  a  homogeneous  medium  differ  in  all  directions, 
and  we  suppose  plane  waves,  having  all  possible  positions,  originate 
at  any  point  m  of  an  indefinite  medium,  these  plane  waves,  at  the 
end  of  a  unit  of  time,  will  be  at  different  distances  from  m.  The 
surface  which  is  the  envelope  of  all  these  plane  waves  at  this  instant 
is  called  the  wave  surface . 

98.  Let  a  >  b  >  c 


be  the  principal  axes  of  elasticity  of  such  a  medium.  Then  a2,  l2y 
c%  will  measure  the  elastic  forces  developed  in  these  directions  by  a 
displacement  equal  to  unity,  and  any  of  the  surfaces  of  elasticity 
heretofore  determined  can  be  used  to  obtain  the  elastic  forces  devel¬ 
oped  by  an  equal  displacement  in  the  direction  of  the  corresponding; 
radius  vector  of  the  surface.  The  velocity  of  wave  propagation 
being  proportional  to  the  square  root  of  the  elastic  force,  Eq.  (96), 
its  value  can  be  found  when  the  elastic  force  due  to  the  displace¬ 
ment  in  any  direction  is  known. 

99.  Fresnel  made  use  of  the  single-napped  surface  of  elasticity 
whose  equation  is 


a2x2 


+  Wy2  4-  c2z 


,2*2  - — 


hut  for  plane 
ellipsoid, 


waves, 


(121) 

the  inverse  ellipsoid  of  a^&city  or  first 

.^2  _}.  J)2y2  (E) 


a‘X' 


together  with  its  reciprocal  ellipsoid, 


(W) 

can  be  more  readily  used,  bectf%|6r  of  its  better  known  properties. 
The  squares  of  the  semi-a  S '(W)  and  of  the  reciprocals  of  (E) 
are  the  principal  elastic  ibw^f  the  medium. 

100.  There  are  t'XL^ases  to  consider: 

1°.  The  pla\  is &  the  wave  contains  two  of  the  principal 
axes ,  and  li^k/is  one  of  the  principal  planes  of  the  medium. 
The  plane^ro^the  ellipsoids  in  ellipses  whose  semi-axes  are  either 
two  of  th^Kincipal  axes.  Whatever  be  the  direction  and  amount  of 
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the  displacement,  it  may  be  replaced  by  its  components  in  the  di¬ 
rection  of  the  axes  proportional  to  cos  a  and  sin  a,  a  being  the 
angle  made  by  the  displacement  with  either  axis. 

Considering  these  separately,  we  see :  1°,  that  each  will  commu¬ 
nicate  to  the  molecules  in  the  adjacent  plane  analogous  rectilineal 
motions  which  will  be  propagated  without  alteration  of  direction ; 
2°,  that  the  elasticities,  and  hence  the  velocities  of  propagation 
which  belong  to  these  two,  are  different,  and  that  after  a  time  there 
will  be  two  series  of  molecules  situated  in  parallel  planes,  parallel 
also  to  the  primitive  plane,  which  will  contain  all  of  the  original 
energy;  3°,  that  the  vibrations' of  the  molecules  :n  these  two  plane 
waves  will  be  at  right  angles  to  each  other. 

101.  2°.  The  plane  leave  is  any  whatever.  The  sections 
of  the  ellipsoids  will  be  ellipses,  but  will  not  in  general  contain 
either  of  the  axes  of  the  ellipsoids.  There  will  then  be  no  direction 
of  the  displacement  that  can  give  a  resultant  elastic  force  in  the 
direction  of  the  displacement.  It  is,  therefore,  essential  for  a  rec¬ 
tilineal  oscillation  of  the  molecule  and  for  a  consecutive  transmis¬ 
sion  of  this  oscillation,  that  there  should  be  no  tendency  of  the 
rectilineal  displacement  to  be  deflected  on  either  side,  but  that  the 
line  of  the  resultant  force  should  be  projected  upoqrtAe  displace¬ 
ment.  As  it  is  not  in  general  in  the  plane,  but  ohwmfe  to  it,  it  can 
be  resolved  into  two  components  :  one  normal  JfKprc  plane,  which 
is  not  effective  in  light  undulations  ;  and  tho-wrer,  which  is  alone 
efficacious,  in  the  direction  of  the  displacei&Jjrf.  In  each  elliptical 
section  there  are  two  such  direction jO?hj;cli  are  named  singular 
directions,  and  which  are  perpendionlaM<o  each  other.  Assume  any 
plane  section  through  the  centre  crfvE) ;  the  elasticity  measured  by 
the  squares  of  the  reciprocals  of-ttieradii-vectores  is  the  same  to  the 
right  and  left  for  the  two  ax0frr  the  section,  and  is  the  same  only 
for  them.  Through  eitW^fffle  axes  pass  the  normal  plane  to  the 
section;  it  will  cut  all >fee  parallel  plane  sections  in  their  homolo¬ 
gous  axes.  With  inference  to  this  normal  plane,  the  radii-vectores, 
and  therefore  .the  elasticities  of  each  section,  are  symmetrical. 
Hence,  if  tha-Ag^acement  be  along  one  of  the  axes  of  the  section, 
the  total  force  will  be  in  the  normal  plane,  and  will  be  pro¬ 

jected  o^h^fe  axis  of  the  section.  And  since  the  ellipsoid  semi- 
diametere^are  inversely  as  the  velocities  of  propagation,  the  recipro- 
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cals  of  the  axes  will  measure  the  velocities  of  wave  propagation. 
Hence  is  established  the  fact  that  for  each  section  there  are  two  of 
these  singular  directions,  and  that  they  are  rectangular.  These  two 
singular  directions  perform  the  same  function  for  the  vibrations  of 
the  plane  wave  as  do  the  axes  of  elasticity  themselves  when  the 
plane  wave  contains  them.  Each  vibration  is  replaced  by  two  others 
in  the  direction  of  the  singular  directions,  and  these  two  compo¬ 
nents  proceed  in  the  medium  without  change  of  direction,  but  with 
different  velocities,  so  that  there  are  then,  in  the  general  case,  two 
plane  waves  parallel  to  each  other  and  to  the  original  plane  wave. 
If  a  be  the  angle  made  by  the  displacement  with  one  of  the  axes, 
the  component  displacements  will  be  proportional  to  cos  a  and 
sin  a ,  and  the  elastic  intensities  to  cos2  a  and  sin2  a.  Whatever 
may  be  the  direction  of  the  original  supposed  vibration  in  the  plane 
wave,  the  two  plane  waves  which  replace  it  are  always  the  two  above 
designated. 

102.  If  the  plane  of  the  wave  coincides  with  either  of  the  circu¬ 

lar  sections  of  the  ellipsoid,  the  plane  wave  will  be  propagated 
without  alteration,  whatever  be  the '  direction  of  the  displacement, 
with  a  velocity  equal  to  b ,  the  reciprocal  of  the  mean  semi-axis  of 
the  ellipsoid.  * 

103.  The  Double- Napped  Surface  qrtp?«ElasticUy. 

If  through  the  centre  of  (E)  we  pass  any  plane/^mr  on  the  normal 
to  the  section  at  the  centre  set  off  distance^Tipersely  proportional 
to  the  semi-axes  of  the  section,  the  locus  o^Sflthese  pairs  of  points 
is  called  the  double-napped  surface  of/em&jcity.  For,  each  radius 
vector  measures  the  velocity  of  pi^pagfftion  of  one  of  the  plane 
waves,  arising  from  a  displacemenj^yNthe  plane  of  section,  and  the 
square  of  each  of  these  normal  gdocities  is  the  measure  of  the  elas¬ 
tic  force  developed  by  the  cq™ponent  displacement  along  the  axes 
of  the  section. 

104.  If  through  eaofi^of  the  points  so  determined  planes  be 
passed  parallel  to  ^ejcorresponding  plane  of  section,  the  envelope 
of  all  these  planes^vunbe,  by  definition,  the  wave  surface.  Hence, 
the  latter  camN^P  constructed  by  points  from  this  surface  of 
elasticity.^ 

105.  ff^get  the  polar  equation  of  the  latter  surface,  let  us  take 
for  co-onjinate  axes  the  principal  axes  of  the  medium  ;  let  Z,  m,  n , 

/sA 
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be  the  angles  made  by  the  normal  to  the  plane  wave  with  these 
axes,  x ,  y,  z,  respectively ;  cc,  ft  y,  those  which  one  of  the  axes  of 
the  ellipse  of  section  make  with  the  same  axes  ;  then  we  have 


cos  a  cos  l  +  cos  0  cos  m  +  cos  y  cos  n  =  0.  (122) 


The  elastic  force  developed  by  a  displacement  parallel  to  the 
axis  of  section  is  projected  on  the  plane  of  the  wave  parallel  to  this 
displacement,  and  its  components  are 

X  —  a2  cos  a,  Y  ==  b2  cos  ft  Z  =  c2  cos  y.  (123) 

The  cosines  of  the  angles  which  this  elastic  force  makes  with  the 
axes  are  then  proportional  to  these  values.  An  auxiliary  right  line 
perpendicular  to  the  direction  of  the  elastic  force  and  to  the  dis¬ 
placement  will  lie  in  the  plane  of  the  wave,  and  if  u,  v,  w,  be  the 
angles  which  it  makes  with  the  axes,  we  will  have 

a2  cos  a  cos  u  +  b2  cos  0  cos  v  +  c2  cos  y  cos  to  =  0,  \ 

cos  cc  cos  u  +  cos  0  cos  v  +  cos  y  cos  w  =  0,  l  (124) 

cos  l  cos  u  +  cos  m  cos  v  +  cos  n  cos  w  =  0.  ) 

Representing  the  velocity  of  propagation  of  the  pl^ie  wave  by 


which  will  be  that  of  the  surface  reqxn&D  To  eliminate  u,  v,  w, 
we  will  make  use  of  the  method  of  muW^minate  coefficients ;  thus, 
multiply  Eqs.  (124)  by  B,  A,  and  J&ity,  respectively,  add  the  three 
resulting  equations,  and  from  the  conditions  for  B  and  A  that  the 


iall  reduce  to  zero,  we  will  have 


coefficients  of  cos  v  and  cos( 


+^y  /  cos  a  +  cos  ^ 

•O cos  0  +  cos  m  =  0, 


(A  cos 

(A-  0-S62)  cos 
Be2)  cos 


(126) 


cos  y  +  cos  n  —  0. 


Multiply  by  cos  «,  cos  0,  and  cos  y,  respectively,  add, 

"Eqs.  (122),  (125) ;  we  will  have 


A  +  5F  =  0. 


(127) 
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Substitute  this  value  of  A  in  Eqs.  (126),  and  we  have 

cos  l  =  B  (  V2  —  a2)  cos  a,  ) 

cos  m  =  B  ( V2  —  b2)  cos  ft  > 

cos  n  =  B  ( F 2  —  c2)  cos  y.  ) 

From  which  we  get 

cos  l  cos  m 

V 2  —  a 2  V2  —  b2 


(128) 


COS  a 


COS  ft 


cos  n 
W^c2 

cos  y 


cos2  Z 


(  F2  —  «2)2  +  ( F2  —  62)2  ^  ( F2  —  c2)2 


cos^  m 


+ 


cos'5  n 


(129) 


Replacing  cos  a,  cos  ft  cos  y,  in  Eq.  (122),  by  tlieir  propor- 

cos  l  cos  m  cos  n  , 
tional  quantities,  ^ ,  we  have 


V2  —  a2’  V2  —  b2’  V2  —  c2’ 


cos2 1 


+ 


cos2  m 


F2  —  «2  1  F2  —  ¥  +  F2  —  c2 


cos2  n 


=  0, 


(130) 


the  polar  equation  of  the  double-napped  surface  of  elasticity,  in 
which  F  is  any  radius  vector. 


6 


106.  The  Wave  Surface .  Through  any^hyH  of  the  sur¬ 
face  of  elasticity  pass  a  plane  perpendicular  toyfl^radius  vector  at 
that  point,  and  let  r ,  a,  [i ,  v ,  be  the  polar  co^oMmates  of  any  poin^ 
of  the  plane.  The  equation  of  the  plane  p^fi^e 

cos  l  cos  a  -f  cos  m  cos  u  -QpsSi  cos  v  =  -~ 

^omctition, 


(131) 


We  have  also,  as  equations  of 

cos2 1  +  c&Jpfo  +  cos2  n  =  1, 
cos2 1  v\0  o^  m  cos2  % 


osF^ 


(132) 

F2  —  F2  —  6s  1  F2  —  c2  =  °‘  ^133^ 

G 

The  wave  suriEace*us  the  enveloping  surface  of  the  planes  given 
by  Eq.  (131),  jta^Clts  equation  can  be  determined  by  eliminating  F, 
l,  m ,  w,  and^jahing  an  equation  between  r,  A,  /i,  v.  To  do  this, 
differe  llqs.  (131),  (132),  (133),  regarding  cos  l  and  cos  m  as 

independent  variables,  and  we  will  have 


cos*  n 


(  72  _  a2y  T-  (  72  __  £2)2  T  (  72  _  C2)‘2  J 

£?  cos  n  cl  cos  n  dV  dV 
d  cos  l  ’  d  cos  m’  d  cos  V  d  cq 


multi¬ 


ply  Eqs.  (134)  by  1,  A,  and  —  B,  respectively,  ad^HJiel  resulting 
equations  together,  and  perform  the  same  operati  Eqs.  (135). 

Supposing  the  indeterminate  quantities  A  a to  have  such 

values  as  will  make  the  coefficients  of  3———-* 

l  d  cos  m  d  cos  l 

-7 - ,  equal  to  zero,  we  will  have.  IJ' 

cZ  cos  m  ^  C 

*1  ,  70  c°s  l 

cos  a  +  A  cos  l  —  B 


cos  (a 


V2  —  b2’ 


jC  Nr  a  x,  cos  w 

c<\vj+  ^4  cos  n  =  B  y2-  -—2, 


1  _  P  pS?  cos2  ^  cos*  m 

r  ~  ^f_(  72  -  a2)2  +  ( 72  —  W)2  ^  (W- 

the  first  three  of  the  above  equations  by  cos  l ,  cos  my 
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and  cos  n,  respectively,  add  the  resulting  equations,  and  reduce  by 
Eqs.  (131),  (132),  (133) ;  we  will  have 


V 

A  +  -  =  0. 
r 


(137) 


Squaring  the  first  three  of  Eqs.  (136),  and  adding,  we  get,  after 
reduction 


V  B 

1  +  2A—  +  A*  =  — ; 
r  rV 


whence,  we  have 


A  =  ~~,  B  =  A-^-V% 

Substituting  these  values  in  Eqs.  (136),  we  obtain 

r  cos  A  _  V  cos  l 
W—a2  ~  V2-a2’ 
r  cos  fi  _  V  cos  m 
W-l)2  “  V2  —  b2’ 
r  cos  v  V  cos  n 


(138) 

(139) 


_i —  —  yz  r. 

v2  L 


( V2  -  a?f  '  (F»  — «*)*  1  mvV)3j 

2 f"  cos2  A  t  cos2 n 
- r  + 


(140) 


a*y  ^  (,«  _  py  c2y 

The  first  three  equations  (140)  can  placed  under  the  form. 


cos  A  —  —  cos 
r 


_  V2)  C°SX 


COS 


r2  —  a2’ 
cos  / 1 


/  9  TT9\  cos  f1 

P  =  (  /  ”  F  )  ?T=rp 

^  F  i 

cog*?  —  cos  n  =  (r2  —  V2)  ~ 


cos  v 


(141) 


Addim*>flwfce,  after  multiplying  tLem  cos  A,  cos  n,  cos  v, 
respectiv^lypand  reducing  by  Eq.  (131),  we  have 
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COS2  X  COS2  fl  COS' 

r2  —  a2  r 2  —  b2  r 2 


S)-  M 


whence,  dividing  by  r 2  —  F2,  we  have 

cos2  A  (  cos2  y  t  cos2  v 
Hi  Is  “h  H  AS 


r2  —  c2 

the  polar  equation  of  the  wave  surface. 


1 

7*2  * 


(143) 


108.  A  more  advantageous  form  for  discussion  can  be  obtained 
by  subtracting  the  identical  equation. 


1  cos2  X  cos2  ^  cos*  v 
^»2  ^ 


*  V 
■2 


from  the  equation  above,  by  which  there  results 


a 2  cos2  X  b2  cos2 1 u  c2  cos2  v 

"h  "H  a?  * 


r2  —  a2 


y  2  __  fS, 


o. 


(144) 


(145) 


109.  To  obtain  the  equation  of  the  wave  surface  in  rectangular 
eo-orclinates  substitute  for  cos  X,  cos  y,  cos  v,  and  r,  their  equals, 

y~,  and  Vtf  +  V2  +  z2;  whence,  we  have 
r  r  r 

(x2  +  y2  +  z2)  (ah?  +  bhf  +  c2z2)  —  a 2  (l2  (  m  4g\ 

—  b2(<?  +  a2)  y 2  —  c2  ( a 2  +  a2b2c2  =  0.  j  v  ’ 


This  equation  being  of  the  foufthJcT&gree,  the  surface  is  of  the 
fourth  order,  and,  as  will  be  shoVji  hereafter,  consists  of  two  dis¬ 
tinct  nappes,  having  but  four  p<Ot  s  in  common. 

110.  If  two  of  the  S^^ies  become  equal,  as,  for  example, 
b  =  c,  the  equation 

qP  x2  +  y2  +  z2  =  V2, 
a2x2  +  b2  (y2  +  22)  =  ct2b2} 

which  sji^^uiat  the  wave  surface,  under  this  supposition,  consists 
of  a  surface  and  that  of  an  ellipsoid  of  revolution  tangent 

to  th<r&phere  at  the  extremity  of  its  polar  axis. 


(147) 

(148) 
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Finally,  if  the  three  principal  velocities  become  equal,  or  a  —  b 
-r =  c,  as  in  isotropic  media,  Eq.  (146)  becomes 

x?  +  y2  +  &  =  a2,  (149) 

and  the  wave  surface  becomes  spherical,  as  has  been  heretofore 
shown. 


111.  Construction  of  the  Wave  Surf  ace  by  Means 
of  the  Ellipsoid  (W).  Let  us  suppose  that  the  ellipsoid  (W), 


x 2  y 2  z2  . 

a2^  b 2^  c2  ’ 


(150) 


be  cut  by  any  plane  through  its  centre,  and  that  distances  be  laid 
■off  on  the  normal  equal  to  the  semi-axes  of  the  elliptical  section. 
Referring  to  the  construction  of  the  double-napped  surface  of  elas¬ 
ticity  by  means  of  the  ellipsoid  (E), 


o2x2  +  b2y2  +  c2z2  =  1, 


(151) 


we  see  that  in  designating  the  polar  co-ordinates  of  the  points  con¬ 
structed  by  the  aid  of  (W)  by  r,  A,  \l,  v,  the  equation  of  their  loci 
oan  be  obtained  from  the  equation  of  the  double-napped  surface, 


cos2 1 
V2  -  d 


+ 


cos4  m 


+ 


cos4  n 


cos2  A 


V2~b2  V2  —  c* 


=  0, 


by  substituting  for  F2,  a2,  b%  c 2,  l,  m,  n, ,  respe<$0y,  - , 
A,  ja,  v .  We  thus  obtain 

,  COS2  \L  f  cb&W  _  A 

+  rrr  +rvrr  ~  * 

^  c2 


(152) 

111 

a2’  b2’  c2’ 

(153) 


or 


a2  cos2  A  b 2 

—  + 


,  C 2  COS2  v  _  A 

H  ZJx  To  —  t), 


which  is  the  equation 


^  62  'r  r2  —  c2  —  v’  ^154^ 

l^oNflie  wave  surface.  Hence,  points  of  the 
wave  surface  can  be  xonSmicted  from  the  ellipsoid  (W)  in  precisely 
the  same  manne,  yp  points  of  the  surface  of  elasticity  from  the 
ellipsoid  (E)^  that  in  the  former,  distances  equal  to  the  semi¬ 

axes  are  laid%M^  on  the  normal,  and  in  the  latter  the  distances  are 
equal  to  tli^eciprocals  of  the  semi-axes. 
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112.  Direction  of  the  Vibration  at  any  Point  of 
the  Wave  Surface .  Let  us  consider  any  plane  wave  tangent 
to  the  wave  surface;  the  displacement  propagated  by  this  plane 
wave  makes  the  angles  a,  j3,  y,  with  the  axes  ;  the  radius  vector  of 
the  wave  surface  at  the  point  of  tangency  makes  with  the  axes  the 
angles  X,  v  ;  therefore  the  angle  between  these  two  lines  will  de¬ 
termine  the  required  direction. 

Eliminate  in  Eq.  (129)  the  angles  l ,  m,  n,  by  means  of  the  first 
three  of  Eqs.  (140),  which,  with  the  last  of  Eqs.  (136),  will  give 

cos  A  cos  ii  cos  v 

r2  —  a 2  r2  —  b2  r2  —  c2 

cos  a  cos  j3  —  cos  y 


(r2-a '2)2  +  (f-V)2  +  {r*-(?)2  I  (i55> 


cos2  A  cos2  \i  cos2  v 


V 


r 


( V2  —  a2)2  +  ( V2  —  b2)2  +  (  V2  —  6 2)2 


cos2 1  cos2  m  ,  cos2  n 


whence, 


(156) 


Substituting : 


cos  a  cos  A  -  ■ 

In  the  figup, 

1p9  OM  the  radiu 
•pendicular  V  on 


,  point  of 

}9  OM  the  radius  vector, 


r  cos  y  cos  v  = 


the  wave  surface,  we  have 


v 


geni^i^ine  to  the  wave 


•pendicular  V  on  the  tan- 


the  wave  surface;  —  is 
r 


Figure  16. 
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then  the  cosine  of  POM,  and 


V1- 


V2 


is  its  sine ;  hence,  OMP 


is  complementary  to  POM,  and  therefore  the  vibrations  at  M 
are  directed  along  the  line  PM.  We  conclude,  therefore,  that  the 
direction  of  the  vibrations  of  the  molecule  at  any  point  of  the  wave 
surface  is  along  the  projection  of  the  radius  vector  on  the  tangent 
plane  at  that  point. 

When  the  tangent  plane  is  normal  to  the  radius  vector,  as  is  the 
case  at  the  extremities  of  the  axes,  this  determination  is  not  appli¬ 
cable,  but  the  direction  is  in  these  cases  easily  found.  The  plane 
OMP,  which  contains  the  radius  vector  and  the  direction  of  the 
corresponding  vibration,  is  called  the  'plane  of  vibration . 

113.  Relations  between  the  Directions  of  Normal 
Propagation  of  Plane  Waves,  the  Directions  of 
Radii-  Vector es  of  the  Wave  Surface ,  and  the  Direc¬ 
tions  of  Vibrations .  By  the  preceding  theorem  we  have  seen 
that,  in  any  plane  wave  whatever,  the  normal  to  this  plane,  the 
direction  of  the  vibrations  in  this  wave,  and  the  radius  vector  drawn 
to  the  wave  surface  at  the  point  of  tangency,  are  all  contained  in 
the  same  plane.  Besides,  for  each  normal  direction  of  propagation 
of  a  plane  wave,  there  correspond  for  the  vibrations,  tw^Sft’ections 
parallel  to  the  axes  of  the  elliptical  section  of  th^M^soid  (E) 
made  by  a  parallel  plane.  These  directions,  thei^mfe,  being  per¬ 
pendicular  to  each  other,  the  planes  which  confain,  at  the  same 
time,  the  same  direction  of  normal  propagathm^me  two  vibrations, 
and  the  two  corresponding  radii-vectores/IEI&^^ctangular. 

114.  Since  the  wave  surface  has  tvnVappes,  each  radius  vector 
will  give  two  directions  for  the  vibratpns.  We  will  now  show  that 
the  planes  which  contain  a  radiusw^e^mr  and  the  directions  of  the 
two  corresponding  vibrations  areVreo  rectangular ;  and  for  this  pur¬ 
pose  we  shall  show  that  the^^tSorations  which  correspond  to  the 
same  radius  vector  are  contacted  in  the  two  planes  passing  through 
this  radius  vector  and/ffi^xes  of  the  elliptical  section,  that  a  plane 
perpendicular  to  the  ra&fus  vector  cuts  out  of  the  ellipsoid  (W). 

115.  Let  0,  0Ufepbe  the  angles  made  by  one  of  the  axes  of  this 

elliptical  secticmAj^tn  the  co-ordinate  axes ;  it  is  then  necessary  to 
demonstrate^^  the  three  lines  («,  j3 ,  y),  (A,  p,  v ),  (0,  are 

:all  in  the  plane. 
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Eq.  (129),  which  gives  the  relations  existing  between  the  angles; 
a,  P,  y,  made  by  one  of  the  axes  of  ellipsoid  (E)  with  the  co-ordi¬ 
nate  axes,  and  the  right  line  l ,  m,  n,  perpendicular  to  the  elliptical 
section,  can  be  applied  to  the  analogous  case  of  the  elliptical  section 
of  (W)  and  the  normal  radius  vector,  by  replacing  in  this  equation 


V2,  «,  0,  y,  Z,  m,  n ,  a2,  b2,  c2,  by 
respectively,  which  will  give 


0,  0,  x>  K  t*>  v> 


1_ 

a2’ 


1_  1 
b2’  c2’ 


a2  cos  a 
r2  —  a 2 
cos  0 


b2  cos  ft  c2  cos  v 


r2  —  b2 
COS  0 


r2  —  c2 
cos  % 


►  (158) 


/  a 

V  e 


c&  cos2  A 


+ 


¥  cos2  ja  ¥  cos2  v 


(r2  —  a3)*  "h  (r2  — >)2  ^  (r2  —  c2)2'  J 


Let  the  auxiliary  right  line  defined  by  the  angles  (.,4,  B ,  0)  be 
drawn  perpendicular  to  the  two  right  lines  (A,  v)  and  (0,  0,  x) ; 
we  will  have 


cos  A  cos  A  +  cos  B  cos  +  cos  C  cos  ^  =  0, 
cos  A  cos  0  +  cos  B  cos  0  +  cos  (7  cos  %  =  0. 


(159) 


Replacing,  in  the  last  equation,  for  cos  (j>,  cos  V>.  cos  %,  the 
quantities  proportional  to  them  in  Eq.  (158),  we  lia^A 

62  cos  jti  „  c2  cos  %L. 


a2  cos  A 


cos  A  + 


i-  cos  B  + 


ft  — ci*  -ft  —  b*  ' '  '  r 

Adding  this  to  the  first  of  Eqs.  (159). 


cos  A 

1'%  -  r/2 


cos  A  + 


and  recollecting  that  the  relations 


fs  C  =  0.  (160) 


~^c°sC=0i  (161) 


cos  A  f^X^cos  P  cos  v 

72~-^b2  _  r2—~d^ 
cos  P  cos  y 


(162) 


COS  P 


c? 

exist,  we  have  ^jany 

co^^cos  A  +  cos  P  cos  B  +  cos  y  cos  0=0.  (163) 


He^N^e  three  right  lines  («,  P ,  y),  (A,  fi ,  v),  (0,  0,  %),  being 


perper 


mlar  to  the  right  line  (^4,  5,  (7),  are  all  contained  in  the 
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same  plane,  and  therefore  we  conclude  that  the  planes  which  con¬ 
tain,  at  the  same  time,  the  same  radius  vector,  the  two  vibrations, 
and  the  two  corresponding  directions  of  the  normal  propagation, 
are  rectangular. 


116.  Discussion  of  the  Wave  Surface .  Resuming 
Eq.  (146), 

(x2  +  y2  +  z2)  (a2x2  +  b2y2  +  c2z2)  —  a2  (b2  +  c2)  x2 

—  b2  ( c 2  +  a2)  y 2  —  c 2  ( a 2  +  IP)  z2  +  a2b2c2  =  0, 

and  making  in  succession  x  =  0,  y  =  0,  z  —  0,  we  get  for  the 
sections  made  by  the  co-ordinate  planes  yz,  xz,  and  xy,  respectively, 

( y 2  +  z2  —  ct2)  {b2y2  4-  c2z 2  —  b2c2)  =  0,  (164) 

( x 2  +.  z2  —  b2)  (a2x2  +  cPz2  —  a2c2)  =  0,  (165) 

(x2  +  y2  —  cP)  (< a2x 2  +  b2y2  —  a2b2)  =  0.  (166) 


Remembering  that  a>  b>  c,  we  see  that  the  section  in  the 
plane  yz  will  be  a  circle  whose  radius  is  a ,  entirely  outside  of  an 
ellipse  whose  semi-axes  are  b  and  c.  The  section  in  the  plane  xy 
will  be  a  circle  with  radius  c,  entirely  within  the  ellipse  whnse  semi¬ 
axes  are  a  and  b.  That  in  the  plane  xz  will  be  a  circle. radius 

Jk 


l,  intersecting  at  four  poii  £hN>fie  ellipse  whose  semi-axes  are  a  and  c. 
The  axis  of  x  pierces  ttTC  JwAface  at  distances  equal  to  ±  b  and  ±  c 
from  the  centre,  that  o&^at  distances  of  ±a  and  ±  c,  and  that  of 
z  at  ±  a  and  ±  b's&D 

117.  The  si  of  elasticity  of  two  nappes  cuts  the  axes  in  the 
same  pointek\xnese  principal  axes  of  elasticity  have  in  turn  repre¬ 
sented  th^^OTuare  roots  of  the  elastic  forces  developed  along  the 
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three  axes  of  elasticity,  the  principal  velocities  of  wave  propagation, 
the  axes  of  the  ellipsoids,  and  now  serve  to  fix  points  on  the  surface 
of  elasticity  and  on  the  wave  surface. 

118.  Let  Eq.  (146)  be  represented  by  L  =  0,  and  the  angles 
which  a  tangent  plane  to  the  surface  at  any  point  makes  with  the 
co-orclinate  planes  xy,  xz,  yz,  by  A,  B,  C,  respectively ;  then  we  will 
have 


.  1  dL  ^  1  dL  n  1  dL 

cos  A  = - 7- ,  cos  B  —  -  •  -T- ,  cos  U  — - 7— , 

udz  a)  cly  o  dx 


(167) 


in  which, 


w  /  (dL\2  /dL\2  /dL\2 

V  w)  +  w)  +  (&) 


(168) 


Taking  the  differential  coefficients  of  L  with  respect  to  x,  y ,  z, 
we  will  have 


dL 

dx 

dL 

cly 


=  2  x(a2x2  +  JPy2  +  <?z 2)  +  2a2x  (x2  +  y2  +  z2 — IP- — c2), 
=  2 y  ( a2x 2  +  i2y 2  +  c2z2)  +  2b2y  (x2-\-y2+z2—a2 — <?), 


>  (169) 


^  =  2z  ( a2x 2  +  b2y2  +  c2z2)  +  2<?z  {x2+y2+z2— 

rSf 

For  y  =  0,  the  point  of  tangency  is  in  tM^plane  xz,  and  we 
have 


(170) 


^  =  2x  {a2x2  +  c2z2)  +  2a2f-ps^  z2  —  IP  —  (P), 
dL 

dy  <£) 

~~  =  2 z  (a2x2  +  c2z2)y+  2 c2z  ( x 2  +  z2  —  a2  —  b2), 

' 

the  plane  xz. 

For  y  —  equation  of  the  surface  gives 

z2—b2  =  0,  aw  +  &z2  —  aH 2  =  0;  (171) 

^ter  the  co-ordinates  x  and  z ,  we  have 


the  second  equatiop^s^Wng  that  the  tangent  plane  is  normal  to 


whenc< 
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[a?  —  ¥  /¥—  (?  ,  , 

x-±cyW=*'  z=±a\]tfr^v'  (iW) 

which  are  real  so  long  as  ay  by  c.  There  are  then  four  points 
of  intersection  in  the  plane  xz.  Substituting  these  values  in 
Eqs.  (167),  we  obtain 

cos  A  =  jj,  cos  B  =  jj,  cos  0  =  5.  (173) 


119.  The  interpretation  of  these  indeterminate  values  of  the 
cosines  is,  that  at  the  points  considered,  a  tangent  plane  to  the 
wave  surface  may  have  any  position  whatever  with  respect  to  the 
co-ordinate  planes.  This  property  shows  that  these  points  are  the 
vertices  of  conoidal  cusps,  each  having  a  tangent  cone.  These 
points,  called  umbilics ,  belong  to  the  exterior  and  interior  nappe  of 
the  wave  surface,  just  as  the  vertex  of  a  cone  is  common  to  its 
upper  and  lower  nappes. 

120.  The  equation  of  the  right  lines  joining  these  points,  01, 
01',  through  the  centre  in  the  plane  xz  is 


.  a  A 


which  shows  that  the  lines 
are  normal  to  the  circular 
sections  of  the  ellipsoid 
( W).  The  lines  themselves 
are  called  axes  of  exterior 
conical  refraction . 

121.  If  tangent  lines 
be  drawn  to  the  ellipse  and 
circle,  as  MN,  M'N',  they  ^ 

will  be  parallel  to  each 
other,  two  and  two,  anchN^* 
symmetrically  placed  '  S»t(Q 
respect  to  the  axes  OXV^jJh. 

OZ.  The  equa£i<£&*  of 
these  lines  can  eaCSwV "be  shown  to  be 


Figure  18. 

&ri 


(175) 
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and  hence  the  equation  of  the  line  drawn  from  0  perpendicular  to 
the  tangent  to  be 


(176) 


which  shows  that  these  lines  are  normal  to  the  circular  sections  of 
the  ellipsoid  (E). 

122.  From  the  properties  of  this  ellipsoid,  we  see  that  a  plane 
wave  perpendicular  to  one  of  the  right  lines  MM1?  M  M! ,  and  at  the 
same  time  perpendicular  to  xz,  can  be  propagated  without  altera¬ 
tion,  whatever  may  be  the  direction  of  the  displacement  in  its  plane, 
and  that  the  velocity  of  propagation  of  this  plane  wave  is  independ¬ 
ent  of  the  direction  of  the  displacement.  The  lines ’MM,,  M'M/, 
are  called  the  optic  axes  of  the  medium,  or  axes  of  interior  conical 
refraction. 

123.  We  see,  by  comparing  Eqs.  (174)  and  (176),  that  the  lines 
OI  and  OM  differ  by  the  factor  ~  in  their  tangents.  This  ratio  is 
always  very  nearly  unity,  and  therefore  the  lines  have  nearly  the 
same  direction. 

124.  The  planes,  drawn  through  the  four  tangents  MET,  M  El  , 
etc.,  pei'pendicular  to  the  plane  xz,  are  tangent  to  tha  wave  surface 
along  the  circumferences  of  circles,  which  are  proj^sSOT^  in  the  lines 
MET,  M'ET,  etc.  To  show  this,  let 

F(x,  y,  z)  =  0  .  (177) 

be  the  equation  of  the  wave  surface  ;  tlj^^ror  points  in  the  plane 
perpem 


=  V  (a2x2  +  %2 


which  can  be  satisfied 


and  (a2  +  ¥)  +  (¥  +  ct)zi  —  ¥  (a2  +  c2)  =  0.  (180> 

The  first.  <£iliese  equations  gives  the  points  of  contact  in  the 
plane  xz ;  tbNsecond  represents  an  ellipsoid.  If  we  combine  the 
equation  ^Ktfie  ellipsoid  (180)  with  the  equation  of  the  wave  sur- 
face^tomhiating  yl,  the  resulting  equation  will  be  the  projection  on 
thetpEtae  xz  of  the  intersections  of  these  surfaces,  and  since  the  co« 
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dF 

ordinates  of  the  points  projected  satisfy  the  condition,  —  =  0,  all 

ciy 

the  points  of  the  wave  surface  in  the  tangent  plane  which  is  per¬ 
pendicular  to  xz,  will  be  obtained  from  this  intersection  and  projec¬ 
tion.  The  resulting  equation  after  reduction  can  be  put  in  the 
form  of 

/  /a2  _  1)2  /$_  >| 

v  +  V  a*  -  #x  +  h  \  &  —  C3/ 


(? 

V  v  +  W 

/  ,  A  /a2  —  b2  /  cc2  —  c2\ 

\  +  y  &  —  <?x~  b  V  W^) 
(  icF^v  .  nr^s\ 


X 


X 


=  0. 


(181) 


(182) 


ave  surface. 


This  equation  can  be  satisfied  by  placing  each  factor  separately 
equal  to  zero,  and  each  will  then  be  the  equation  of  a  plane  passed 
through  one  of  the  tangent  lines  MN,  M'N',  M,N,,  M,'  N,' ;  hence, 
each  of  the  four  planes  touch  the  surface  in  those  points  determined 
by  its  intersection  with  the  ellipsoid,  and  it  is  readilvVeen  that 
these  curves  are  the  circular  sections  of  the  ellips^VBtp  (180). 
The  four  planes 

,  /a8  —  ,  / 

z=±x^/w-Ji±b\/^ 

are  called  the  singular  tangent  planes  oMTV^ 

125.  The  circles  are,  in  fact,  thC 
edges  of  the  conoidal  or  umbilic  cusrfsS^ 
determined  by  the  surface  of 
gent  cones,  reaching  their  litfrafe^by 
becoming  planes  in  the.  in¬ 

crease  of  the  inclinatioiv^Ctheir  ele¬ 
ments,  as  the  tangent^!  circumference 
recedes  from  the  cu^vrpoints. 

It  thus  app&M^hat  the  general 
wave  surface  i<£a3ists  of  two  nappes, 
the  one  within  the  other,  ex¬ 

cept  at  points,  where  they  unite. 


figure  is. 
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Fig.  19  represents  a  model  of  the  wave  surface,  with  sections  made 
by  the  co-ordinate  planes,  so  as  to  show  the  interior  nappe. 

126.  Relations  betiveen  the  Velocities  and  Posi¬ 
tions  of  Plane  Waves  with  respect  to  the  Optic 
Axes,  For  each  direction  of  normal  propagation,  two  plane  waves 
travel  with  different  velocities,  determined,  as  we  have  seen,  by  the 
equation  of  the  surface  of  elasticity, 

cos2 1  cos2  m  cos2  n 


+ 


-«  + 


=  0. 


V2  —  a2  '  V2  —  &  '  F2  —  c2 

This  equation  can  be  put  under  the  form 

Vi  —  [(62  +  c2)  cos2 1  +  (a2+c2)  cos2  m  +  (a2+¥)  cos2  n\  F2 1  ,lgg, 
+  W  cos2 1  +  a2<?  cos2  m  +  aW  cos2  n  =  0  ;  j  v 

and  representing  the  two  square  roots  by  V1'2  and  V"2,  we  have 

V’2  +  v"2  =  ( l 2  +  c2)  cos2 1  +  {a2  +  c 2)  cos2  m  )  ,lg^ 

+  ( a 2  +  ¥)  cos2  n,  j  '  ’ 

V'2  V"2  =  Wc 2  cos2 1  +  a2<?  cos2  m  +  aW  cos2  n.  (185) 

Let  O',  0",  be  the  angles  that  the  direction  of  normanpopagation 
makes  with  the  optic  axes,  and  <j>  and  180°  —  (f>  tbpftngles  that  the 
optic  axes  make  with  the  axis  *,  the  axis  of  gr^feest  elasticity,  then 
we  have 


COS 


*  =  \J  Jzr5’  0%  (186) 


cos  O'  = 
cos  6"  = 


cos 
—  c< 


whence,  we  .get 

cos  0 


l  +  sin  0  cos  n , 
6s  l  +  sin  0  cos  n 


COS  l  — 


cos  6'  *^hs  6 

(%Jbi 


3 


cos  O'  —  cos  01 
2 


'  /  a2  —  c2 

V  «2-&2’ 


(187) 


(188) 


cos  n 


&  +  cos  0n  cos  6r  -f-  cos  6  a  / cfi  c2  /-.  qq^ 

= 1  ’ 

♦  \\ 

S»ft)S^fcuting  these  values  of  cos  l  and  cos  n  in  Eqs.  (184)  and 
(18 §),  and  replacing  cos2  m  by  1  --  cos2 1  —  cos2  n ,  we  obtain 
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V'2  +  V"2  =2  a* +  c 2  - 


+ 


=  a2  +  &  +  (a2 


(cose'-oos>'l»(<i,  — ^ 

(CM/H-  CO,  try 

c2)  cos  O'  cos  6", 


>  (190) 


F/2F"2  _  a2c2  _  (cog  ff  _  cog  6y 


+ 


(a8  -  c8)  a» 


(cos  0'  +  cos  0")2 


(fit _  r2\2 

=  &2c2  +  - — — — —  (cos2  0'  +  cos2  0") 
(a2-c2)(a2+c2) 

+  - - ~ - -  cos  0  cos  0  ; 

whence, 

( V'2  _  U"2)2  —  ( F'2  +  F"2)2  —  4  F'2  F"2 

=  (a2  +  6*2)2  +  (a2— c2)2  cos2  0'  cos2  0"— 4a2c2 

—  («2  —  6*2)2  (cos2  0'  +  cos2  0")  r 
=  («2  -  c2)2  (1  -  cos2  0')  (1  -  cos2  0")  ^ 

=  ( a 2  —  c2)2  sin2  0'  sin2  0" ;  (£> 


(191) 


(192) 


(193) 


and  finally,  F'2  —  V"2  ==.  (&2  —  c2)  sin  0'^ji^ 

This  equation  establishes  the  relatictfP^ip^een  the  velocities  of 
the  two  plane  waves  which  belong  to  di^efime  direction  of  normal 
propagation,  and  the  angles  that  tfw  direction  makes  with  the 
optic  axes.  p 

127.  The  directions  of  thtfwo  vibratory  motions  can  be  deter¬ 
mined  by  means  of  the  OpJid0jesf  These  directions  are  parallel  to 
the  axes  of  the  ellipticah^^lion  of  (E)  made  by  the  plane  normal 
to  the  direction  of  pr/paffSrion  ;  but  the  elliptical  section  is  cut  by 
the  planes  of  the  two  circular  sections  of  the  ellipsoid  in  two  equal 
diameters  of  the^vtp^e,  since  they  are  equal  to  the  radius  b  of  the 
circular  sectio»A*Jhey  are  therefore  equally  inclined  to  the  axes  of 
the  ellips^xSQ^he  optical  axes  being  normal  to  the  circular  sections, 
are  projec^Ton  the  plane  of  the  ellipse  in  two  diameters  which  are. 

NA 


4 
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perpendicular  to  those  just  spoken  of,  and  are  therefore  also  equally 
inclined  to  the  axes  of  the  ellipse.  But  these  projections  are  the 
traces  of  the  planes  containing  the  directions  of  the  normal  propa¬ 
gation  and  each  optic  axis.  We  therefore  conclude,  that  the  bi¬ 
secting  planes  of  the  diedral  angle  formed  by  the  planes 
containing  the  direction  of  any  normal  propagation  and 
each  of  the  optic  axes,  are  the  planes  of  vibration  of  the  two 
plane  leaves  corresponding  to  this  normal  propagation. 

128.  The  plane  xz  being  the  plane  of  the  optic  axes,  any  direc¬ 
tion  of  normal  propagation  in  this  plane  will  make  the  diedral 
angle  0°  and  180°,  and  hence  the  planes  of  vibration  will  be  the 
principal  plane  xz  and  a  plane  containing  y  and  the  direction  of 
propagation. 

129.  Relations  between  the  T  eloeities  of  Two  Rays 
which  are  Coincident  in  Direction,  and  the  Angles 
that  this  Direction  makes  with  the  Axes  of  Exterior 
Conical  Refraction .  The  expressions 


and 


being  the  cosines  of  the  angles  that  the  optic  axes  make  with  the 
axes  of  x,  z ,  and  making  use  of  the  analogy  existivjO%;ween  the 


ellipsoid  (E)  to  the  surface  of  elasticity,  and  the  ellljj^jpfd  (W)  to  the 
wave  surface,  we  will  have,  by  substituting  f^,  c2,  in  the 

above,  the  expressions 


for  the  cosines  of  the  angles  thaLtmf  axes  of  exterior  conical  refrac¬ 
tion  make  with  the  axes  of  xAzf  v 

If  then  r  and  r',  tha  |jwl9>incident  radii-vectores  of  the  wave 
surface,  represent  the  r^yvelocities  propagated  in  the  same  direc¬ 
tion,  and  v!  and  %'VH5^4me  angles  made  by  this  direction  with  the 
two  axes  of  exterioN^mical  refraction,  a  discussion  in  every  way 


analogous  to  fh^pabove  for  the  optic  axes  will  determine  the  re¬ 
quired  relai  This  relation  may  be  at  once  determined  by 


analogous  to 


)  fh^Oabove  for  the  optic  axes 
This  relation  may  be  at 


replacitfjN^  F",  O' ,  0",  in  Eq.  (193),  by  yn  u' ,  u",  respec- 


then  have 


\  V",  O',  e",  in  Eq.  (193),  by  I, 
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r'2  r"2  ~  \a2  cV  an  u  Sm 


(194) 


130.  The  axes  of  exterior  conical  refraction  being  normal  to  the 
circular  sections  of  ellipsoid  (W),  by  a  similar  course  of  reasoning 
as  in  Art.  (127),  we  will  arrive  at  the  theorem,  that  the  bisecting 
-planes  of  the  cliedral  angle,  formed  by  the  planes  containing 
any  radius  vector  of  the  wave  surface  and  each  of  the  axes 
of  exterior  conical  refraction,  are  the  planes  of  vibration  of 
the  two  rays  corresponding  to  this  radius  vector . 

131.  Thus,  from  the  wave  surface  we  can  determine: 

1°.  The  position  of  the  refracted  plane  waves  by  its  tangent 
planes. 

2°.  The  direction  of  the  two  corresponding  rays  by  the  points 
of  contact  of  the  two  parallel  tangent  planes. 

3°.  The  velocities  of  the  two  rays  by  the  lengths  of  the  radii- 
vectores  drawn  to  the  points  of  contact. 

4°.  The  velocities  of  the  two  plane  waves  by  the  normals  from 
the  centre  upon  the  tangent  planes. 

5°.  The  interior  directions  of  the  molecular  vibrations  by  the 
projection  of  the  radii-vectores  on  the  tangent  planes. 

6°.  The  plane  of  vibration  by  the  plane  of  the  normdis  and  vi¬ 
brations.  yVj 

132.  We  have  now  shown  that  when  any  arb(^iFy  displace¬ 

ment  is  made  in  any  homogeneous  medium,YS^listurbance  is 
propagated  in  all  directions  from  the  origin,  it  is  materially 

affected  and  controlled  by  the  elastic  force^pfSveloped.  In  accept¬ 
ing  the  conclusions  which  result,  the  lmnhmons  which  have  been 
primarily  established  must  be  kept  inWma,  to  avoid  the  danger  of 
accepting  these  results  other  than  Q  fceptional  and  governed  by 
the  admitted  hypotheses  and  bj^&he  accuracy  of  the  mathematical 
processes  employed.  Observation  and  experiment  are  essential  to 
ascertain  to  what  extenl  ^responding  physical  phenomena 

conform  to  these  deductfMs.  They  are  to  be  used,  when  at  vari¬ 
ance,  to  modify  the  l^vpjnneses,  and  ultimately  through  this  modi¬ 
fication  to  appro^h  nearer  and  nearer  the  true  theories  of  the 
physical  scienca*^*' 

133.  T^^^fluamental  hypotheses  upon  which  the  foregoing 
discussioi^fcQat  part  based  are  as  follows : 

1°.  Tff^admission 


.'Q 


& 


of  such  a  constitution  of  the  medium  that 


$ 


& 
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while  it  is  variable  around  any  molecule,  it  is  similarly  variable 
around  all  the  molecules.  The  propagation  of  the  disturbance 
without  change  of  direction  of  the  vibrations,  when  the  latter  are 
excited  along  the  singular  directions  depends  on  this  assumption. 
This  inequality,  of  elasticity  is  unquestionably  exhibited  in  the  phe¬ 
nomena  of  crystallization. 

2°.  That  the  excursions  of  the  displaced  molecules  are  so  small 
that  the  resultant  elastic  forces  in  any  direction  are  proportional  to 
the  displacement.  This  implies  that  the  distances  separating  the 
adjacent  molecules  are  very  great  in  comparison  with  their  dis¬ 
placements. 

3°.  The  principle  of  the  coexistence  and  superposition  of  small 
motions,  by  which  any  vibration  can  be  replaced  by  others  equiva¬ 
lent  to  it  which  are  rectilineal. 

4°.  The  inefficacy  of  the  longitudinal  component  of  the  elastic 
force  in  light  undulations,  and  the  fact  therefore  of  transversal 
vibrations.  (The  grounds  of  this  assumption  are  to  be  given  sub¬ 
sequently.) 

5D.  The  correlation  of  the  total  intensity  of  the  elastic  force  to 
certain  velocities,  and  its  identity  with  that  expressed  by  the 
equation  /-  t 

6°.  The  principle  of  interference,  by  whichQtjTe  motion  is  en¬ 
tirely  destroyed  everywhere,  except  upon  grecteun  surfaces,  which 
may  be  regarded  as  the  loci  of  first  arriva 

134.  The  agreement  of  the  result^w^ined  by  experiment  and 
from  observation  with  the  deducdons^rom  the  theory  is  almost 
complete,  while  the  crucial  test  &P  rediction  in  several  noted  in¬ 
stances  leaves  but  little  doubt  afcthe  truth  of  the  undulatory  theory. 
The  utility  of  the  determiimron  of  the  wave  surface  and  of  its 
thorough  discussion  is ;  ppily  verified,  by  its  almost  complete 

capability  of  satisfactravjrexplaining  most,  if  not  all,  of  the  phe¬ 
nomena  of  physica^o]|til3s.  While  in  the  limited  course  prescribed 
for  the  Academ^wlire  unable  to  undertake  the  complete  solution, 
we  have,  in  the  Short  and  elementary  discussion  here  presented, 
obtained4su?§k&nt  data  to  prosecute  the  study  of  sound  and  light 
to  the  e^OTt  necessary  for  our  purposes,  and  in  this  study  we  will 
have,  lent  occasion  to  refer  to  the  foregoing  analysis. 


PART  II. 

ACOUSTICS. 


135.  The  investigations  of  physical  science  show  that  all  sensa¬ 
tion  has  its  origin  in  the  state  of  relative  motion  of  the  molecules 
of  some  medium  with  which  the  organ  of  sensation  is  in  sensible 
contact.  Each  sensation  has  its  peculiar  organ,  which,  with  its 
nerve  system,  receives  and  transmits  molecular  kinetic  energy  to 
the  brain,  where  it  is  transformed  into  sensation.  The  motions  of 
the  molecules  are,  in  general,  vibrations,  which  are  conveyed  by 
undulations  from  the  source  of  disturbance  in  all  directions  through¬ 
out  the  medium. 

136.  Acoustics  is  that  branch  of  physical  science  which  treats 

of  sound .  The  sensation  of  sound  usually  arises  from  the  commu¬ 
nication  of  a  vibratory  motion  of  the  tympanic  mem^e  of  the 
ear,  due  to  the  slight  and  rapid  changes  of  the  air  pf^ttre  upon  its 
exterior  surface,  the  vibratory  motion  of  the  air  caused  by  the 

vibration  of  other  bodies. 

137.  The  ear  consists  essentially  of  two  one  being  in  com¬ 
munication  with  the  external  atmosphe^Yh^  other  with  the  brain. 

The  first  consists  of  an  irregul^pfldrmed  tube,  beginning  at 
the  orifice  of  the  external  ear  and  e^ffjjpg  at  the  pharynx.  Nearly 
midway,  the  tympanic  membrane*  or  drum-skin,  of  the  ear  crosses 
this  tube  obliquely,  separatirf^the  external  portion,  called  the 
meatus ,  from  the  part  in*n@ia£ely  within,  called  the  tympanum. 
That  portion  of  the  tuhe^ading  from  the  tympanum  to  the  pha¬ 
rynx,  or  cavity  behi^cT  the  tonsils,  is  called  the  Eustachian  tube. 
The  orifice  of  this/iiute/ at  the  tympanum  is  generally  closed ;  but 
the  act  of  swallowing  opens  it,  whereupon  the  air  on  both  sides  of 
the  tympanifr*me,mbrane  becomes  uniform  in  density.  These  three 
portions  ^jb^he  first  part  of  the  ear  generally,  however,  contain  air 
differin^p^aensity.  In  the  meatus  the  air  responds  to  all  changes, 
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however  slight  and  rapid,  taking  place  in  the  external  atmosphere ; 
while  the  air  in  the  tympanum  and  Eustachian  tube  is  not  so 
affected,  unless  communication  with  the  external  atmosphere  be 
made  as  above  described. 

138.  The  other  part,  sometimes  called  the  internal  ear,  is  sur¬ 
rounded  by  bone,  except  in  two  places,  called  the  round  and  ouccl 
windows.  The  cavity  thus  formed  is  called  the  bony  labyrinth . 
The  windows  are  closed  by  membranes  which  separate  the  tympa¬ 
num  on  the  one  side  from  the  fluid  contained  in  the  labyrinth  on 
the  other.  Connecting  the  tympanic  membrane  with  the  oval  win¬ 
dow  is  a  series  of  small  bones,  wdiose  function  appears  to  be  to 
transfer  the  vibrations  from  the  former  to  the  latter.  The  laby¬ 
rinth  is  filled  with  liquid,  having  suspended  in  it  many  membrane¬ 
ous  bags,  also  filled  with  liquid.  Upon  the  surface  of  these  bags  are 
spread  the  terminal  fibres  of  the  auditory  nerves,  which,  by  special 
arrangements,  are  enabled  to  take  up  the  energy  communicated  to 
the  liquid  in  the  labyrinth.  The  membrane  of  the  round  window 
readily  yields  to  the  pressure  of  the  liquid,  moving  out  and  in  as 
the  oval  window  is  moved  in  and  out  by  the  transfer  of  motion 
through  the  bones  of  the  ear. 
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y  =  i  p,  a  pressure  above  or  below  the  standard  pressure.  When¬ 
ever  the  pressures  are  strictly  proportional  to  the  corresponding 
densities,  as  by  the  law  of  Mariotte,  the  same  curve  may  also  repre¬ 
sent  the  curve  of  density.  If  we  now  assume  that  a  curve  similar 
to  the  above  represents  the  slight  and  rapid  changes  of  pressure  of 
the  air  in  contact  with  the  tympanic  membrane  while  the  sensation 
of  a  particular  sound  exists,  we  see  that  these  changes  do  not  in 
general  affect  the  average  pressure  of  the  air,  for  the  areas  above 
and  below  the  axis  of  the  curve  are  equal.  A  curve  is  said  to  be 
periodic  when  it  consists  of  equal  and  like  parts  continuously  re¬ 
peated.  The  toave  length  of  a  periodic  curve  is  the  projection  upon 
the  axis  of  the  smallest  repeated  portion. 

140.  The  ear  clearly  distinguishes  between  a  musical  sound  and 
a  noise.  The  former  is  a  uniform  and  sustained  sensation,  unac¬ 
companied  by  any  marked  alteration,  save  that  of  intensity ;  while 
the  latter  is  more  or  less  varied  and  ununiform.  When  a  sonorous 
body  is  sounding,  the  most  ordinary  examination  is  sufficient  to 
show  that  it  is  in  a  state  of  vibration.  The  vibrations  or  oscilla¬ 
tions  of  its  parts  set  in  corresponding  motion  the  adjacent  air-parti¬ 
cles,  which  in  turn  transmit  similar  mo ti oris  to  the  next  following 
particles,  and  so  on.  The  air,  then,  is  ever  passing  through  alter¬ 
nate  states  of  condensation  and  rarefaction.  When  tlj^e^brations 
are  regular,  periodic,  and  sufficiently  rapid,  the  restf&aHg  sound  is 
uniform  in  character  and  is  called  a  musical  tones^ 
sound  arises  from  vibrations  which  are  non-jidrctli 
noise.  Ordinary  observation  shows  that  fe^pO^any 
fectly  unmusical;  and  few,  if  any,  soui^T^ySfe  absolutely  unmixed 
with  noise. 


the  resulting 
it  is  called  a 
noises  are  per- 
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141.  Propagation  of 
definite  Cylinder .  Let 
filled  with  air,  and  at  the*)© 
p,  capable  of  rapid  to-andA^motion.  In 
the  first  place,  let  th^pfkron  be  moved  a 
distance  ds  from  22* t<ry,  in  the  time  dt. 

If  the  air  were  m^Spressible,  it  would  be  Figure  21, 

moved  bodilj^fc^  the  distance  ds.  But 

being  con^^eible,  the  air  yields  to  the  motion  of  the  piston,  and 
at  the  en&  of  the  time  dt  the  compression  will  have  reached  a  posi- 
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tion  m,  so  that  the  stratum  of  air,  being  condensed  from  pm  to/m, 
will  exert  an  elastic  force  in  excess  of  that  due  to  its  normal  state. 
Call  this  excess  d.  The  increased  elasticity  of  /m  will  cause  it  to 
expand  in  the  only  direction  possible,  towards  the  next  stratum 
mn,  which  in  turn  becomes  compressed.  This  second  stratum 
reacts  in  both  directions ;  on  the  side  towards  nip'  it  brings  the 
molecules  of  mp'  to  rest,  their  acquired  velocity  having  a  tendency 
to  cause  them  to  pass  beyond  their  positions  of  equilibrium and 
on  the  side  nr  it  compresses  the  next  stratum,  increasing  its  elas¬ 
ticity  ultimately  by  d.  In  this  manner  the  compression  is  trans¬ 
mitted  from  stratum  to  stratum,  throughout  the  whole  length  of 
the  cylinder. 

142.  Let  V  be  the  velocity  of  propagation  of  the  condensation, 
v  the  velocity  of  the  piston ;  then  we  have 

pp  —  ds  =  vdt ,  pm  —  ds'  =  Vdt, 

pm  —  pp'  —  p'm  =  (  V  —  v)  dt. 

Supposing  Mariotte’s  law  applicable,  and  P  to  represent  the 
normal  pressure,  we  have 

P  :  P  +  d  : :  p'm  :  pm  : :  ( V  —  v)  dt  :  Vdt ; 

OP  6  =  PTZTv  <196> 

Let  pr  now  return  to  its  primitive  position  next  succes¬ 

sive  dt.  The  first  layer  of  the  stratum  mlQfe  dilated,  occupying 
the  new  space  p'p ,  and  its  pressure  P  wSvoecome  P  —  d.  The 
elastic  force  of  the  next  layer  P  wi/Py^me,  by  its  expansion  to 

the  left,  P  —  increasing  that  c&^the  first  also  to  P  —  -•  But 

the  velocity  acquired  by  the^iotecules  of  the  second  layer  will 
cause  them  to  pass  beyond  tirajPpositions  of  equilibrium,  so  that  its 
elastic  force  will  dimini^h^wrffl.  it  becomes  P  —  d,  at  the  instant 
the  elastic  force  of  thaS^st  layer,  continually  increasing,  becomes 
P,  its  normal  valu^T  >Wie  third  layer  will,  in  turn,  act  on  the  sec¬ 
ond  as  the  second  ras  acted  on  the  first,  so  that  the  dilatation  cor¬ 
responding  to*$^9ll  travel  the  distance  pm  in  the  time  dt,  during 
which  they^Oon  is  retracing  its  path  p'p.  The  magnitude  of  d 
will  evidd^ly  depend  on  the  value  pp'  and  the  time  dt.  If  dt  be 
constant^nd  d  be  varied,  the  condensations  will  vary  with  d.  The 
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analysis  shows  that  the  compressions  and  dilatations  are  propagated 
with  equal  velocities,  and  that  these  velocities  are  independent  of 
the  degree  of  condensation  or  of  rarefaction,  when  the  medium  is 
the  same  and  the  amplitude  is  very  small. 

143.  Let  the  prong  of  a  tuning-fork  p _ p'  (Fig.  22)  be  dis¬ 

placed  a  very  small  but  finite  distance  from  its  neutral  position  a. 
By  its  elasticity  it  will  vibrate  with  equal  displacements  on  each 
■side  of  its  position  of  equilibrium.  Its  velocity  increases  from  zero  at 
p  to  a  maximum  at  a ,  and  decreases  in  an  exactly  reverse  manner 
to  zero  from  a  to  p'.  Let  the  duration  of  its  motion  from  p  to  p' 
be  divided  into  equal  parts,  each  represented  by  clt ,  the  epoch  cor¬ 
responding  to  the  position  p.  From  p  the  prong  describes  unequal 
but  increasing  distances  during  the  successive  dtf s  to  the  position  a , 
and  unequal  but  decreasing  distances  from  a  to  pf.  Each  corre¬ 
sponding  compression  can  be  found  from  Eq.  (196)  by  the  substi¬ 
tution  of  the  proper  value  of  v ,  and  these  compressions  or  conden¬ 
sations  will  be  propagated  with  a  constant  velocity  V.  While  the 
prong  is  returning  from  p'  to  p,  the  rarefactions  will  increase  from 
p'  to  a ,  and  decrease  from  a  to  p ,  and  their  values  may  be  deter¬ 
mined  from  the  same  equation.  The  condensations  will  be  sym¬ 
metrically  distributed  with  reference  to  the  maximum  condensation, 
neglecting  the  very  small  amplitude  vp'.  Likewise  tl^e^^factions 
will  be  symmetrically  distributed  with  respect  to  / y  maximum 
rarefaction.  ^ 


! 
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Figure  22.  /V* 

144.  The  positive  ordinateg^Jfxhe  curve  p'rs  represent  the  suc¬ 
cessive  condensations,  s  Imh^yffee  position  of  the  layer  reached  by 
the  first  condensation  whqh^the  prong  has  arrived  at  p' ;  and  the 
negative  ordinates  pfs  jHil  represent  the  successive  rarefactions 
when  the  first  con^deh^ation  has  reached  the  position  u,  and  the 
prong  has  returrtwOto  its  primitive  position  p .  The  ordinates  of 
the  other  cunj^represent  either  condensations  or  rarefactions,  as 
indicated  ^Vbe  figure  corresponding  to  the  particular  state  and 
position  (toQMte  prong. 
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145.  In  tlie  figure,  pu,  the  length  of  the  wave  is  the  distance' 
traveled  by  the  disturbance  while  the  prong  is  making  a  complete 
vibration,  and  hence  we  have,  n  being  the  vibrational  number  and 
r  the  periodic  time. 


(197) 


n 


146.  The  mean  velocity  of  the  air  molecules  is  evidently  the 
same  as  that  of  the  vibrating  prong,  and  therefore  this  will  vary 
with  the  vibrating  body.  In  the  example  given,  the  mean  velocity 
of  the  molecules  is  2  mm.  x  256  =  0.512  m.  The  actual  velocity 
of  the  air  molecules  continually  varies,  and  at  any  time  is  propor¬ 
tional  to  the  ordinates  of  the  curve  a  quarter  of  a  wave  length  in 
advance  of  the  molecules  considered.  When  the  vibrating  body  has 
simple  harmonic  motion,  the  molecular  velocity  is  given  by 


(198) 


v  =  a  cos  2n  — 


T 


147.  The  value  of  a ,  the  amplitude  of  the  vibration,  diminishes 

(Art.  72)  according  to  the  law  of  the  inverse  distance  from  the  cen¬ 
tre  of  disturbance;  and  for  each  value  of  a  taken  as  constant  within 
the  wave  length  we  have,  by  the  above  equation,  sensibly  exact 
values  for  the  molecular  velocity  at  any  time.  aA 

148.  When  the  vibrations  of  the  body  are  suffii^ttly  frequent 

during  the  unit  of  time,  and  of  sufficient  ampliijra^  the  sensation 
of  sound  arises  in  the  ear,  which,  however,  consciously  refer 
to  the  vibrating  body.  A  sonorous  wave  (prises  the  series  of 
condensations  and  rarefactions  arisingy-Wfcjone  complete  vibration 
of  the  sounding  body.  #  \A 

149.  The  sum  of  all  the  condensations  in  the  condensed  portion 
of  the  wave  is  represented  by  the  area  of  the  curve p'rs,  and  if  it  be 
divided  by  the  duration  of  IwflKflie  vibration,  the  mean  condensa¬ 
tion  will  result.  Thus,  taKPyff!^  amplitude  of  the  oscillation  of  the 
tuning-fork,  making  1 2.8^w^ations  per  second  to  be  1  mm.,  and  the 
velocity  of  propagaffon^o  be  340  m.  ;  then,  from  Eq.  (196),  we 
will  have 


=  P 


340000 


256  —  p  A 
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Hence,  tlie  change  of  density  in  the  air,  measured  by  the 
barometric  height  due  to  the  mean  condensation,  is  not  greater  than 
that  due  to  0.0226  inches  of  mercury,  when  a  sound  corresponding 
to  128  vibrations  per  second,  and  caused  by  the  fork  under  the  sup¬ 
posed  conditions,  is  passing. 

150.  From  the  preceding  discussion  we  see  that  we  can  neglect,, 
in  general,  the  absolute  displacements  of  the  air  molecules,  and 
consider  the  change  in  pressure  and  density  as  being  alone  propa¬ 
gated.  Therefore,  a  file  of  elastic  balls  transmitting  motion  prac¬ 
tically  illustrates  the  state  or  condition  of  a  series  of  air  molecules 
during  the  propagation  of  a  sonorous  wave.  An  excellent  illustra¬ 
tion  is  also  given  by  means  of  a  chain  cord.  If  it  be  attached  at 
one  of  its  extremities  to  a  fixed  point,  and  be  held  stretched  at  the 
other,  the  successive  rings  or  spirals  will  assume  positions  of  stable 
equilibrium  with  respect  to  each  other,  determined  by  the  tension. 
These  rings,  for  the  purpose  of  illustration,  may  be  taken  to  repre¬ 
sent  the  contiguous  air  strata  or  particles  in  an  indefinite  tube,  or 
upon  any  line  along  which  sound  is  supposed  to  be  propagated.  If 
any  ring  be  plucked,  it  will,  when  released,  oscillate  about  its  place 
of  rest  while  the  disturbance  is  being  propagated  in  both  directions, 
to  the  points  of  support.  Upon  reaching  these  points  the  dis¬ 
turbance  will  be  divided,  a  part  proceeding  in  the  n^Amedium, 
and  the  remainder,  being  reflected,  will  retrace  its  py^to  be  again 
subdivided  at  the  other  end.  This  will  continu£s£“!il  the  whole 
energy  of  the  original  disturbance  has  been  d^sJ^rted.  By  increas¬ 
ing  the  tension  the  disturbance  will  be  nim^quickly  propagated, 
and  conversely.  Now  suppose,  from  Wwpoint  of  plucking,  lines 
be  drav  *  ”  14  1  11  Vfflienomena  occur  on  these. 


then  th  e  progressive  motion  of  the 

disturb!  ;e  in  air  during  the  passage 

of  a  sor  drawn  from  the  origin  of  the 

soundii  homogeneous  medium,  the 
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surface  s  at  any  instant  is  a  sphere 
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;wo  tones  of  the  same  pitch  and  quality.  We  can  also. 
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in  general,  determine  which  of  two  tones  of  different  pitch  and 
quality  has  the  greater  intensity.  The  air  particles  have  but  small 
displacements  from  their  positions  of  relative  rest,  when  the  dis¬ 
placement  is  caused  by  the  passage  of  a  sound  wave.  The  forces 
which  urge  them  back  to  their  positions  of  rest  are  assumed  to  vary 
directly  with  the  degree  of  displacement.  In  Analytical  Mechanics, 
it  is  shown  that  the  periodic  time  of  the  air  particle  depends  only 
upon  its  mass  and  the  intensity  of  the  force  of  restitution;  and 
therefore,  in  the  same  medium,  with  given  pressure,  density,  and 
temperature,  for  the  same  exciting  cause,  the  periodic  time  will  be 
constant,  but  the  mean  velocity  of  the  air  particle  will  vary  with 
the  size  of  the  orbit.  The  kinetic  energy  in  the  moving  particle, 
varying  as  the  square  of  the  velocity,  will  therefore,  for  the  same 
exciting  cause  and  the  same  medium,  under  the  same  circumstances 
of  pressure,  density,  and  temperature,  vary  directly  as  the  square  of 
the  maximum  displacement.  By  the  law  of  the  decay  of  energy, 
the  intensity  of  the  sound  will  therefore  vary  inversely  as  the  square 
of  the  distance  from  the  origin  of  the  exciting  cause.  (Art.  72.) 

152.  Pitch  is  that  property  by  which  we  distinguish  the  posi¬ 

tion  of  two  tones  in  the  musical  scale,  and  thereby  recognize  which 
is  the  more  acute  and  which  the  more  grave.  The  pitch  depends 
upon  the  frequency  of  the  vibration ;  the  greater  th&Viumber  of 
vibrations  produced  by  a  sounding  body  in  a  givejr^n<j,  the  more 
acute  will  be  the  resulting  sound.  The  siren  ispA&strument  used 
to  illustrate  this  fact.  It  consists  essentially  disk  pierced  with 
a  number  of  equidistant  holes,  through  wlft^Miir  is  forced  when  it 
is  put  in  rapid  rotation.  As  the  rotate  increases,  the  sound  grad¬ 
ually  rises  in  pitch,  and  as  it  dimirdsli^Jche  pitch  falls  correspond¬ 
ingly.  If  a  coin  with  a  milled  ed&  or  a  cogged  wheel,  be  put  in 
rotation,  and  a  card  be  held  agaiira?  it,  the  same  changes  in  pitch 
will  be  observed.  In  these  the  single  puff,  or  stroke  of  the 

•card  against  the  coin,  or^fepfel,  is  essentially  a  noise,  and  when 
these  strokes  are  multira^Csufficiently  in  a  given  time,  the  result¬ 
ing  effect  is  a  notexrf  d^nite  pitch.  So  that  a  clearer  distinction 
than  that  heretofor^given  should  be  made  between  a  noise  and  a 
musical  tone.  ^fi^this  distinction  we  will  again  refer. 

153.  Th enfitality  of  a  musical  tone  is  that  property  by  which 
we  can  (Bs^m^uish  whether  two  sounds  of  the  same  pitch,  of  either 
•equal  ftr^»equal  intensities,  arise  from  the  same  or  different  sono- 
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rous  bodies.  This  property  enables  us,  within  certain  limits,  to 
distinguish  voices  and  the  various  sounds  peculiar  to  different  musi¬ 
cal  instruments.  We  have  as  yet  only  exacted  that  a  musical  sound 
shall  be  periodic  and  regular  ;  that  is,  that  during  any  vibration  the 
successive  states  of  motion  of  the  particle  shall  recur  in  the  same 
order  as  in  each  of  the  previous  vibrations.  But  it  is  evident  that 
we  may  have  an  infinite  variety  of  periodic  motion,  and  it  will  be 
shown  that  the  quality  of  the  sound  will  vary  with  each  variation 
of  the  periodic  motion,  the  wave  length  remaining  constant. 

154.  Every  one  has  experienced  the  fact  that  more  than  one 

sound  can  be  heard  at  once.  Our  attention  can  be,  for  the  mo¬ 
ment,  fixed  upon  any  one  of  the  many  sounds  that  are  constantly 
occurring,  and  at  the  same  time  we  may  be  conscious  of  the  exist¬ 
ence  of  the  others.  Therefore,  the  meeting  of  sound  waves  in  the 
external  ear  does  not,  in  general,  result  in  mutual  destruction,  or 
in  essential  modification;  while,  at  the  same  time,  we  must  ac¬ 
knowledge  that  the  air  in  contact  with  the  tympanic  membrane,  at 
any  given  instant,  can  possess  but  one  determinate  pressure  and 
density.  The  changes  in  pressure  and  density  due  to  many  exciting 
causes  must,  then,  result  from  the  superposition  and  coexistence  of 
those  arising  from  each  separate  cause,  and,  in  general  without 
destruction  or  modification.  We  have  here  the  appi^^n^n  of  the 
principle  enunciated  in  Art.  204,  Mechanics.  (£* 

The  more  general  statement  of  the  law  of  tt^Scomposition  of 
displacements  would  be  that  demonstrated  iiTwe  principle  of  the 
parallelogram  of  forces,  but  when  the  disnfcKments  are  infinitely 
small,  we  can  take,  rigorously,  the  resutfaSN&splacement  to  be  the 
algebraic  sum  of  the  component  di^atements.  The  diameter  of 
the  meatus  at  the  tympanic  memb(^b  does  not  exceed  0.25  inch, 
and  therefore,  for  sounds  whose  /^sources  are  at  ordinary  distances, 
the  wave  fronts  at  the  positior^fme  tympanic  membrane  coincide 
sensibly  with  their  tange^J^^nffs,  and  the  changes  of  density  and 
pressure  may  be  compoi^mcl  by  the  law  of  small  motions,  without 
appreciable  error.  £ 

155.  Let  the  broken  line,  in  the  following  diagram,  represent 
the  changes  of  pj^jsure  upon  the  tympanic  membrane  while  a  con¬ 
tinuous  noiso^itf?  which  the  ear  recognizes  no  definite  pitch,  is 
sounding  inf  #  small  part  of  a  second,  and  let  the  dotted  line  repre¬ 
sent  anoth^V  noise  of  the  same  duration. 


O  o 
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Then,  if  both  noises  sound  together,  the  resultant  variation  of 
pressure  will  be  represented  by  the  full  line  obtained  by  joining  the 
extremities  of  the  ordinates  found  by  taking  the  algebraic  sum  of 
the  ordinates  of  the  separate  curves. 

These  two  noises  do  not,  in  general,  unite  into  one,  but  are 
heard  distinctly  and  simultaneously,  except  in  the  case  where  the 
two  sounds  are  nearly  alike,  and  the  two  curves  nearly  similar. 
Again,  there  is  nothing  in  the  resultant  curve  to  suggest  to  the  eye 
the  nature  of  the  two  component  curves.  Hence,  the  ear  possesses 
the  property  of  separation  ;  while  the  eye,  according  to  this  method 
of  combination  and  representation,  does  not. 

156.  Let  the  component  curves  be  periodic,  two  periods  of  O'X' 
being  equal  to  three  of  0"X". 


The  resultant  curve  OX  will  be  a  perieSiScurve,  whose  repeated 
portions  are  represented  above.  An  ^xM^nation  of  this  curve  by 
the  eye  gives  no  clue  to  its  compoitentaf and  we  may  resolve  it  into 
an  indefinite  number  of  pairs  qtfVbmponents,  but  one  of  which 
would  represent  the  two  note^hicli  sounding  together  will  give  us 
the  resulting  effect  upon  thQ&I\  But  if  the  ear  resolves  the  com¬ 
posite  note  rep  resen  te&J@t£f,  it  must  resolve,  in  like  manner, 
O'X'  and  0"X".  Obs^Wfction  confirms  this  deduction. 

157.  The  onl}(nopr  the  ear  is  incapable  of  resolving  is  that  of 
the  simple  musicarlnne,  and  this  incapability  arises  from  the  fact 
that  such  a  tox^s  in  reality  perfectly  simple,  and  not  compound. 
The  tones/raieh  are  ordinarily  called  simple,  are,  in  reality,  com- 
pound§&S^a  series  of  simple  tones  theoretically  unlimited  in  num¬ 
ber. 


A  few  of  them  have  sufficient  intensity  to  be  heard;  but 
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these  few  form  a  combined  note  which  is  always  the  same  under 
the  same  circumstances,  and  we  habitually  associate  them  together, 
and  perceive  them  as  a  single  note  of  a  special  character.  But  it  is 
possible,  with  certain  appliances,  to  partially  analyze  the  composite 
note  by  an  attentive  study  of  the  separate  constituents. 

Whenever  two  sounding  bodies  give  notes  whose  tones  form  con- 
sonant  combinations  with  each  other,  the  difficulty  of  analysis  is 
increased;  when  the  combinations  are  dissonant ,  the  analysis  is  less 
difficult. 


158.  A  noise  may  therefore  he  defined  to  be  a  combination  of 

musical  tones,  too  near  in  pitch  to  be  separately  distinguished  by 
the  unassisted  ear,  or  to  be  a  combination  of  noises,  each  of  which 
is  made  up  of  sounds  so  near  each  other  in  pitch  as  to  be  undistin¬ 
guish  able  ;  the  separate  noises  may  be  near  or  far  apart  in  pitch. 
It  is  so  complex,  that  its  analysis  is  beyond  the  power  of  the  un¬ 
assisted  ear.  A  simple  musical  tone,  on  the  contrary,  is  incapable 
of  resolution  by  reason  of  its  absolute  simplicity.  Hence,  strictly 
speaking,  only  simple  tones  have  pitch.  A  simple  musical  tone 
will  have  a  single  determinate  pitch.  The  pitch  of  a  musical  note 
must  then  be  taken  to  mean  the  pitch  of  the  gravest  simple  tone  in 
its  combination.  If  the  higher  simple  tones  be  successifl^y  stopped 
out,  the  pitch,  as  defined,  will  remain  unaltered,  buj^Je  quality  of 
the  note  will  undergo  variations  until  the  singl^xj#usical  simple 
tone  corresponding  to  the  gravest  tone  is  reach e^Oaeyond  which  no 
further  modification  can  take  place.  ,*P 

159.  We  will  hereafter  assume,  as  theAJdamental  simple  tone, 
that  component  of  any  note  which  col^^xmds  to  the  regular  pe¬ 
riodic  curve  of  the  given  pitch.  Th^^isti  notion  is  important;  for 
it  is  evident  that  there  may  be  nmrfy  periodic  curves  of  the  same 
pitch,  and  each  may  correspoi^l^^musical  notes  differing  in  quality. 


.'Q 


A 


T  ^ 

_ _ " 

"\ 

A 

r  -W 

— -A 

.# 


Figure  25. 


100 


ELEMENTS  OF  WAVE  MOTION. 


The  preceding  curves  (Fig*  25)  represent  notes  of  the  same  pitch, 
but  of  different  quality.  Helmholtz  has  shown  that  while  every 
different  quality  of  tone  requires  a  different  form  of  vibration,  the 
converse  is  not  necessarily  true;  i.  that  different  forms  of  vibra¬ 
tion  may  not  correspond  to  the  same  quality. 

160.  We  have  seen,  page  45,  that  any  physical  condition,  such 
as  density,  pressure,  velocity,  etc.,  which  is  measurable  in  magnitude 
or  intensity,  and  which  varies  periodically  with  the  time,  may,  by 
Eq.  (195),  he  expressed  as  a  function  of  the  time.  Hence,  every 
periodic  disturbance  of  the  air,  and  particularly  such  disturbances 
as  excite  the  sensation  of  a  musical  tone,  can  be  resolved  into  its 
harmonic  vibrations. 

A  single  simple  tone  being  represented  by  the  simple  harmonic 
curve 

y'  =  a'  sin  +  «!),  (200) 


and  another  of  half  wave  length  by 


y 


=  a  sin 


'  ,  „ 

-x+a 

\  2 


the  resultant  curve  will  be  represented  by 
(2  nx 

L  I  r — 


y  = 


a  sin 


X  X 


V) 


+  «' )  +  a!  si 


"s^+4 


(201) 


(202) 


aA Coherent  amplitude  and 
XL  phase  may  be  varied  at 


which  has  the  same  wave  length,  bu 
phase.  This  change  in  the  amplitude 
pleasure,  by  conceiving  the  secondQjurve  to  be  shifted  along  the 
axis  any  distance  from  zero  t<0,  and  again  to  pass  through  all 
values  of  the  amplitude  bet@m  any  two  limits.  The  resultant 
curve,  in  all  cases,  will,Awslvm’,  be  a  periodic  curve  of  constant 
wave  length.  ^ 

161.  Considerii^jJie  simple  musical  tones  which  they  represent 
then  to  be  sou*k®|  together,  with  the  same  modifications,  it  has 
been  found  tteflvkfie  ear  can  distinguish  the  components  when  the 
attentiop^^uvated  and  directed  to  this  effect.  With  a  variation 
in  phasi^^^K7,  the  effect  on  the  ear  is  constant  and  invariable,  and 
hence\w^r  see  that  many  different  resultant  curves  may  represent 
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essentially  tlie  same  sensation.  Thus,  the  two  curves  above,  repre¬ 
sent  the  same  compound  tone  made  up  of  the  two  simple  tones, 
although  the  forms  of  the  curves  are  quite  different.  resultant 

tones  are  the  same,  both  in  quality  and  in  pitch,  bujS^er  in  inten¬ 
sity.  By  combining  in  the  same  way  other  sip&d  tones  of  one- 
third,  one-fourth  the  wave  length,  and  so  rn^^ie  quality  will  be 
changed,  without  affecting  the  pitch,  as^O  be  seen  from  the 
graphical  construction,  and  heard  b^ad^de  experience.  In  all 
these  cases  the  untrained  ear,  by  the  Kjx^oi  certain  appliances,  can 
always  analyze  the  resultant  sounchX^o  its  component  simple  tones, 
and  when  trained,  often  without  Xtfis  assistance.  When  but  one 
simple  vibration  of  sufficienk^lquency  and  intensity  to  produce 
sensation  alone  exists,  no  ^ph^nalysis  takes  place. 

162.  The  investigaft^^o^  Helmholtz  have  shown  that  the  ear 
possesses  the  propep£y(^  analysis  of  a  single  musical  tone  into  its 
simple  musical  tona^JjJach  of  which  is  distinctive  in  character,  but 
which  blend  hajpjpniously  into  the  single  tone  when  sounded  to¬ 
gether.  The/flwe  lengths  of  these  components  are  aliquot  parts  of 
the  wavejaff^n  of  the  fundamental,  and  the  simple  tones  are  called 
the  up^^^urtials  of  the  fundamental  or  prime  tone.  Hence,  from 
Art.  64\md  these  facts,  we  conclude  that,  when  several  sounding 
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bodies  simultaneously  excite  different  sounds,  the  variations  of  air 
density  and  the  resultant  displacements  and  velocities  of  the  air 
particles  in  contact  with  the  tympanic  membrane  are  each  equal  to 
the  algebraic  sum  of  the  corresponding  changes  of  density,  the  dis¬ 
placements  and  the  velocities  which  each  system  of  waves  would 
have  separately  produced,  had  it  acted  alone. 

163.  This  analysis  by  the  ear  clearly  shows,  then,  that  the  sep¬ 
arate  effects  of  the  simple  vibrations  are,  in  general,  neither  modi¬ 
fied  nor  destroyed,  but  actually  exist,  and  it  remains  to  be  proved 
that  such  is  really  the  case,  independent  of  the  peculiar  sensation 
which  is  the  result  of  their  action  upon  the  ear.  Since  Fourier’s 
Theorem  mathematically  demonstrates  that  any  form  of  vibration, 
no  matter  how  varied  its  shape,  can  be  expressed  as  the  sum  of  a 
series  of  simple  vibrations,  its  analysis  into  these  simple  vibrations 
is  independent  of  the  capacity  of  the  eye  to  perceive  by  examining 
its  representative  curve  whether  it  contains  the  simple  harmonic 
curves  or  not,  and  if  it  does,  what  they  are.  All  that  the  curve 
indicates  is  that  the  more  regular  its  form,  the  greater  the  effect  of 
its  deeper  or  graver  tones  in  comparison  with  its  upper  partials. 
Before  proceeding  to  show  that  these  component  Vibrations  actually 
exist  together,  and  that  each  can  affect  the  ear  or  ott^r  sensitive 
vibrating  body,  let  us  now  establish  clearly  the  defiM^oiil  pertain¬ 
ing  to  the  subject. 

164.  A  simple  or  pendular  vibration  is  thjjCwnich  corresponds 
to  the  complete  oscillation  of  a  simple  pendft|ClX  and  is  graphically 
represented  by  the  simple  harmonic  curji^Q 

A  simple  musical  tone  is  that  eff(gt\jr^duced  upon  the  ear  when 
a  sonorous  body  is  executing  simpjk  vibrations  only,  of  sufficient 
frequency  and  amplitude  to  be  beard?  According  to  this  definition, 
simple  tones  do  not  in  realitwd^lt  ;  but  in  the  vibrations  of  such 
bodies  as  tuning-forks,  thgJta^ponent  vibrations  which  simulta¬ 
neously  exist  with  that^xfme  gravest  period,  are  generally  non¬ 
periodic  with  it,  an  cNdQ^icient  in  intensity  that  their  influence  is 
negligible,  and  we  regard  such  bodies  as  producing  simple 

vibrations  alon^S^hout  sensible  error. 

165.  A  si^ffifc musical  tone  may  be  either  simple  or  compound. 
When  cqj^^knd,  it  is  made  up  of  its  fundamental  simple  tone. 
togeth&N^h  its  upper  partial  simple  tones,  each  of  which  has  a 
frequ\nc^  of  either  twice,  three  times,  or  so  on,  that  of  its  funda- 
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mental.  It  is  due  to  the  vibration  of  a  single  sonorous  body  which, 
during  its  motion,  vibrates  as  a  whole,  and  divides  also  into  parts 
which  vibrate  twice,  three  times,  and  so  on,  as  rapidly  as  the  whole. 
One  or  more  of  these  upper  partials  may  be  wanting  during  the 
vibration  ;  when  this  occurs,  the  quality  of  the  single  musical  tone 
is  correspondingly  affected. 

A  composite  musical  tone  is  composed  of  two  or  more  single 
musical  tones. 


166.  Musical  Intervals .  The  extreme  range  of  the  hu¬ 
man  ear  lies  between  20  and  40000  simple  vibrations  per  second. 
The  corresponding  wave  lengths  are  obtained  by  dividing  the  veloc¬ 
ity  of  sound  by  these  numbers,  and  are  approximately  54.6  feet  and 
0.0273  feet  respectively,  assuming  the  velocity  of  sound  to  be  1092 
feet  at  0°  C.  The  ordinary  sounds  heard  by  the  ear  have  a  much 
less  range;  their  vibrational  numbers  lie  between  40  and  4000,  cor¬ 
responding  to  wave  lengths  of  about  27.3  feet  and  0.273  feet, 
respectively.  When  a  stretched  wire  is  put  into  vibration,  and  the 
tension  continuously  undergoes  variation,  the  pitch  of  the  sound 
passes  by  continuity  from  lower  to  higher,  or  the  reverse,  and  we 
Therefore  experience  the  sensation  of  a  musical  interva-WMween  any 
two  limiting  tones.  We  may,  then,  define  a  musicaR^terval  by  the 
ratio  of  the  vibrational  numbers  of  the  two  limitit^  tones.  Thus, 
if  the  two  tones  correspond  to  the  vibratiojm^n umbers  256  and 
384,  the  name  of  the  interval  is  the  fifth ,  is  expressed  by  the 

fraction  Considering  the  simpler  F&tios  that  lie  between  two 


tones  whose  vibrational  numbers  a; 
ing  musical  intervals : 


i^asl  :  2, 


we  obtain  the  follow- 
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the  ear  when  the  tones  of  either  of  these  intervals  are  sounded  to¬ 
gether.  All  other  intervals  within  range  of  the  octave  are  called 
dissonants . 

167.  The  measure  of  the  musical  interval  represented  by  the 

ratio  -  is  the  log^-  This  arises  from  the  fact  that  if  we  consider 
q  °  q 

any  three  tones  whose  vibrational  numbers  are  p,  q ,  and  r,  the 
musical  interval  between  p  and  r  must  be  equal  to  the  sum  of  the 
two  intervals  between  p  and  q,  and  q  and  r.  If  the  ratios  of  the 
vibrational  numbers  were  taken  to  measure  the  intervals,  we  would 
have,  for  the  same  interval,  the  expressions 


-  and 


2  +  r. 

? 


V  V 

which  are  not  equal  to  each  other.  But  since 


we  have 


log 


r  q  r 
p~pXq’ 

-  =  logj  +  log-. 


(203) 

(204) 


and  we  may  therefore  take  the  logarithm  of  the  ratio  olkthe  vibra¬ 
tional  numbers  as  the  measure  of  the  musical  inter^ra^^he  name 
of  any  interval,  then,  is  the  ratio  of  the  vibratioqf^nximbers,  and 
its  measure  is  the  logarithm  of  that  ratio.  T^CTogarithms  are 
usually  taken  in  the  common  system. 

168.  Musical  Scales.  A  series leones  at  finite  intervals 
is  called  a  musical  scale.  If  the  ^feiMonal  numbers  are  in  the 
proportion  of  the  natural  numbe^s^hie  musical  scale  is  called  the 
harmonic  scale.  When  two  toq^whose  interval  is  that  of  an  octave 
are  sounded  together,  we  are^nscious  of  a  certain  sameness  of  sen¬ 
sation,  which  is  absent  iA^^Jjotlier  intervals  except  multiples  of  the 
octave.  We  may  then/n^ume  this  interval  as  a  natural  unit,  since 
it  gives  a  periodic  c^aijacter  to  the  scale.  Whatever  properties  are 
found  with  regard  to  the  tones  in  any  octave,  occur  in  the  other 
octaves  of  a  higjS^r  or  lower  pitch.  The  vibrational  numbers  of  the 
tones  of  tjiqffo^rcnonic  scale,  starting  with  a  fundamental  tone  whose 
vibrational  number  is  128,  will  be  as  follows: 

256  :  384  :  512  :  640  :  768  :  896  :  1024  :  1152  :  1280  :  etc. 
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169.  Examining  these  numbers,  we  see  that  each  interval  in 
any  octave  is  divided,  in  the  succeeding  octave,  into  two  intervals 
which  can  be  obtained  from  the  equation 


n  +  1  __  2n  +  1  v  2n  +  2 
n  “  2n  X  2n  +  1 9 


(205) 


n  being  the  natural  number  which  marks  the  position  of  the  first 
tone  of  the  lower  interval  in  the  harmonic  scale.  Thus  we  see  that 
the  interval  128  :  256,  or  the  octave,  is  divided  in  the  next  octave 

2n  +  1  _  3 
'  2 


2  n 


384  .2^  +  2 

— —  and  - - - 

256  2 n  -4-  1 


into  two  intervals  represented  by 
=  -  =  The  first  interval,  256  :  384,  in  the  second  octave  is 

o  <jo4  ^  * 

Oni  I  1 

divided  into  the  two  intervals  corresponding  to  — - - -  =  -  and 

4-  2  6  2/2-4 

- - =  -=  in  the  third  octave ;  the  second  interval,  384  :  512,  in 

in  + 1  5  _  _  _  + 1  7 

the  same  octave,  is  in  like  manner  divided  into  — -- — -  =  -  and 
2„  ,  2  q  2n  6 

- - —  =  jr  in  the  third.  The  first  interval,  512  :  640,  in  the  third 

2n  +  1  7  9  IQ 

octave,  is  subdivided  in  the  fourth  octave  into  g  and^Jfc,  and  so 


on.  Arranging  all  the  intervals,  with  their  correi 
visions  in  the  next  higher  octave,  we  have 


subcJ^Sl  i 

256  :  364  =  ~  :  512  =  | ; 

512  \  and  640  :  768  = 

2d  octave,  512,  i 


ing  subdi- 


lst  octave,  128  :  256,  interval 


2d  octave,  256 


in  2d  octave  into 


subdivided  in  3d  octave  into 


interval  -,  subdivided  in  3d  octave  into 
6 
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3d  octave,  512  :  640,  interval  j,  subdivided  in  4th  octave  into 

0  10 
1024  : 1152  =  g  and  1152  : 1280  =  ; 


0 

3d  octave,  640  :  768,  interval  -,  subdivided  in  4th  octave  into 

o 

11  12 
1280  :  1408  =  ^  and  1408  :  1536  =  —  • 


Thus  every  interval  in  the  harmonic  scale  is  divisible  into  two 
other  intervals,  whose  ratios  are  those  of  consecutive  numbers  in  the 
next  higher  octave. 

170.  Perfect  Accords .  A  'perfect  accord  is  a  series  of  three 
tones,  called  a  chord ,  which,  sounded  simultaneously,  give  a  partic¬ 
ularly  pleasing  sensation  to  the  ear.  The  perfect  major  accord 
consists  of  the  three  tones  called  the  tonic ,  the  middle ,  and  the  dom- 

5  3 

inant ,  whose  intervals  are.  a  major  third  and  a  fifth,  or  -  and  -• 
The  perfect  minor  accord  is  com] 


a  fifth, 


171.  The  Diatonic  Scale .  Jones  of  this 


usually  designated  by  letters  or  symbAj^fes  follows  : 


x 


\ 

C  :  D  :  E  :  F  :  ® :  A  :  B  :  c  :  d  :  etc. 


Forming  the  perfect^napr  accord  on  O  as  a  tonic,  we  will  have 

~cr 

C  :  E  :  G, 


with  C  and  G,  by  making  C  a  dominant 
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Aj  : 

o. 

G  : 

B 

:  d, 

2 

5 

-1  . 

3 

15 

9 

3  : 

6  * 

2  1 

8 

:  r 

Arranging  these  three  chords  in  order  of  their  pitch,  we  find 


: 

A,  : 

C  : 

:  E  : 

:  Gr  : 

B  : 

:  d, 

2 

5 

t 

5 

3 

15 

9 

3  : 

6  : 

1 

1  4 

:  2  1 

;  8 

:  4* 

which  is  a  musical  scale  of  seven  notes,  rising  one  above  another  by 
alternate  major  and  minor  thirds. 

Replacing  in  this  scale  F1?  A1?  by  their  higher  octaves,  and  d 
by  its  lower  octave,  which  is  permissible,  and  arranging  in  order, 
we  have 


0  : 

:  D 

:  E  : 

:  F 

:  G  : 

:  A  : 

B 

1 

9 

5 

4 

3 

5 

15 

1 

:  8 

:  4  : 

1  3 

:  2  : 

:  3  : 

'8 

which  is  known  as  the  diatonic  scale.  The  names  of  the  intervals 
heretofore  used  are  now  seen  to  come  from  the  positiomOAhe  notes 

in  this  scale  with  reference  to  the  tonic ;  thus,  th^Qjterval  |  is  a 

major  second,  the  interval  |  a  major  third, ^jj^^fourth,  |  a  fifth, 

and  so  on.  The  first  tone  in  the  scale  ie^Sjbd  the  tonic,  the  fifth 
the  dominant ,  and  the  fourth  the  siibdckqj/tant .  Taking  the  vibra¬ 
tional  number  of  the  tonic  C  to  bo^M,  we  have  the  corresponding 
vibrational  numbers  of  the  diatoRicScale, 


C 

24 


D 

27 


E 


& 


MC 


A 

40 


B 

45 


c, 

48. 


32  :  36 

172.  The  vibrat^jyft  numbers  of  the  other  octaves  are  obtained 
from  these  by  co(j^antly  doubling  or  halving  them,  according  as 
we  ascend  or  ds^bend,  the  letters  being  properly  accented  to  indi¬ 
cate  in  whidfSa^ave  the  series  is  taken.  Theoretically,  the  tones 
of  the  ddMMic  scale  above  belong  to  the  harmonic  scale,  whose  fun- 
dameniaNtone  has  one  vibration  per  second.  This  fundamental 
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tone  is  Jive  octaves  below  the  subdominant;  for 


?-©• 


We 


will  hereafter  take  the  octave  whose  tonic  corresponds  to  256  vibra¬ 
tions  for  that  of  comparison,  because  Scheibleris  tonometer,  which 
we  use  in  illustration  in  the  lectures  on  this  subject,  is  based  on 
that  tonic. 

173.  The  relation  of  the  successive  tones  of  the  harmonic  scale 
to  any  tone  assumed  as  a  fundamental  is  as  follows  ;  taking  as  the 
prime  that  whose  vibrational  number  is  256,  we  have 

Prime  or  fundamental,  256  vibrations,  or  c ; 


1° 

Harmonic, 

512 

(< 

“  c',  octave; 

2 3 

cc 

768 

ce 

“  g',  fifth  in  1st  octave  ; 

3° 

cc 

1024 

ce 

66  c",  second  octave; 

4° 

cc 

1280 

cc 

“  e",  maj.  third  in  2d  oct.; 

5° 

cc 

1536 

cc 

“  g ",  fifth  of  2d  octave; 

6° 

cc 

1792 

cc 

“  a"-f,  lying  between  6th 

and  7th  of  2d  oct. ; 

yo 

CC 

2048 

cc 

“  ri",  third  octave; 

and  so  on.  These  harmonics  are  called  overtones  or  uprnr  partials, 
and,  as  seen  above,  bear  a  close  relationship  to  the  ^Mbe.  When 
the  prime  is  sounded  and  the  upper  partials  exist^wSwta  same  time, 
the  resulting  tone  will  have  a  determinate  qualil^Sr  And  if  the  par¬ 
tials  be  successively  stopped  out,  the  qualitv/wW  undergo  a  change, 
until  we  reach  the  simple  tone  due  to  tl^nme  alone.  The  suc¬ 
cessive  curves  which  represent  these  |(™S^raphically  will  approx¬ 
imate  gradually  to  that  of  the  hafmofcifc  curve  of  the  wave  length 
of  the  prime,  which  it  ultimateljTraiches  when  all  of  the  partial^ 
are  wanting.  The  wave  lengl^or  the  above  curves  are  each  equal 
to  that  of  the  prime. 


& 


174.  It  can  be  ex,pd@>eiAally  shown  that  a  stretched  cord, 
when  plucked  from  ite^S&ition  of  rest,  will  give  a  compound  tone,, 
which  is  made  up  /TijHundamental  united  to  some  of  its  overtones. 
The  educated  ear  can  readily  distinguish  the  existence  of  these 
simple  tones.^peh,  sounding  together,  determine  the  quality  of 
the  compoiwfsWone.  But  to  demonstrate  to  the  untrained  ear  the 
existen&N^these  partial  tones,  it  is  necessary  to  make  use  of  cer¬ 
tain  a^mances  called  resonators ,  whose  action  depends  on  the 


.'Q 


A 
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principle  of  sympathetic  resonance .  These  consist  of  metal  or  other 
hollow  bodies,  generally  spherical  in  form,  closed  except  at  two 
places;  one  of  the  openings  is  to  permit  the  mass  of  air  within  to 
be  affected  by  the  vibration  of  the  air  without,  and  the  other  to  per¬ 
mit  the  air  within  to  be  brought  into  near  contact  with  that  in  the 
aperture  of  the  ear. 


175.  Sympathetic  Resonance.  If  a  body  capable  of 
taking  up  an  oscillatory  motion  of  definite  period  be  subjected  to  a 
series  of  periodic  impulses,  whose  period  is  the  same  as  that  of  the 
body  considered,  the  aggregate  effect  will  in  time  become  sensible, 
however  weak  the  impulses  may  be.  But  if  the  period  of  the  im¬ 
pulses  be  even  slightly  different  from  that  of  the  body,  the  resultant 
effect  will,  in  general,  never  become  appreciable;  for,  while  the 
kinetic  energy  is  increased  by  the  elementary  quantities  of  work  due 
to  the  impulses  applied,  soon  the  succeeding  impulses  will  be  deliv¬ 
ered  in  a  direction  contrary  to  the  motion  of  the  body,  and  the 
kinetic  energy  will  be  correspondingly  diminished.  The  maximum 
energy  can  then  never  exceed  a  small  definite  quantity,  and  in 
reaching  this  state  the  body  will  pass  through  alternations  of  rest 
and  motion.  To  determine  the  effect  of  any  periodic  im^Vlse  upon 
a  body  capable  of  being  put  into  vibration,  we  have  Hjm  allowing 
rule,  due  to  Helmholtz:  Resolve  the  periodic  moth  the  impulse 
into  its  component  simple  pendular  vibrations ;  iftym  periodic  time 
of  any  one  of  these  vibrations  is  equal  to  tteG^riodic  time  of  the 
body  acted  upon,  sensible  vibration  will  rgs€I\and  not  otherwise. 


176.  Now  consider  the  mass  of  aj^wiilrin  the  tube  AB,  while  a 
simple  vibratory  motion,  due  to  a 
pie  tone,  occurs  in  the  externaj 
Let  V  be  the  velocity  of  wave^fASpaga- 
tion  in  the  air  under  conskl^fflim,  and 
n  the  vibrational  number  J^lrhe  body. 

Then,  during  the  f^St  wmi-vibration,  Figure  27. 

the  molecules  at  B  Ascribe  half  their 
orbits  while  und^Sjing  condensation,  which  is  transmitted  through 
the  interveninj^olecules  to  A  and  back  to  B,  provided 

BA  +  AB=-. 
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During  the  second  semi- vibration,  the  rarefaction  at  B  will  be  trans¬ 
mitted  in  the  same  manner,  and  the  orbits  at  B  will  be  completed. 

V  .  , 

Should  BA  be  either  >  or  <  — ,  the  second  impulse  would  reach 

B  after  or  before  its  molecular  orbits  had  been  completed.  Under 
these  circumstances,  succeeding  impulses  would  in  a  short  time 
reduce  the  displacements  of  the  molecules  to  zero,  and  never  permit 
them  to  attain  an  appreciable  value,  and  therefore  the  vibration  of 
the  air  column  would  not  give  a  sound  of  appreciable  intensity. 
But  if,  on  the  contrary,  the  impulses  were  of  the  same  periodicity 
as  the  air  molecules,  each  successive  impulse  would  add  to  the  first 
displacement,  and  this  addition  would  continue  until  the  work  of 
the  resistances  developed  was  exactly  equal  to  the  increment  of 
energy  caused  by  each  impulse.  The  displacements  of  the  mole¬ 
cules  would  then  have  attained  their  maximum  value,  and  the 
resulting  sound  a  fixed  intensity. 

177.  Each  confined  mass  of  air  has  a  particular  periodicity,  and 
each  of  the  resonators  of  Helmholtz  is  carefully  contrived  to  respond 
to  a  given  periodicity  of  vibratory  motion.  If,  then,  by  the  rule 
above  given,  any  composite  sound  exist,  and  one  of  these  resonators, 
be  applied  to  the  ear,  the  resonant  effect  will  indicate  whether  the 
simple  tone  corresponding  to  the  resonator  is  pressurQ?^ absent  in 
the  composite  sound.  This  and  analogous  experjg^rtts  show  that 
sympathetic  vibration  is  not  due  to  any  proper ty^eu liar  to  the  ear, 
but  that  it  is  a  mechanical  effect  separafe£3yd  distinct  from  the 
sense  of  audition. 

178.  The  energy  of  motion  deperfOm^  upon  the  mass  and  ve¬ 

locity,  we  see  clearly  that  of  two  &unmng  bodies,  vibrating  with 
the  same  amplitude,  the  smaller  n^pwill  more  quickly  give  up  its 
energy  to  the  surrounding  air  aod  sooner  cease  sounding.  Tuning- 
forks  being  generally  madoQrsteel,  will,  when  put  into  rather 
strong  vibration,  conti  cling  for  a  reasonable  length  of  time. 

When  mounted  upon/Muff  resonant  boxes,  the  latter  containing  a 
mass  of  air  capablefof  Jlbrating  in  unison  with  it,  they  affect  larger 
masses  of  air  tha«  wRen  not  so  mounted,  and  come  more  quickly  to 
rest;  but  thejrajml  will  have  greater  intensity,  and  can  the  more 
readily  b^  study  the  phenomena  of  sympathetic  resonance. 

If  sudiSh^uning-fork  be  in  the  vicinity  of  a  vibrating  sounding 
body  wV^se  sound  contains  the  tone  of  the  fork,  the  latter  will  in 


.'Q 


& 
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time  indicate  the  fact  by  coming  into  sympathetic  vibration.  The 
analysis,  then,  of  any  composite  note  can  be  practically  made  by 
means  of  a  sufficient  number  of  such  forks,  whose  vibrational  num¬ 
bers  embrace  all  the  simple  notes  of  the  composite  sound.  Con¬ 
versely,  the  synthesis  of  a  composite  note  can  be  effected  by  setting 
in  vibration  all  the  forks,  with  proper  amplitudes,  which  the  analy¬ 
sis  indicates  belong  to  the  note  in  question. 

179.  When  plates,  bells,  strings,  etc.,  are  put  into  vibration, 
they  may  either  vibrate  as  a  whole,  or '  separate  into  parts  which 
vibrate  two,  three,  four,  or  more  times  as  rapidly ;  or  both  of  these 
conditions  may  occur  simultaneously.  Each  of  the  simple  periodic 
vibrations  has  an  actual  existence,  and  corresponds  to  a  single 
musical  tone  of  definite  pitch,  which  may  be  recognized  as  above 
described. 


180.  In  listening  for  any  simple  tone  in  the  composite  note,  it 
is  important  to  clearly  fix  the  attention  upon  the  special  tone  whose 
existence  is  to  be  determined,  and  for  this  purpose  the  tone  should 
be  sounded  alone  before  listening  for  it  in  the  composite  note. 
When  sufficiently  practiced  in  this  manner,  the  ear  can  readily 
acquire  the  faculty  of  detecting  them  without  the  use  of  resonators. 

181.  By  means  of  the  monochord ,  which  consists^^s^tially  of 

a  string  stretched  over  two  bridges  on  a  sounding-boOwfc  can  verify 
the  simultaneous  existence  of  the  prime  and  vpQter  partials,  and 
estimate  the  influence  of  the  latter  in  affectin^yhe  quality  of  the 
sound.  The  theory  of  vibrating  strings  skreS^g  that  the  frequency 
of  vibration  of  the  same  string  under  th£1?mnv)  tension  is  inversely 
proportional  to  its  length.  Pluckin^tff^tring  at  its  centre,  the 
resulting  tone  will  be  that  of  its  (Jryhe,  modified  by  some  of  the 
upper  partials,  those  of  the  lat^  being  absent  that  require  the 
middle  point  as  a  point  of  r<3^w  By  a  movable  bridge,  the  string 
can  be  divided  into  its  $arts,  which  being  set  in  vibration, 

will  give  the  upper  partjdraSn  succession.  Becoming  thus  acquaint¬ 
ed  with  these  simplefiortes,  we  can  verify  their  presence  or  absence 
in  each  special  casg^For  example,  if  the  string  be  plucked  at  one- 
fourth  its  lengUS^ieory  requires  the  presence  of  the  first  upper 
partial  witlj  tfc^prime,  and  the  fact  will  be  made  manifest  by  damp¬ 
ing  the  sAra^at  the  middle  point  immediately  after  plucking,  when 
the  octavx^ill  sing  out,  no  longer  encompassed  by  the  prime. 
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182.  These  and  the  facts  of  sympathetic  resonance  show  that 
the  analysis  of  all  resonant  motion  into  simple  pendular  vibrations 
is  real  and  actual,  and  that  any  other  analysis  is  highly  improbable. 
The  analogous  property  of  the  ear  is  expressed  by  the  law  of  G.  S. 
Ohm,  viz.,  that  the  human  ear  perceives  pendular  vibrations 
alone  as  simple  tones,  and  resolves  all  other  periodic  motions 
of  the  air  into  a  series  of  pendular  vibrations,  hearing  the 
simple  tones  which  correspond  to  these  simple  vibrations . 
We  may  therefore  conclude,  that  in  all  cases  whenever  any  motion 
of  the  air  caused  by  a  sounding  body  contains  a  simple  vibration  of 
the  same  periodicity  as  that  of  any  other  body,  the  latter  will  in 
time  take  up  a  vibratory  motion  which,  if  of  sufficient  intensity, 
will  atfect  the  ear  with  a  simple  musical  tone  of  a  definite  pitch  ; 
and  the  mechanical  effect  of  vibration  will  ensue,  whether  it  be  of 
sufficient  amplitude  to  produce  a  sonorous  effect  or  not. 


183.  Velocity  of  Sound  in  any  Isotropic  Medium . 
The  air  is  the  medium  of  transfer  to  the  ear  of  the  vibratory  mo¬ 
tion  of  a  sounding  body.  Under  a  given  temperature  and  density, 
its  elastic  force  is  constant  in  all  directions,  and  it  is  therefore  an 
isotropic  medium.  Being  compressible,  the  motions  its  mole¬ 
cules,  during  the  passage  of  a  sound  wave,  are  to  an^\^al°iig  the 
line  of  wave  propagation.  They  are  then  longitd^pal  vibrations, 
and  Eq.  (116),  for  the  velocity  of  wave  propag^JrN^,  for  waves  with 
such  vibrations  in  an  isotropic  medium,  is 


f,= 


sin2  ^  Ax. 


(206) 


184?  The  wave  lengths  ^Mund  in  air  can  never  be  greater 
than  54.6  ft.,  nor  less  th  "ft.  ;  for  the  usual  sounds  the  limits 

are  27.3  ft.  and  0.273  teXit  0°  C.  In  the  above  equation,  Ax  is  the 
distance  separatin  g^vjr  adjacent  molecules,  and  without  knowing 
its  absolute  value^fmTany  degree  of  pressure,  we  may  say  that  A, 
even  in  the  mb™m  sound  wave,  is  very  great  with  respect  to  Ax. 
Therefore  is  approximately  zero,  and  may  be  substituted  for 

^S^hout  appreciable  error.  We  then  have 


sm 
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A 


f 
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Aa 

F2  =  i^ 


<f>  (r)  +  i/>  (»•)  — 


7T2  AX2  " 


=  2^ 


</>(?•) 


Ax2 


Ax 2. 


(207) 


Hence,  with  the  supposition  of  small  displacements,  etc.,  the 
velocity  of  wave  propagation  of  sound  in  air  is  theoretically  inde¬ 
pendent  of  the  wave  length,  and  all  sounds,  whether  grave  or  acute, 
will  travel,  in  air  of  constant  pressure  and  temperature,  with  equal 
velocities. 


Omitting  the  term  containing  A.t4  as  being  small  compared  with 
that  of  which  Ax2  is  a  factor,  and  replacing  0  ( r )  by  its  equal 


fir) 


,  we  have 


F2  =  5  A*2. 

2  r 


(208) 


185.  Let  E  represent  the  modulus  of  longitudinal  elasticity  of 
air,  P  the  barometric  pressure,  l  the  length  of  the  air  column  with¬ 
out  pressure,  and  A  the  compression  due  to  P.  Then,  by  Eq.  (1), 
we  have 


E  =  lP. 


(209) 


Since,  if  the  pressure  P  be  removed,  the  ^Q^nsion  would  be 
indefinitely  great,  the  compression  A  is  sm^sWiy  equal  to  l ,  and 
therefore  /"V* 

E=p(y< 

that  is,  the  elastic  force  of  the 
pressure  on  the  unit  area. 


(210) 


that  due  to  the  barometric 


186.  In  Eq.  (208).  *s  the  acceleration  due  to  the 

aggregate  elastic  force^Txteveloped  in  the  molecules  by  the  arbi¬ 
trary  displacement  CiF  molecule  m,  and  reciprocally  is  the  elastic 
acceleration  of  m>hence  we  have,  by  multiplying  by  m ,  the  inten¬ 
sity  of  the  ela|ti’e^rce  acting  on  m, 


2 


m  Zfi  f  (r) ; 
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—  is  the  cosine  of  the  angle  made  by  this  force  with  the  axis  of  x, 

V 

which,  since  the  medium  is  isotropic,  is  equal  to  unity;  multiply¬ 
ing  the  elastic  intensity  on  m  by  the  factor  we  have  the  elastic 
intensity  on  the  unit  area,  or 

(211) 
(212) 


whence, 


1  v  ,,  s  E  Ax2 
^f(r)  = 


2  >  j  \~  /  m 

Substituting  in  Eq.  (208),  we  have 

E  A#3 


V2  = 


m 


(213> 


AxB  is  the  volume  of  the  molecule,  and  replacing  it  by  its  equal 
and  extracting  the  square  root,  we  will  have,  finally,  for  the 
velocity  of  wave  propagation  in  air  or  any  gas,  subjected  to  the  law 
of  Mariotte,  _ 

-VI’  ^  (2U> 

or  directly  proportional  to  the  square  root  of  tliq0|Mo  of  the  elas¬ 
ticity  of  the  medium  to  its  density. 

187.  This  conclusion  is  deduced  on  theVyyb thesis  of  the  direct 
ratio  of  the  elastic  force  to  the  densit^«^vli  the  law  of  Mariotte 
were  true  for  all  circumstances  of  p^sSta^,  temperature,  and  den¬ 
sity,  this  theoretical  velocity  and  tfe  aCxual  velocity  determined  by 
experiment  would  perfectly  accoi^^  But  this  relation  is  true  only 
for  a  perfect  gas  and  for  consttfM  temperature. 

188.  The  relation  of  the^po  parameters  of  air,  considered  as 
a  perfect  gas,  are  giver^feX&hCTollowing  formulae  : 

O  p'd  =  pd',  (215) 

p'd  =  pd'  (1  +  ad),  (216) 

rZ? 


p’  =  p^)y> 


(217) 


in  wlm^)?  and  p'  are  respectively  the  old  and  the  new  pressures  or 
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the  corresponding  elastic  forces,  d  and  d'  the  old  and  the  new  den¬ 
sities;  a  the  coefficient  of  expansion,  a  constant,  and  equal  to 
for  Centigrade  scale ;  and  0,  degrees  of  temperature  Centigrade. 

The  first  of  these  equations  is  the  mathematical  expression  of 
Mariotte’s  law;  the  second,  of  that  of  Charles  or  Gay-Lussac;  and 
the  third,  of  that  of  Poisson.  The  gas  to  which  these  equations  are 
applicable  is  supposed  to  be  a  perfect  fluid,  devoid  of  friction,  and 
to  have  the  pressure  at  each  point  uniform  in  all  directions. 

The  temperature  is  supposed  constant  during  all  changes  of 
pressure  and  density  in  Mariotte’s  formula,  while  in  that  of  Charles 
the  gas  takes  the  pressure  and  density  determined  by  the  change  of 
temperature.  The  formula  of  Poisson  supposes  the  gas  subjected 
to  sudden  changes  of  density,  and  that  the  heat  developed,  whether 
considered  positively  or  negatively,  is  not  conveyed  by  radiation  or 
conduction  to  other  bodies,  or,  in  other  words,  that  the  quantity  of 
heat  in  the  gas  is  constant.  Kemembering  that  sudden  condensa¬ 
tion  in  air  or  gas  produces  heat,  and  sudden  rarefaction  cold,  and 
assuming  that  these  alternations  are  so  rapid  that  neither  the  heat 
nor  the  cold  is  conveyed  to  the  other  particles,  within  the  volume 
considered,  much  beyond  the  point  at  which  they  originate,  we  see 
that  this  heat  and  cold  will  produce  an  elastic  force  greater  in¬ 
tensity  than  that  in  either  of  the  other  two  caseS^\h4refore  the 
value  of  the  velocity  of  propagation  will  be  greatei@an  that  given 
in  Eq.  (214),  which  was  deduced  under  the  surfpkition  of  the  sim¬ 
ple  ratio  of  the  elastic  force  to  the  den^Q-'expressed  by  It 

might  be  supposed  that  the  influenc/oK^e  heat  produced  in  the 
condensation  of  the  sound  wave  wfodV'be  neutralized  by  the  cold 
produced  in  the  rarefaction,  and  therefore  the  resultant  effect 
would  be  zero.  This,  however^  not  the  case;  for  the  heat  in  the 
condensation  has  increased  (frS'nifference  of  elastic  force  between 
the  condensed  stratum ;  'one  in  its  front,  and  hence  has  in¬ 

creased  the  velocity,  winfeuthe  cold  in  the  rarefaction  has  caused  an 
equal  difference  bel^ejir  the  rarefied  stratum  and  the  one  in  rear, 
and  has  thus  addecMm  equal  increment  of  velocity  to  this  portion 
of  the  wave.  JmS  is  true  for  each  stratum  affected  by  the  sound 
wave.  Hen^Wie  disturbance  passes  each  stratum  of  the  condensed 
and  rarefied1^  portions  with  the  same  velocity,  and  this  may  be  re¬ 
garded  ai^the  velocity  of  the  wave. 
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189.  Since  the  vibrational  number  of  sound  waves  varies  be¬ 
tween  20  and  40000,  for  the  extreme  limits,  the  alternate  condensa¬ 
tions  and  rarefactions  occur  with  sufficient  rapidity  to  necessitate 
the  application  of  the  formula  of  Poisson  for  the  determination  of 
the  velocity  of  sound  in  air  and  in  other  gaseous  media. 


190.  Pressure  of  a  Standard  Atmosphere.  Let  p 
be  the  pressure  of  the  atmosphere  when  the  barometric  column  cor¬ 
responds  to  76  cm.,  the  mercurial -density  being  13.5962,  and  g 
981  dynes ;  we  then  have 

p  —  981  x  13.5  962  x  76  =  1.01368  x  106  dynes,  (218) 


as  the  corresponding  pressure  of  the  atmosphere  upon  a  square  cen¬ 
timetre.  But  since  the  density  of  mercury,  referred  to  the  stand¬ 
ard  at  the  same  locality,  is  independent  of  the  locality,  and  hence 
independent  of  g,  we  may  assume  as  the  standard  atmosphere  that 
whose  pressure  on  the  square  centimetre  at  all  localities  is  equal  to 
106  dynes.  Hence, 

p  =  g  x  dm  x  h  =  106  dynes.  (219) 


By  substituting  in  this  equation  the  value  of  g  tW.ilic  latitude 
of  the  place,  and  solving  with  reference  to  h,  we  w^^effirmine  the 
barometric  height  corresponding  to  the  standanWwfosphere  at  that 
locality;  g  varies  from  978.1  dynes  at  the  eojOtor  to  983.11  dynes 
at  the  pole. 

191.  Height  of  the  Honmysneous  Atmosphere. 

If  the  atmosphere  be  supposed  l^Sjced  by  an  atmosphere  of  uni¬ 
form  density  D,  as  that  of  standaNrdry  air  at  0°  O.,  and  height  II, 
exerting  the  same  pressure,  Jffsray  be  obtained  from  the  equation 

p  t^XTII  =  106  dynes; 

“Oc 

io6 


(220) 


from  which  we  liaf?  ^ 


H  = 


whiohNs ‘constant  at  the  same  locality,  for  the  same  temperature 


981  X. 0012759 
7989.40  m.  =  26212.18  ft., 


=  7.9894  cm.  x  105 


(221) 
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and  barometric  height.  If  the  temperature  become  6°  C.,  we  have, 
by  the  law  of  Charles  or  Gay-Lussac, 


H'  =  (1  +  ad)  H  ==  Ha  Ty 


(222) 


in  which  r  is  the  absolute  temperature,  and  a  the  coefficient  of 
expansion. 

192.  Replacing  the  elastic  force  E  by  its  equal,  in  terms  of  the 
homogeneous  atmosphere,  in  Eq.  (214),  we  have 


V  — 


which  is  Newton’s  formula  for  the  velocity  of  sound  in  air.  Mak¬ 
ing  r  ==  273°,  corresponding  to  zero  Centigrade,  and  g  =  981  dynes, 
we  have 

V  =  \/7.9894  X 105  x  981  =  2.8  x  104  =  280.0  metres.  (224) 
For  any  other  temperature,  we  have 


V  —  a/7.9894  x  105  X  981  X  «r  =  280  Vl  +  «0. 
193.  These  vali 


V  —  -v/7.9894  x  105  x  981  x  «r  =  280  Vl  +  «0.  (225) 


193.  These  vali  bout  one- 

sixth  less  than  those  determined  by  experiment, ^^discrepancy 
being  due  to  the  supposition  that  Mario tte’s  lawJWrresses  the  rela¬ 
tion  of  pressure  and  density.  The  law  of  Poisa^j^s,  however,  appli¬ 
cable;  hence  we  have 


differentiating,  dp'  ==  y p 


Whence  we  see  Cha£  when  a 


Whence  we  see 


the  ratio  of  the^irerement  of  the  elastic  force  to  that  of  the  density 
is  equal  to  the^&^o  of  the  elastic  force  to  the  density,  multiplied  by 
the  const^i^N^  The  value  of  y  can  be  determined  from  a  direct 

V.  a ,  and  6,  and  substituting 
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and  solving  with  respect  to  y.  Its  value  has  been  found  to  he, 
approximately,  1.41  for  all  simple  gases  not  near  their  points  of 
liquefaction.  The  final  formula,  therefore,  is 


V  =  332.64  m.  x  Vl  + 


=  1091.35  ft.  X  Vl  +  .00366 0°, 


for  the  velocity  of  sound  in  air  at  the  locality  where  g  =  981  dynes, 
barometric  height  76  cm.,  and  temperature  6°  Centigrade. 

194.  At  West  Point,  assuming  the  barometric  height  to  be 
76  cm.,  and  g  =  980.3  dynes,  we  have,  for  the  velocity  of  sound 
in  air  at  any  temperature, 


V  =  v'980.3  x  7.9894  x  1.41  X  105  X  «r 


(229) 


=  332.3  m.  x  Vl  +  «0 


=  1090.23  ft.  x  Vl  + 


ocity  i 


Since  the  value  of  that  the  vcS^j 


increases 


nearly  2  feet  for  each  degree  Centigrade,  ana  is  greater  in 

warm  than  in  cold  weather,  all  other  thin^fN^ing  equal.  At 
60°  F.,  we  may  take  the  velocity  of  soun^^Cn)  air  to  be  approxi¬ 
mately  1123  feet  per  second.  /SQ 

195.  The  value  of  the  velocity  Swfnd  in  any  gas  can,  in  like 
manner,  he  obtained  theoretically  &  substituting  in  the  equation 


(230) 


for  D'  the  density /ff  0b  gas  referred  to  that  of  air  as  unity,  and 
for  p'  the  value  of  SkJ  pressure  in  terms  of  the  barometric  height, 


y  being  taken  41;  or  it  maybe  obtained  more  simply  by  di¬ 


viding  _ 

4  V  =  332.3  m.  x  Vl  +  (231) 

by  the  :e  root  of  the  density  of  the  gas  referred  to  air  as  unity. 


(231) 
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At  zero  degrees  Centigrade,  we  have  for  the  theoretical  value  of  the 
velocity  of  sound  in  the  following  gases : 


Air,  . . 332 

Hydrogen, . 1269 

Oxygen, . 317 


Carbon  dioxide,  ....  262 
Carbon  monoxide,  .  .  .  337 
Olefiant  gas, . 314 


196.  Velocity  of  Sound  in  Air  and  other  Gases,  as 
affected  by  their  not  being  Perfect  Gases .  The  for¬ 
mulae  of  Mariotte,  Charles,  and  Poisson  are  only  applicable  to 
perfect  gases.  This  condition  requires  the  elasticities  to  be  perfect, 
and  the  excess  of  the  elastic  force  which  gives  rise  to  wave  propaga¬ 
tion  to  be  indefinitely  small  when  compared  with  the  elasticity  of 
the  gas  in  its  quiescent  state. 

A  series  of  experiments  made  by  Regnault,  the  results  of  which 
are  given  in  the  Comptes  Rend  us,  Vol.  66,  page  209,  show  that 
these  conditions  are  not  fulfilled,  and  that  the  theoretical  velocity 
therefore  differs  from  the  actual.  The  sounds  were  made  in  tubes 
of  different  cross-section,  by  discharging  a  pistol  with  different 
charges  of  powder.  The  results  are  grouped  in  the  following  table : 


Diameter  of  Tube,  0.108  m. 
Length,  566.74  m. 

Diameter  of  Tube,  0.3  m.  ! 

Length,  1905  m. 

Charge,  0.3  gr. 

Charge,  0.4  gr. 

Charge,  0.3  gr. 

Ch’ge, 
0.4  gr. 

^flSl.5gr. 

Dis¬ 

tances. 

Mean 

Veloc¬ 

ities. 

Dis¬ 

tances. 

Mean 

Veloc¬ 

ities. 

Dis¬ 

tances. 

Mean 

Veloc¬ 

ities. 

/ 

Meaml 

v© 

^)is- 

tVices. 

Mean 

Veloc¬ 

ities. 

566.74 

330.99 

1351.95 

329.95 

1905 

331^ 

^32.37 

3810.3 

332.18 

1133.48 

323.77 

2703.00 

328.20 

3810 

328?raJ 

’330.34 

7620.6 

330.43 

1700.22 

328.21 

4055.85 

326.77 

A 

2) 

11430.0 

329.64 

2266.96 

327.04 

5407.80 

*323.34 

(S 

15240.0 

328.96 

2833.70 

327.52 

f- 

> 

♦  £9 

1 

Diam.  of  Tube, 
1.10  m. 


Charge,  1.00  gr. 


Dis¬ 

tances. 


749.1 

920.1 
1417.9 

2835.8 

5671.8 
8507.7 

11343.6 

14179.5 

17015.4 

19851.3 


Mean 

Veloc¬ 

ities. 


334.16 

333.20 

332.50 
331.72 
331.24 
330.87 
330.68 
330.56 

330.50 
330.52 


197.  these  results  we  see  :  1°,  that  the  mean  velocity  of 

the  sa^^»Ve  decreases  from  the  origin  ;  2°,  that  it  is  less  for  the 
same^crmrge  and  route  in  tubes  of  smaller  diameter ;  3°,  that  it 
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decrease  less  rapidly  in  tubes  of  larger  diameter.  Eegnault  also,  by 
means  of  sensitive  diaphragms,  followed  the  course  of  the  waves 
after  they  became  inaudible,  and  obtained  similar  results  with  re¬ 
spect  to  these.  He  found  that  a  sound  produced  by  a  pistol  dis¬ 
charge,  of  one  gramme  of  powder,  became  inaudible  at  distances  of 
1150,  3810,  and  9540  metres,  in  tubes  of  0.108  m.,  0.30  m.,  and 
1.10  m.  diameter,  respectively,  and  that  the  waves  became  insensible 
after  traveling  distances  of  4056,  11430,  and  19851  metres  respec¬ 
tively.  In  the  tube  of  1.1  m.  diameter,  with  a  charge  of  2.4  grains, 
the  wave  ceased  to  be  audible  at  58641  metres,  and  ultimately  ceased 
sit  97735  metres.  These  distances  of  audibility  are,  approximately, 
directly  proportional  to  the  diameters  of  the  tube. 

198.  The  mathematical  theory  discusses  the  case  of  a  perfect 
gas,  and  assumes  that  the  propagation  in  an  indefinite  tube  is  con¬ 
tinuous.  The  above  experiments  show  that  this  is  not  really  the 
case.  The  assumptions  made  by  implication  in  a  perfect  gas  are : 

1°.  That  the  laws  of  Mariotte,  Charles,  and  Poisson  are  true, 
but  it  is  well  known  that  no  gas  obeys  exactly  these  laws. 

2°.  That  its  elasticity  is  unaffected  by  admixture  with  other 
gases. 

3°.  That  the  gas  offers  no  opposition  by  its  inej^hi  to  wave 
transmission;  but  experiment  shows  that  an  intei^^dMurbance 
always  produces  a  real  motion  of  the  surroundinJS^rticles,  which 
increases  the  velocity,  especially  within  sensibl^ckjstances  from  the 
origin.  Such  is  the  case,  no  doubt,  in  ca^^  discharges,  violent 
lightning-flashes,  and  other  like  instaimf^O 

4°.  Theory  supposes  the  excess  o\jy fsure  due  to  a  vibrating 
body  small,  in  comparison  with  tli^uiescent  barometric  pressure ; 
but  in  the  cases  cited  above,  the^^cess  of  pressure  at  the  origin 
may  be  large,  and  hence  can§l2^n  increase  in  the  value  of  I  near 
the  origin.  Therefore,  th^CmTection  of  Art.  193,  called  that  of 
La  Place,  in  such  cases  exact. 

199.  Eegnault  as  the  principal  cause  of  the  diminution 

of  the  intensity,  th\J^>ss  of  kinetic  energy  by  the  reaction  of  the 
sides  and  ends^o^jie  tube,  and  confirms  this  by  the  fact  that  the 
sounds  are  quft^audible  outside  the  tube  during  their  first  passage, 
and  in  ade^vfegree  at  each  succeeding  passage.  As  a  secondary 
cause, ^kS^eribes  the  influence  of  the  walls  of  the  tube  in  dimin¬ 
ishing  me  elasticity  without  affecting  the  density.  This  is  con- 
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firmed  by  the  fact  that  in  the  above  experiments,  where  the  waves 
have  been  produced  by  the  same  charge,  and  hence  have  the  same 
sensibility  at  the  origin,  they  have  not  the  same  intensity  after 
traveling  over  equal  routes.  The  mean  limiting  velocity  ought, 
therefore,  to  be  the  same,  if  the  weakening  is  due  to  the  loss  of  mvz 
on  account  of  the  sides.  The  experiments  show  that  this  is  not  the 
case ;  hence,  the  sides  exercise  another  effect  on  air  different  from 
that  indicated  as  the  principal  cause  of  the  diminution  of  the  in¬ 
tensity,  an  action  affecting  the  elasticity  and  not  the  density.  In 
free  air  this  effect  would  be  null,  and  in  the  tube  of  1.1  m.  it  is 
taken  as  approximately  so.  The  mean  velocity  of  propagation,  in 
dry  air  at  0°  C.,  of  a  wave  produced  by  the  discharge  of  a  pistol, 
and  estimated  from  the  origin  to  the  point  at  which  its  sensibility 
can  no  ionger  be  appreciated  by  the  ear  is,  according  to  Regnault’s 
experiments, 

V  =  330.6  m. 


The  mean  limiting  velocity,  considered  from  the  origin  to  the 
point  at  which  its  existence  can  no  longer  be  detected  upon  a  sen¬ 
sitive  diaphragm,  is 

V  =  330.3  m., 

which  differs  from  the  mean  limiting  velocity  in  the^^  nl.  tube  by 
only  0.32  m. 

200.  Velocity  of  Sound  in  Gas&Qyh dependent  of 
the  JBarofnetric  Pressure*  Since  ^TTyrncrease  in  the  baro¬ 
metric  pressure  increases  the  elastici^jiml  density  in  the  same 
proportion,  theory  indicates  that  no  S^ange,  due  to  this  cause  alone, 
will  take  place  in  the  velocity.  T^experiments  of  Stampfer  and 
Myrbach  in  the  Tyrol,  in  1822,^tween  two  stations  whose  differ¬ 
ence  in  altitude  was  1364  injQ)yT  of  Bravais  and  Martins  in  Swit¬ 
zerland,  in  1844,  betweeiqNujuy  stations  whose  difference  of  level  was 
2079  m.,  indicated  ncvstfnjhtion  in  the  velocity,  due  to  the  change 
in  the  barometric  foe^sure.  RegnaulUs  experiments  upon  air  in 
the  tube  0.108*  igJn  diameter,  over  a  distance  of  567.4  m.,  with 
pressures  varyjnrorom  0.557  m.  to  0.838  m.,  and  over  a  distance  of 
70.5  m.,  witfretressures  varying  from  0.247  m.  to  1.267  m.,  found 
no  vari^£i&t^in  the  velocity,  due  to  this  cause. 

The  theoretical  ratio  of  the  velocities  of  sound  in  gases,  given  by 
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v 

v 


'D_ 

D” 


(232) 


was  experimentally  confirmed  to  a  near  degree  of  approximation  in 
the  cases  of  hydrogen,  carbon  dioxide,  and  air.  The  tube  0.108  m., 
filled  for  a  length  of  567.4  m.,  gave  for  hydrogen  3.801  m.,  for  car¬ 
bon  dioxide  0.7848  m.,  which  differ  but  little  from  the  theoretical 
values  3.682  m.  and  0.8087  m.,  the  velocity  in  air  being  taken  as 
unity.  Hence  the  formula  may  be  taken  as  an  expression  for  the 
limiting  law.  The  determination  of  the  velocity  of  sound  in  free 
air  was  made  by  means  of  reciprocal  cannon  discharges.  There 
were  two  series  of  these  experiments.  For  the  first,  consisting  of  18 
discharges,  the  membrane  being  1280  metres  distant,  the  mean 
velocity,  referred  to  dry  air  at  0°  C.,  was  found  to  be 


V  =  331.37  m. 


For  the  second  series,  of  149  discharges,  over  a  distance  of 
2445  m.,  during  11  days  of  trial,  with  the  temperature  of  the  air 
varying  from  1.5°  to  21.8°  0.,  and  with  great  variations  in  the 
wind,  the  mean  velocity,  referred  to  dry  air  at  0°  0.,  was 


V  =  330.7  m., 

a  sensible  diminution  of  the  velocity,  due  to  the  i: 


feed  distance. 


The  value  of  the 


201.  Velocity  of  Sound  in  j 

velocity  of  sound  in  liquids  is  likewise 


tic  force^f  the  medium.  The  square  root  of  this  quantity,  divided 
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by  the  square  root  of  the  density,  will  be  the  value  of  the  velocity 
of  sound  in  the  liquid. 

202.  ColJadon  and  Sturm  made  a  series  of  experiments  to  de¬ 
termine  the  actual  value  of  the  velocity  of  sound  in  water,  in  Lake 
Geneva,  in  the  year  1826.  The  sound  was  caused  by  the  strokes  of 
a  hammer  upon  a  bell  submerged  one  metre  below  the  surface,  and 
so  arranged  that  the  epoch  of  the  stroke  could  be  determined  by  a 
flash  of  powder.  The  instant  of  hearing  the  sound  was  indicated 
by  a  stop-watch  to  within  one-quarter  of  a  second.  The  distance 
traveled  by  the  sound  was  found  to  be  13487  m.  to  within  20  m., 
and  the  time  of  this  travel,  from  a  mean  of  many  experiments,  was 
found  to  be  9.4  s.  The  temperature  of  the  water  was  8.1°  C.,  its 
density  at  that  temperature,  referred  to  that  of  water  at  the  stand¬ 
ard  temperature,  was  unity  plus  a  negligible  fraction,  its  compressi¬ 
bility  was  taken  at  .0000495,  and  the  barometric  height  at  76  cm. 
The  density  of  mercury  referred  to  the  same  temperature  is  13.544, 
and  g  ==  9.8088. 


Making  these  substitutions  in  the  preceding  formula,  we  find 


8088  x  13.544  x.  76 


.0000495 


=  1428  m. 


The  actual  velocity  found  was 


13487  m. 


from  the  theoretical  value  but  7  m. 


£ 


m.,  differing 
may  itself  vary 


The  ^ 

within  wider  limits,  on  account  of  the  in^fS^ness  of  the  value  of 
the  compressibility  of  water,  whose  n/Ssy^robably  correct  value, 
from  the  experiments  of  Regnault,  i^as^Tnned  to  be  .00004685. 

203.  The  principal  facts  deri^&ixom  these  experiments  of 
Colladon  are  (Tome  XXXVI,  iWpuales  de  Chimie)  that  at  distances 
beyond  200  metres  the  qual^&r  the  sound  is  changed,  and  the 
sensation  is  similar  to  th^^M^k;  brief  noise  produced  by  the  strik¬ 
ing  together  of  two  knifc^ides  in  air.  The  diminution  of  inten¬ 
sity  with  the  distai^e^s  noticed,  and  at  short  distances,  greater 
than  200  metres,  it  is  not  possible  to  tell  whether  the  sound  origi¬ 
nates  at  a  nearjjjXgm  of  weak  intensity,  or  at  a  distant  origin  with 
increased  The  duration  is  less  than  in  air  ;  as  it  should 

be  fron*^^  Value  A  being  greater  and  V  being  smaller  in  air 
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than  in  water.  When  the  vibrations  proceeding  from  the  sounding 
body  reach  the  surface  of  the  water  at  great  angles  of  incidence,  the 
sound  does  not  pass  into  the  air.  At  distances  greater  than  400  to 
500  metres,  the  ear  in  air  does  not  hear  the  sound  originating  in 
the  water.  At  200  metres  the  sound  is  readily  heard.  In  these 
experiments,  the  bell  being  placed  2  metres  below  the  surface,  the 
angle  of  incidence  at  400  metres  is  approximately  89°  43'  ;  at  200 
metres,  89°  26'. 

Finally,  the  existence  of  a  sharper  acoustic  shadow  shows  that 
the  wave  lengths  are  proportionally  shortened  in  water  compared 
with  the  waves  made  in  air  by  the  same  sounding  body. 

204.  Velocity  of  Sound  in  Solids.  The  ordinary  solids 
upon  which  experiments  have  been  made  for  the  determination  of 
the  velocity  of  sound  are  glass,  the  various  metals,  and  wood.  In 
the  latter,  from  the  manner  of  its  growth  in  the  tree,  the  three  di¬ 
rections,  along  the  axis,  in  the  direction  of  the  radius,  and  normal 
to  the  plane  of  these  two,  possess  necessarily  different  elasticities. 
The  coefficients  of  elasticity  also  differ  in  different  species,  and  in 
the  same  species,  when  grown  in  different  localities,  under  different 
circumstances  of  soil,  temperature,  and  moisture.  Reasonably 
exact  determinations  belong  then  only  to  the  parta^a^’  specimen 
experimented  upon,  and  mean  values  are  usuall;  im  for  any  one 
kind  of  wood  in  a  given  direction.  In  metal^fiS  glass,  variations 
of  the  coefficients  arise  from  the  methods  ^fMr  manufacture,  and 
modifications  result  from  every  circum^jmtee  which  affects  their 
density  and  other  physical  propertie^^NSne  of  the  solids  can  be 
said  to  be  perfectly  homogeneous  ;  fcinfn  the  assumption  that  they 
are  approximately  so,  different  ex^jmnenters  have  obtained  values 
for  their  coefficients  which  do  0  vary  between  very  wide  limits. 

205.  In  solids,  the  sounQnay  result  either  from  transversal  or 
from  longitudinal  vib^«2te.  In  the  cases  here  considered,  the 
vibrations  are  undersi/RxKto  be  longitudinal,  that  is,  the  molecular 
displacements  are  mjiie  direction  of  the  propagation. 

When  a  soli^bar,  taken  as  homogeneous,  transmits  a  longitudi¬ 
nal  vibration^  ij^velocity  of  the  propagation  has  been  found  to  be 


(234) 
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in  which  A  is  the  elongation  due  to  the  weight  of  the  bar. 
tuting  for  A  its  value  in  terms  of  Young’s  modulus, 

1  il 

E'  s  9 


A  = 


Substi- 


(235) 


and  making  s  equal  to  one  square  centimetre,  l  equal  to  one  metre, 
and  P  the  weight  of  the  bar,  we  have 


(236) 


the  same  in  form  as  has  been  found  for  gases  and  liquids. 

206.  Different  methods  have  been  employed  to  find  E ,  viz.,  by 
the  direct  method  of  elongations  or  compressions,  by  flexure,  by 
transversal  and  by  torsional  vibrations  of  the  bar.  The  values 
given  for  the  different  metals,  in  Art.  23,  have  been  obtained  by 
Wertheim,  by  the  method  of  elongations.  Could  we  accurately 
determine  the  velocity  of  sound  in  solids  by  direct  experiment,  the 
value  of  E  could  be  readily  found  by  the  solution  of  the  above 
equation.  But  this  velocity  being  very  great  compared  with  that  in 
air,  and  because  of  the  impracticability  of  finding  sufficiently  long 
homogeneous  lengths,  an  accurate  determination  of  E  by  this  means 
is  impossible.  Biot,  by  a  direct  experiment  on  951  metres  in  length 
of  cast-iron  pipe,  found  that  the  velocity  was  10.5  time^fcilat  in  air; 
but  the  want  of  homogeneity,  due  to  the  numerousJ^dea  joints, 
without  doubt  influenced  this  result  appreciably. ^^ertheim  found 
about  the  same  value  in  wrought  iron,  by  daS^uimenting  upon 
4067.2  metres  of  telegraph  wire. 

207.  Assuming  the  experimental  values  fbr  E  given  in  Art.  23, 
and  taking  g  to  be  981  dynes,  the  ^loei&es  of  sound  are,  by  the 
above  formula,  found  to  be  as  folio 


rr- 

V  in  Centimetres. 

Ratio  to 

V  in  Air. 

Lead,  .  . 

mxfpSxio* 

11.4 

1.23  x10s 

3.7 

Gold,  .  . 

sifcvsi  x  106 

19.0 

1.74  x10s 

5.3 

Silver,  .  . 

♦  )81  x  106 

10.5 

2.61  x  10s 

8.0 

Copper, .  . 

X  981  X 106 

8.6 

3.56  x10s 

10.7 

Iron,  . .  /S 

Steel, 

JHT861  x  981  x  106 

7.0 

5.13  x10s 

15.5 

1955  x  981  x  106 

7.8 

4.99  x10s 

15.0 

x> 
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For  glass,  with  density  of  2.94,  V  has  been  found  to  be,  by  the 
same  method,  4.53  cm.  x  105 ;  and  for  brass,  of  density  of  8.47, 
V  =  3.56  cm.  x  105;  or  13.6  and  10.8  times  the  velocity  in  air, 
respectively. 

208.  The  following  velocities  of  sound  in  wood,  deduced  from 
the  observations  of  Wertheim  and  Chevandier  (Comptes  Kendus, 
1846),  are  taken  from  “  Everett’s  Physical  Constants/’  page  65,. 
from  which  also  several  of  the  above  numbers  have  been  obtained : 


Along  Fibre. 

Radial. 

Tangential. 

Pine, . 

3.32  xlO5 

2.83  x10s 

1.59  x10s 

Beech, . 

3.34xl05 

3.67  x10s 

2.83  x10s 

Birch, . 

4.42  x  10s 

2.14  x10s 

3.03  x10s 

Fir,  ...... 

4.64  x10s 

2.67  x10s 

1.57  x10s 

209.  The  preceding  values  of  the  velocities  of  sound  in  solids- 
are  true  only  when  the  medium  is  in  the  form  of  a  bar  of  small 
cross-section.  Wertheim  has  shown  by  his  investigations,  based  on 
the  theory  of  Cauchy,  that  the  corresponding  velocities  in  extended 
homogeneous  solids  are  greater  than  the  above  results^^he  ratio  of 

3  Sr 


VI 


& 


* of  Sound .  The 

refraction  of  wave 
sound.  From  the 


210.  Reflection  and  Reft 
laws  deduced  in  Art.  77  for  the  reflei 
motion  are  applicable  to  the  unckilS 
equation 

sin  0  =ry4in  0',  (237) 

the  direction  of  any  deviate  ^por  that  of  any  deviated  plane  wave 
by  a  plane  surface,  can^^ind  when  ^  is  substituted  for  /*.  If 

V'  >  V9  then  0'  ^<§^md  the  refracted  ray  is  thrown  from  the 
normal ;  conversely**^  V'  <  V9  then  0'  <  0,  and  the  refracted 
ray  is  bent  to\?4j|*d^  the  normal.  A  ray  of  sound  in  air,  incident  on 
the  surface  cQvater,  will  be  refracted,  provided  the  angle  of  inci¬ 
dence  b^fi^than  13°  26';  for  since  V'  in  water  is  about  1428  m.., 
and  T^yair  ab< 


■  about  332,  we  have 
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P  = 


332 

1428 


=  .2325, 


and  sin  0  =  .2325,  or  </>  =  13°  26'. 

For  greater  incidences  the  ray  is  totally  reflected,  and  does  not 
enter  the  water. 


211.  Consequences  of  the  Laivs  of  Reflection . 

1°.  If  a  sound  originate  at  one  of  the  foci  of  an  ellipsoid,  it  will 
he  reflected  to  the  other  focus. 

2°.  If  at  the  focus  of  a  paraboloid,  the  rays  of  sound  will  be 
reflected  in  lines  parallel  to  the  axis,  and  can  be  again  collected  at 
the  focus  of  another  similar  paraboloid,  with  sensibly  undiminished 
intensity.  The  slightest  sound,  as  the  ticking  of  a  watch,  may  be 
employed  to  illustrate  this  case  of  reflection. 

3°.  The  speaking-trumpet  and  speaking-tube  are  employed  to 
prevent  the  too  rapid  dissipation  of  sound.  The  former,  partly  by 
reflection  from  its  sides  and  largely  by  resonance,  concentrates  the 
sound  within  the  volume  of  the  cone  whose  apex  is  the  mouth¬ 
piece  and  whose  section  is  that  of  the  other  end  of  the  trumpet. 
The  speaking-tube  confines  the  energy  in  the  narrow  compass  of 
the  tube,  the  loss  being  insignificant  m  the  ordinary  Wmhs  em¬ 
ployed.  * 

4°.  When  a  sound  is  reflected  by  any 
obstacle  which  prevents  its  direct  trans¬ 
mission,  and  the  observer  is  at  such  a  dis¬ 
tance  that  the  direct  and  reflected  sou 
are  not  confounded,  the  reflected  sou 
called  an  echo .  Thus,  if  A  be  the  pos%Don 
of  the  observer,  S  the  origin  fron^meli  a 
sound  of  short  duration  eman 
the  obstacle,  such  as  a  wa 

and  the  reflected 


Figure  28. 

'and  W 

the  direct  sound  will  reach  the 


observer  in  the  time 
SW  +  WA 


sound  in  the  time 


If 


SW  +  WA  -  SA 


be 


Sir-  the  *t^erature  bei"g  °°  °*  “  332.4 

sufficiently  gre^lQo  that  the  reflected  sound  arrives  after  the  ces¬ 
sation  of  tfl^Qtaect  sound,  then  the  echo  will  be  heard,  provided 
the  inten^^^be  of  sufficient  value.  If  the  two  sounds  commingle. 
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the  resultant  sound  will  be  prolonged,  and  partial  resonance  will 
ensue.  The  number  of  distinct  impressions  distinguished  by  the 
ear  will  determine  the  shortest  difference  of  route  necessary  to  es- 

332 

tablish  the  echo.  Thus,  if  we  take  nine  per  second,  — —  or  37  m. 
is  the  shortest  difference  of  route  at  0°  C. 

5°.  The  conditions  of  interference  of  sound  are  the  same  as 
those  discussed  in  Arts.  65-68.  Hence,  it  is  theoretically  possible 
that  two  sounds  affecting  the  ear  simultaneously  will  result  in 
silence,  and  practically  it  will  be  shown,  in  the  lectures  on  this  part 
of  the  course,  that  such  an  experiment  is  also  possible.  Other  illus¬ 
trations  of  interference  are  also  reserved  for  the  lectures. 


212.  Refraction  of  Sound .  In  order  that  the  rays  of 
sound  shall  converge  after  deviation  by  refraction,  we  see  from  the 

formula  that  fi  =  must  be  greater  than  unity.  Then  the 

deviated  wave  will,  in  general,  become  converging,  and  the  energy 
accumulate  on  an  ever  decreasing  surface.  Examining  the  table. 
Art.  195,  we  see  that  V'  in  carbon  dioxide  is  262  m.,  and  hence, 
when  the  incident  medium  is  air, 


_  332  _ ~~ 

P  oTjlj  1.^5, 


and 


262 

sin  (p  =  1.25  sin  </>'. 


JZ>  (238) 

The  sound  lens  devised  by  Sondhaus  israSiouble  convex  lens  of 
collodion  filled  with  carbon  dioxide,  whj^CLollects  the  sound  rays 
proceeding  from  any  sonorous  body^yS^oncentrates  them  appre¬ 
ciably  at  another  point  on  the  oppfosita^ide  of  the  lens.  By  means 
of  a  concave  lens  of  the  sam^^haterial,  filled  with  hydrogen, 


V'  =  1269  m.,  it  will  be  evij 
of  lenses,  as  explained  ini 
effected.  The  slight 
be  collected  by  this 
when  without  thi|ai 
point.  4  ^ 

QA^ral 

ST 


t,  after  the  study  of  the  properties 
:ics,  that  a  similar  result  would  be 
'duced  by  the  ticking  of  a  watch  may 
at  a  point  so  that  the  noise  is  audible, 
Stance  it  would  be  inappreciable  at  the  same 


213. 
tion 
to  pr< 
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Equations  for  the  Vibratory 
* Stretched  String.  The  bodies  usually  employed 
^  musical  sounds  by  their  vibrations  are  strings,  rods  air- 
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columns,  plates,  bells,  etc.  When  the  vibrations  of  the  particles 
are  perpendicular  to  the  direction  of  wave  propagation,  they  are 
called  transversal ,  and  when  in  the  same  direction,  longitudinal . 

We  will  first  consider  the  vibrations  of  a  perfectly  elastic  and 
flexible  string,  supposed  to  be  stretched  between  two  points  whose 
distance  apart  is  l ,  by  a  force  which  produces  a  tension  T.  Let  the 
elongation  be  that  given  by 


(239) 


in  which  l  is  the  natural  length,  V  the  length  after  the  tension  T  is 
applied,  and  E  is  the  longitudinal  modulus.  If  the  displacements 
of  the  string  from  its  position  of  rest  be  due  to  the  incessant  action 
of  forces  whose  rectangular  accelerations  are  X,  Y ,  Z,  these  with 
the  tension  T  will  be  the  only  extraneous  forces  considered. 

Let  m  be  the  mass  of  any  element ;  x,  y,  z,  x  +  dx,  y  +  dy, 
z  +  dz ,  the  co-ordinates  of  its  extremities  and  its  length  ds ;  a  the 
area  of  its  cross-section,  and  p  its  density;  then 


m  =  pads . 


Let  the  components  of  T  at  x,  y ,  z,  be 


(240) 


214.  equations  are  simplified  when  we  suppose  that  the 

string  isN^filtrarily  displaced  from  its  position  of  equilibrium,  and 
9 
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abandoned  to  itself,  without  the  action  of  the  forces  X,  Y ,  Z.  It 
will  then  oscillate  about  its  position  of  rest,  and  the  only  extraneous 
force  that  acts  will  be  the  tension  T,  whose  intensity  will  vary  be¬ 
tween  known  limits.  Let  the  axis  of  x  coincide  with  the  string  in 
its  position  of  rest,  and  the  co-ordinates  of  the  element  m,  at  the 
time  t,  be  x  -f-  £  rj,  £  If  the  displacement  be  supposed  small, 
rj ,  and  £  are  functions  of  x  and  t ,  and  x  is  independent  of  t ,  and  the 
above  equations  reduce  to 


(241) 


Let  T'  be  the  tension  when  the  string  is  straight,  and  T  when 
the  string  is  displaced;  the  length  of  the  element  is  in  the  first 
case  dx,  and  in  the  second  ds  ;  these  are  connected  by  the  equations 


from  which,  when  drj  and  d%  are  very  smi 
ds  =  dx  + 


dr)  and  d$  are  very  smM^we  have 


ds  —  dx  - { 


(244) 


T-  tQ  E 

r>.  dx 


(245) 


(246) 
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E  T' 

Replacing  —  and  —  by  u2  and  v2  respectively,  we  have 


1 

dt2  ~  dx2’ 

dt 2  ~  dx2’ 

dt2  dx2 


(247) 


The  integration  of  these  three  partial  differential  equations  giye 
(Analytical  Mechanics,  Appendix  IV), 

f  =  F  (x  h  ut)  +  f(x  —  ut),  ) 

7j  =  F  (x  +  vt)  +f  \x  —  vt),  >  (248) 

f  =  F  (x  +  vt)  +  f(x  —  vt).  ) 


215.  The  first  equation  determines  the  longitudinal  vibrations, 

or  those  along  the  axis  of  the  string,  and  the  other  two  give  the 
transversal  vibrations  along  y  and  z  respectively.  Because  of  the 
independence  of  the  differential  equations,  the  three  VHsWions  in 
general  coexist  and  are  wholly  independent  of  each  glfw,  and  since 
the  differential  equations  are  of  the  same  form,  that  the  two 

kinds  of  vibrations  are  subjected  to  the  same  la*&v  They  may  each 
be  discussed  separately.  Each  is  due  to  a^^gressive  motion  for¬ 
ward  and  backward  along  the  string.  /*©i^e  motions  may  be  of 
the  most  varied  character,  but  the  ]jarhictilar  form  of  the  motion 
depends  on  the  form  of  the  functhnvSwhose  symbols  are  F  and  f. 
The  only  conditions  imposed  so  far  afe  that  for  x  =  0  and  x  —  l, 
£  1,  and  f  are  zero  for  all  vatom^of  t.  These,  together  with  any 
assumed  initial  conditions vffl^Qiable  us  to  determine  the  form  of 
the  functions  F  and  thus  complete  the  solution  of  the 

problem. 

216.  Since  th^Jbrations  parallel  to  y  and  z  are  exactly  alike  in 
every  particukjQhe  discussion  of  one  will  do  for  the  other,  and  we 
will  consid&^S^tt  of  y ,  given  by  the  equation 


$ 


r)  —  F  (x  +  vt)  +  f{x  —  vt). 


(249) 
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Assume  the  conditions  that  at  the  epoch,  or  when  t  —  0, 

rj  =  <p(x)  and  ~  =  vip'  (x),  (250) 


in  which  the  functions  <p  and  ip  are  supposed  known,  and  that  ip  is 
the  derived  function  of  ip.  If  t  =  0,  we  have 


and  hence, 


V  =  <p(x)  =  F(x)  +f{x), 
l.^  =  ip'(x)  =  F'  (x)-f’(x); 
ip(x)  =  F  (x)-f(x); 

F{x)  =  m+m, 

fix)  = 


(251) 

(252) 

(253) 

(254) 

(255) 


Therefore  F  (x)  and  fix)  are  known  for  all  values  of  x  from 
0  to  l,  when,  as  is  supposed,  <p  (x)  and  ip  (x)  are  known  between 
the  same  limits.  . 

For  the  extremities,  we  have,  by  placing  x  —  0  asA  x  —  h 

F  (vt)  +/(-  vt)  =  0,0^  (256) 

F(l  +  vt)  +  f(l-vt)  (257) 

whence,  F  (vt)  and  f  ( — vt)  are  equal,  contrary  signs,  and 

thus  become  known  for  all  values  fr(mwX=  0  to  t  =  co  . 

217.  The  value  of  rj  can  be  exjfessed  by  means  of  a  single  func¬ 
tion  by  substituting  vt  +  l  —  x  ©  vt  in  Eq.  (257)  ;  whence, 

-  F(Zl  vt)  —  f  (x  —  vt) ; 

which  in  Eq.  (249) 

cP  +  vt)  —  F  (21  —  x  +  vt). 

Again,  fon^jin  Eq.  (257),  substitute  l  4-  vt ;  then 

4  (2 1  +  vt)  =  -.f(-vt)  =  F  (vt) ;  (260) 

wheifl^w^  conclude  that  the  function  F  takes  the  same  value  when 
the  V  amble  vt  is  increased  by  2 1 ;  and  therefore  by  41,  61,  81,  .... 


(258) 

(259) 
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or  2 nl,  n  being  a  positive  whole  number.  Therefore,  if  F  (vt)  is 
known  from  vt  =  0  to  vt  =  21,  its  value  is  known  for  all  values 
from  t  =  0  to  t  =  oo . 

Replace  vt  by  l  —  vt,  in  Eq.  (257),  vt  being  less  than  l ;  then 


F  (21  —  vt)  =  —f  (vt) ; 


(261) 


but  /  (vt)  is  known  for  all  values  of  vt  between  0  and  l ;  therefore 


F  (vt)  is  known  for  all  values  of  vt  between  l  and  21. 

Hence,  the  value  of  F  (x  4-  vt)  is  known  for  all  values  of  x  +  vt 
from  0  to  oo ;  and,  similarly,  the  value  of  f  (x  —  vt)  can  be  found 
for  all  values  between  0  and  —  <x> ;  and  therefore  the  problem  is 
completely  solved. 


Y 


x 


Figure  29. 


218.  The  function  whose  symbol  is  F is  subject  to  the  following 
conditio  ~  ‘  ~  ” 


From  Eq.  (262)  we  see  that  tto  curve  represented  by  r\  —  F  (x) 
is  continued  in  similar  forms  tfKfeich  side  of  0  in  the  figure ;  from 
Eq.  (263),  that  the  fornm^  sAnilar  on  each  side  of  A;  from  Eq. 
(264),  that  the  form  is  nef^ted  from  0'  to  0"  exactly  as  from  0  to 
O';  and  from  Eq.  (2/>o)S™iat  the  form  of  the  curve  inverted  is  the 
same  from  0'  to  rfrom  0  to  A. 


The  motion!; 


my  particle  is  that  of  oscillation  about  its  place 


S3. 


of  rest,  a^*^?k  which  the  period  is  —  •  This  vibratory  motion  is 
graduall^K minished,  while  the  period  remains  unchanged,  because 
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of  the  energy  communicated  to  the  air,  and  through  the  points  of 
attachment  to  other  bodies.  The  time  of  one  complete  oscillation  is 


<  =  j  = 


and  the  number  of  oscillations  in  the  unit  of  time  is 


n 


_v_  _  1  f 

~  21  ~  2  l\ 


r 

pa 


(266) 


(267) 


Therefore  in  the  transversal  vibrations  of  a  string,  the  resulting 
pitch  is  inversely  proportional  to  its  length ,  directly  as  the  square 
root  of  the  tension  when  straight,  and  inversely  as  the  square  root 
of  the  density  by  the  area  of  cross-section . 

219.  The  number  of  longitudinal  oscillations  in  the  unit  of 
time  is 

=  l  =  (268) 


whence  the  pitch  depends  only  upon  the  length  of  the  string  and 
the  material  of  which  it  is  made,  and  is  independent  of  the  tension, 
unless  the  latter  should  be  so  considerable  as  to  change  the  value 
of  E .  Experiment  appears  to  indicate  that  the  lonapAdinal  pitch 
increases  slightly  with  the  tension ;  but  this  mayJ^acAounted  for 
in  the  elongation  experienced,  which  is  alwaysa^otnpanied  with  a 
slight  diminution  of  density  p ,  and  should  tjB^Vccur,  the  formula 
indicates  that  the  pitch  should  rise.  . 

The  ratio  of  the  numbers  for  the  same  string  is  given  by 

l =  \/  \/ at  (369) 

M.  Cagniard  Latour  experimented  on  a  cord  of  14.8  m.  in 
length,  and  found 

and  A l  —  0.05  m. 


Substituting^ 


i  formula,  we  have 

38  /148 

7  -  V  AZ  ; 

whence^^?  =  0.052  m.,  a  sufficiently  near  approximation. 
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220.  The  preceding  values  of  n  and  n'  are  the  least  numbers  of 
transversal  and  longitudinal  vibrations  of  the  string,  and  therefore 
correspond  to  its  fundamental  tones ;  but  we  know  that  each  of  the 
vibrations  is  decomposed  into  any  number  of  vibrations  of  equal 
periodicity,  when  the  string  is  divided  into  a  like  number  of  sym¬ 
metrical  parts.  This  can  be  shown  more  readily  when  the  integral 
equation  is  expressed  (in  a  series  which  is  a  function  of  sines  and 
cosines.  Thus,  it  is  evident  that  a  possible  solution  of  the  differen¬ 
tial  equation 

(270) 

dP  ~  do?’  (  ' 

is  given  by 

(a  •  iwA  .  inx  ,  . 

rj  =  \  Ai  cos  — j - b  Bi  sm  -j-j  sm  — ,  (271) 


l  ) 


l 


when  the  conditions  with  respect  to  the  extreme  points  are  un¬ 
changed.  In  this  equation,  i  is  any  entire  positive  number  which 
marks  the  order  of  the  term,  and  Aiy  Bi,  are  constant  coefficients 
depending  on  i  and  on  the  initial  state  of  the  string.  If  then  this 
state  is  such  that  rj  is  constant  only  for  the  terms  for  which  i  is  a 
multiple  of  another  entire  number  n,  the  string  will  return  to  the 

2 1 

same  state  at  the  end  of  each  interval  of  time  — ,  wilich  is  the 

w 

duration  of  its  similar  and  isochronous  vibrations,  ^p^tler  this  sup¬ 
position,  the  7i  —  l  points  of  the  curve  corresponding  to  distances 

l  2 1  37 


x  = 


n 


= 


'etc.. 


uring  the  whole  period 


will  be  nodes,  that  is,  will  remain  &t  % 
of  the  motion.  \ 

Since  the  value  of  rj  is  linear^eWy  value  corresponding  to  i  = 
1,  2,  3,  4,  etc.,  will  be  a  solutmqNL&nd  the  sum  of  all  the  values  of  rj 
will  also  be  a  solution  of  /^-differential  equation ;  hence  we  will 
have  for  the  general  intg^Iequation 

rj  = 

& 

221.  TheCaJues  of  AXB19  A2B2,  etc.,  are  in  general  arbitrary, 
#nd  we  m^S^ppose  all  to  vanish  up  to  any  order  n ,  while  the  rest 
remain  Arbitrary.  If  A1Bi0a.re  not  zero,  there  are  no  actual  nodes 


cos 


invt 


.  -o  .  vrtvt\ 
+  Bi  sm  —  J 


.  inx 

sm  ~r 


(272) 
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except  tlie  fixed  ends,  and  the  first  simple  tone  is  that  whose  period 
is  r  and  whose  wave  length  is  21.  If  there  is  one  node,  the  period 


is  -,  and  the  gravest  simple  tone  is  that  of  wavelength  l\  and, 

2  7- 

generally,  if  there  are  n  —  1  nodes,  the  period  is  - ,  and  the 


gravest  tone  is  the  (n  —  l)ih  harmonic  of  the  fundamental  tone. 

When  the  string  vibrates  without  nodes,  the  series  of  harmonic 
tones  is  in  general  complete,  and  a  practised  ear  can  distinguish  ten 
or  more.  It  is  also  possible  to  make  a  string  vibrate  in  such  a  man¬ 
ner  that  for  any  proposed  value  of  n  the  coefficients  AnBn,  A^B^n, 
etc.,  shall  disappear,  so  that  the  component  harmonic  vibrations 

whose  periods  are  etc.,  are  extinguished.  When  this  is 

done,  the  ear  does  not  distinguish  these  tones,  and  we  may  therefore 
conclude,  from  what  precedes,  that  each  component  tone  actually 
heard  is  produced  by  the  corresponding  harmonic  vibration  of  the 
string. 

222.  The  same  general  method  may  be  applied  to  the  longitudi¬ 
nal  vibration  of  a  rod,  and  the  differential  equation  will  be,  as  in 
the  case  of  the  longitudinal  vibration  of  a  string,  of  the  form 


(273) 


of  which  the  integral  equation  is 

S  =  F(x  +  Vi)  +i 

and  which  may  be  put  under  the  form* 


(274) 


+  Bi  sin  £jP),  (275) 


f  =  x  +  2  cos 


he  fixed 
^of  the  rod,  of 


he  fixed  origin  at  any  time  t  to  the 


in  which  £  is  the  distam 


particles  in  a  plane  sec^^of  the  rod,  of  which  the  natural  distance 
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The  periodic  part  does  not  in  general  vanish  for  any  value  of  xT 
so  that  there  are  in  general  no  nodes.  But  there  will  be  n  nodes  at 

sections  for  which  x  is  any  odd  multiple  of  provided  Ai,  B & 

vanish  for  all  values  of  i  except  odd  multiples  of  n.  Thus  the  rod 
may  have  any  number  of  nodes,  of  which  those  next  the  ends  are 
distant  from  the  ends  by  half  the  distance  between  any  two  consec¬ 
utive  nodes. 


223.  Differentiating  Eq.  (275),  we  have 

inVt 


rr  .  inx  ( 
—  =  1  —  t  sin  —  y 


As  cos 


l 


dx  ~  l  l 

which,  when  x  =  0  and  x  =  Z,  becomes 


+  Bi  sin 


in  Vt 


But 


dx 

d[ 

dx 


=  1. 

_p' 
p’ 


-);  (276) 


(277) 


in  which  p'  is  the  natural  density,  and  p  is  the  changed  density. 
We  see,  therefore,  that  there  is  no  change  of  density  at  the  free 
ends.  If  Ai ,  f?$,  vanish,  except  where  i  is  a  multip^Nbf  n,  the 

variable  part  of  -=-  vanishes  when  x  is  a  multiple®  Hence, 
ctx  % 

where  there  are  nodes,  the  sections  in  which  th^i^is  no  variation  of 

density  are  those  which  bisect  the  nodal  m^Tuls  in  the  state  of 

equilibrium,  and  these  sections  of  no  vajfThp^i  of  density  are  also 

sections  of  greatest  displacement,  siiu^Eq. 

V/  ITTX 


(275),  cos  is  equal 


to  ±  1  for  values  of  x  which  malee  sm  — ^  =  0. 


> 

224.  The  vibration  reprea^gjl  by  Eq.  (275)  consists  of  an  infi¬ 
nite  number  of  simple  h^rajmic  vibrations,  each  of  which  might 
subsist  by  itself;  the /r^'Qomponen  t  would  have  n  nodes,  and  its 

2 1  \  )  2 1 
period  would  be  rtfe  period  of  the  fundamental  tone  being  y ; 

therefore  the  wa^reSfimgth  is  twice  the  length  of  the  rod.  Eor  the 
general  case  ^wnich  there  is  a  node  at  the  middle  of  the  rod, 

n-rrm'  J 

es  for  all  values  of  i  when  x  =  -•  Then  Ait  Bi , 

2 


cos 


*t\^ 


r 
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must  vanish  for  all  even  values  of  i.  The  gravest  tone  is  then  the 
fundamental  tone  of  the  rod,  and  the  higher  tones  of  even  orders 
disappear.  The  first  upper  tone  will  be  a  twelfth  above  the  funda¬ 
mental.  In  this  case,  the  middle  section  might  become  absolutely 
fixed,  and  either  half  be  taken  away  without  disturbing  the  motion, 
so  as  to  leave  a  rod  of  half  the  length,  with  one  free  and  one  fixed 
end.  Therefore  the  fundamental  tone  of  a  rod  with  one  end  fixed 
is  the  same  as  that  of  a  free  rod  of  twice  the  length.  The  wave 
length  is  then  four  times  the  length  of  the  rod,  and  the  even  orders 
of  the  harmonics  are  wanting. 

225.  The  vibrations  of  air  columns  are  theoretically  the  same  as 
that  of  a  free  rod  or  one  fixed  at  an  end,  and  the  same  conclusions, 
modified  by  the  elasticity  of  the  air  and  its  velocity  of  wave  propa¬ 
gation,  will  theoretically  apply.  We  will,  however,  determine  the 
positions  of  the  nodes  and  ventral  segments  of  vibrating  air  columns 
in  a  simpler  manner. 

226.  Vibrations  of  Air  Columns.  We  will  first  sup¬ 
pose  a  single  sonorous  pulse  moving  in  an  air  column,  and  consider, 
1°,  the  column  closed  at  one  end  and  open  at  the  other.  Each 
stratum  passes  through  all  chai 


time  r,  while  the  pulse  moves 


scribe  longitudinal  vibrations,  whose  amplitud(ml&pend  on  the 
intensity  of  the  sound.  When  the  condensatio^^niich  we  suppose 
is  in  advance,  reaches  the  closed  end,  the  ai^Strktum  at  that  place, 
not  having  freedom  of  motion,  undergoe£^^boes  °f  density  alone. 
These  changes  are  each  immediately /^K^ed  in  succession,  and  the 
condensation  moves  from  the  elos  hdnvith  the  same  velocity  with 


i  nd  had  there  been  no  obstruc- 


which  it  would  have 


tion  to  its  progress.  Hence  Am  see  that  at  the  instant  the  rarefac¬ 
tion  first  reaches  the  closot^^nd  the  reflected  condensation  affects 
the  same  strata  as  th^i^^chmt  rarefaction,  and  disregarding  the 
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periodically,  and  therefore  the  reflected  and  incident  pulses  will  be 
distributed  throughout  the  column.  The  densities  and  motions  of 
the  strata  will  therefore  result  from  the  combination  of  the  same 
dements  in  the  incident  and  reflected  pulses. 

227.  Let  the  curve  rm"mA  represent  the  direct  wave  at  any 
instant,  and  its  ordinates  the  corresponding  compressions  and  dila¬ 
tations  of  the  air  on  the  line  n'V  due  to  this  wave;  the  curve 
m"m'bA  and  its  ordinates  will,  in  like  manner,  represent  the  re¬ 
flected  wave  from  the  stopped  end  AA'. 


We  see  that  at  points  such  as  v ,  v etc.,  at  JA,  fA,  etc.,  from 
AA',  the  condensations  or  dilatations  due  to  the  direct  wave  will 
always  be  contrary  and  equal  to  the  dilatations  or  condensations  due 
to  the  reflected  wave;  hence,  at  these  points,  the  noi;m#£N!lensity  of 
the  air  will  ever  exist.  But  at  points  such  as  n,  n,  ef^at  distances 
of  £A,  A,  |A,  etc.,  from  AA',  the  condensations  or^^tations  of  each 
are  of  equal  value,  and  of  the  same  kind,  and  ps^t  simultaneously ; 
therefore  the  resultant  condensation  or  dilatation  is  double  that  due 
to  either.  At  these  points  then  the  aii/Tfaip^goes  all  variations  of 
density  during  the  period  r.  The  de^srby^t  all  points  from  n  to  v 
and  to  v',  undergoes  decreasing  varklSihis  from  the  maximum  at  n 
to  zero  at  v  and  v'.  ^ 

228.  With  regard  to  the  "rap  ties  of  the  air  particles  at  differ¬ 
ent  distances  from  AA', motions  of  the  particles  change 
direction  abruptly  at  reflection,  the  ordinates  of  the  curve  A 'bmo 


will  represent  the  velj 
A mm"r  may  now  ] 


i  due  to  the  reflected  wave,  and  those  of 
fent  those  of  the  direct  wave.  Then  at  v ,  v\ 


etc.,  the  velocit^^fcre  zero  only  at  instants  separated  by  and  at 

all  other  times  have  values  that  vary  from  zero  to  that  represented 
by  doubll^he  maximum  ordinate ;  at  n,  n\  etc.,  the  velocities  are 

\A 
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always  zero,  and  therefore  the  air  at  these  points  is  quiescent,  while 
undergoing  changes  of  density.  At  intermediate  points,  both 
changes  in  velocities  and  density  occur. 

Hence,  we  conclude  that  nodes  will  be  developed  in  a  column  of 
air  closed  at  one  end,  when  it  is  traversed  by  a  sonorous  wave,  at 

,  ,  .  A  2X  U 

distances  from  the  stopped  end  oi  0,  — ,  —  , 

The  vibrating  parts  between  the  nodes  are  called  ventral  seg - 

-  X  SX  5X 

ments ,  and  their  middle  points  are  at  distances  of  etc.,, 

from  the  stopped  end. 


6A 

-4 » etc- 


229.  2°.  Open  Air  Columns.  Let  the  two  tubes  AM 
and  MB,  of  unequal  diameter,  be  united  at  M,  and  admit  that  there 
is  no  abrupt  change  of  density  of  the  air  at  M.  The  consequence 
of  a  contrary  supposition  is  that  the  opposite  sides  of  the  infinitely 
thin  stratum  M  would  be  subjected  to  unequal  pressures,  whose 
finite  difference  wonld  generate  in  M  an  infinite  velocity  in  a  finite 
time.  Hence,  the  density  has  the  property  of  continuity  in  its 
variation  throughout  AB.  It  is  not  essential  that  the  variation  of 
the  velocities  of  the  particles  of  air  should  be  continuous,  nor  is  it 
incompatible  with  this  condition. 

Let  s  and  s'  be  the  areas  of  sections 
in  AM  and  MB,  indefinitely  near  M ; 
v  and  v'  the  velocities  of  the  air  parti¬ 
cles  in  s  and  s' ,  at  the  time  t ;  then 
vs  dt  and  v's'  dt  will  be  the  volume 
air  passing  s  and  s'  during  dt, 

(vs  —  v's')  dt  will  be  the  increme&  of  the  quantity  of  air  in  the 


volume  ss'  in  the  time  dt,  which  mil  be  proportional  to  the  increase 


0 


“ij _ 

Figure  31, 


hat  the  increment  of  density  may 
ed  continuity  of  the  pressure,  it  is 
ust  be  an  infinitesimal  of  the  second 
and  s'  are  coincident.  Hence,  at 


of  density  in  ss'.  But  in 
be  compatible  with  the^ 
evident  that  (vs  —  v\ 
order,  and  equal  to^ze 
the  limit  we  have 

& 

therefore,  will  be  a  wave  propagated  in  MB,  whose  intensity, 
the  value  of  v',  will  become  more  and  more  inappre- 


vs 


V  s 


deter 

ciablj 


rm^jA}\ 

\Sv  . 


becomes 


greater  and 


greater 


than  s.  Let  MB  be  in- 
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creased  indefinitely  in  area,  as  when  the  tube  AM  opens  into  the 
external  air,  then  v'  becomes  very  small,  and  the  transmitted  wave 
becomes  negligible,  as  is  the  case  in  open  pipes.  There  will  then 
be  a  reflected  wave  in  AM,  composed  of  a  rarefaction  followed  by 
a  condensation,  Avhen  the  direct  wave  is  a  condensation  followed  by 
a  rarefaction.  The  velocities  of  the  air  particles  will  then  be  theo¬ 
retically  equal  in  value,  and  the  same  in  direction  in  the  two  waves. 
The  curves  of  Fig.  30  will  illustrate  the  case  of  open  pipes,  if  A 'bof 
represent  the  densities  and  AJ)7n"f  the  velocities  of  the  air  particles 
in  the  reflected  wave.  The  nodes  and  middle  points  of  the  ventral 
segments  will  then  be  at  distances  of 


A 

3A 

5A 

7A 

V 

T’ 

T’ 

4  * 

o. 

2A 

u 

6A 

T’ 

4  ’ 

from  M,  the  open  end  of  the  tube,  respectively. 

230.  These  laws,  which  determine  the  positions  of  the  nodes 
and  ventral  segments  of  vibrating  air  columns,  are  known  as  Ber- 
nonilli’s  laws.  From  them  we  see  that  the  harmonics  of  lopen  pipes 
are  in  the  order  of  the  natural  numbers,  and  that  t&t$se\)f  closed 
pipes  are  as  the  odd  numbers.  Thus,  the  open  p®^6an  give,  by 
an  increased  pressure,  the  octave,  the  twelfth^fc^S  fifteenth,  etc., 
while  the  closed  pipe  gives  the  twelfth,  the  ^SrHeenth,  etc.  Ex¬ 
periments  with  organ-pipes  verify  the  laws  q^Sfcfmouilli  only  approx¬ 
imately  ;  that  is,  that  the  nodes  are  i^t^wxactly  at  the  positions 
defined  above,  nor  are  the  nodes  e.i^cfly  places  of  rest.  Organ- 
pipes  are  usually  made  to  speak  by  ng  a  current  of  air  through 
a  narrow  slit,  and  causing  it  to  tepinge  against  a  thin  lip.  Of  the 
many  vibratory  motions  prod^cJxT  in  this  manner,  there  is  always 
one  whose  periodicity  is  by  the  resonance  of  the  pipe,  its 

intensity  will  be  raised^ teJyach  a  degree  as  to  produce  a  marked  and 
determinate  musical^mmd,  called  the  fundamental  tone  of  the 
pipe.  Other  vibr^iory  motions,  which  undoubtedly  exist,  are  either 
destroyed  by  tha^J^rference  of  the  reflected  waves,  or  have  so  feeble 
an  intensity  be  negligible.  The  wave  length  of  the  funda¬ 

mental  tone\is,  as  we  have  seen  above,  double  the  length  of  the 
open  pip^br  four  times  the  length  of  the  closed  pipe,  approxi- 
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mately.  The  discrepancy  between  experiment  and  theory  arises 
from  the  fact  that  the  hypothesis  is  not  in  accord  with  what  actu¬ 
ally  occurs  in  the  pipe.  Without  considering  these  minutely,  it  is 
sufficient  to  note  the  perturbations  at  the  embouchure  by  the  air 
current,  the  modifications  in  the  pipes  by  the  moving  air,  and  the 
induced  vibrations  of  the  material  of  the  pipe  at  the  sides  and 
closed  end,  to  account  for  the  greater  discrepancies. 

231.  Relative  Velocities  of  Sound  in  Different 

Material.  Since  in  any  medium,  we  have  X  =  Vr  =  V in 

which  n  is  the  vibrational  number  for  a  note  of  definite  pitch,  X  the 
corresponding  wave  length  in  the  same  medium,  and  V  the  velocity 
of  sound,  it  is  readily  seen  that  if  free  rods  of  different  material  be 
taken,  of  such  lengths  as  to  give  the  same  note  when  put  into 
longitudinal  vibration,  we  will  have 


X  =  V-,  X'  =  V'-y  X"  =  V"-,  etc.; 
n  n  n 


whence 


X:  X'  :  X"  ::  V  :  V'  :  V". 


engtksXre  directly  propor- 
3  j&etul  media,  when  their 
fl^Sfctions.  Knowing  then 
we  can  by  experiment  find 


nental  tone,  we  see  that  such  lengtbsy 
to  the  velocities  of  sound  in  the  >^Ta 
s  are  great  compared  to  their  c/o^^pctic 


tional  to  the  velocities  of  sound  in  the  J^S^ral  media,  when  their 
lengths  are  great  compared  to  their  c/ol^Sfctions.  Knowing  then 
the  velocity  of  sound  in  any  maiferiS^r  we  can  by  experiment  find 


velocity  of  sound  in  any  maito^vwe 


that  in  others  by  this  method.  having  the  velocities,  we  can 

by  substitution  m  ' ' 


find  the  value  for^hdlongitudinal  modulus  E. 


232.  Appjv^g  the  same  principle  to  any  gas  and  comparing  the 
3City  in  lh-'wfcfn  that  m  air,  by  the  formula 
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the  values  of  y,  or  the  ratio  of  its  specific  heats,  can  be  readily 
obtained.  By  this  means  Dulong  found  the  following  results  : 


Density. 

Velocity. 

c 

Air . 

1. 

333. 

1.421 

Oxygen.  .  .  ..... 

1.1026 

317.7 

1.415 

Hydrogen . 

0.0688 

1269.5 

1.407 

Carbon  Dioxide.  .... 

1.524 

261.6 

1.338 

Carbon  Monoxide,  .... 

0.974 

337.4 

1.427 

Under  the  assumption  that  the  gas  is  perfect,  simple,  and  far 
from  its  point  of  liquefaction,  y  is  assumed  to  have  the  constant 
value  of  1.41.  The  above  results  show  that  this  value  should  be 
considered  as  the  limit  to  which  y  approximates  and  only  reaches 
under  the  particular  suppositions  made. 


233.  Transversal  Vibration  of  Elastic  Hods .  An 

elastic  rod  is  a  rigid  body  whose  cross-section,  considered  uniform 
throughout,  is  taken  as  very  small  compared  with  its  length.  The 
rod  or  bar  may  be  arranged  in  six  different  ways,  depm^ng  on  the 
method  by  which  its  ends  are  sustained,  viz. :  yjV 

1°.  The  rod  may  be  free  at  both  ends. 

2°.  It  may  be  firmly  fixed  at  both  ends. 

3°.  It  may  be  fixed  at  one  end  and  free  ; 

4°.  It  may  be  supported  at  one  end 
5°.  It  may  be  fixed  at  one  end  and 
6°.  It  may  be  supported  at  both  i 
It  may  yield  its  fundamental^) mf  by  vibrating  as  a  whole,  or 
give  tones  of  higher  pitch  by^Wvfding  itself  into  vibrating  parts 
5  fqr^W 

ri‘ 


other. 

at  the  other, 
at  the  other. 


separated  by  nodes.  The  . 


r*  —  A  /  q— 

Qj  2  V\gD 


(279) 


gives  the  number^^ibrations  in  all  cases,  as  has  been  verified  by 
experiment.  UjQns  formula,  N  is  the  number  of  vibrations  per 
second ;  n  a  constant  depending  on  the  manner  in  which  the  rod  is 
arranged  l^fehe  ends  and  on  the  number  of  nodes  formed  ;  t  is  the 
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thickness,  measured  in  the  plane  of  vibration  ;  l  is  the  length,  E 
the  rigidity,  and  D  the  density  of  the  rod. 

234.  This  formula  shows  that  the  vibrational  number  is  inde¬ 
pendent  of  the  width,  provided  it  be  small  as  at  first  supposed  ; 
that  it  is  directly  proportional  to  the  thickness,  inversely  as  the 
square  of  the  length,  and  directly  as  the  square  root  of  the  rigidity 
divided  by  the  density. 

1°.  The  rod  is  free  at  both  ends.  Lissajous  has  determined 
by  careful  experiments  that  the  following  formulae  apply,  viz. : 


cl  = 


21 

2n  —  1  ’ 


= 


hi 

2  (2 n  —  1)  ’ 


_  0.6608Z 

”  2n  —  1 ? 


(280) 


in  which  l  is  the  length,  n  the  number  of  nodes  formed,  cl  the  dis¬ 
tance  between  two  consecutive  nodes,  s  the  distance  from  the  free 
ends  to  the  nearest  nodes,  and  5'  the  distance  from  the  free  ends  to 
the  second  nodes.  Hence  from  these  formulae,  we  see  that  the 
intermediate  nodes  are  equidistant;  that  the  distance  from  the 
extreme  nodes-to  the  next  adjacent  is  nearly  0.92  of  the  distance 


£0  fixed  as  not  to 
brate  freely,  and  the 
Sees  as  in  a  free  rod  of 
nodes  are  at  the  fixed 
are  then  applicable  to  this 


between  two  consecutive  intermediate  nodes ;  that  s:  s'  : :  0.2643  : 1, 
and  s:  d  ::  0.33  : 1.  Experiment  confirms  these  results  whatever  be 
the  number  of  the  nodes.  The  positions  of  the  nodes  are  made  visi¬ 
ble  by  sprinkling  sand  on  the  bar,  and  noticing  t]^fi\es  on  which 
it  accumulates  when  the  bar  or  rod  is  put  in  vib^ 

2°.  Both  ends  are  fixed.  When  the  ends  ~ 
modify  its  elasticity  at  these  points,  it  car 
nodes  are  found  to  be  located  at  the  sanj 
the  same  length,  except  that  the 
ends.  The  first  two  of  formulae$/2^ 
case. 

3°.  The  rod  is  fixed  at  ope  end  and  free  at  the  other.  There 
will  then  be  0,  1,  2,  3,  . .  .Qftfdes  depending  upon  the  manner  by 
which  it  is  put  in  If  the  fixed  end  be  regarded  as  a 

node,  the  first  of  th^^wWe  formulae  is  applicable,  and  the  other 
two  apply  to  th^frte  end  only.  Therefore  these  first  three  cases 
are  all  reducibl^vvifn  the  modifications  mentioned  to  that  of  a  free 
rod  at  both  r  ^ 

In  these  cases  the  supported  end  may  be  considered 
as  an  ^^hiediate  node,  and  we  can  consider  the  rod  as  half  of  a 
rod4oK&ouble  the  length,  free  or  fixed  at  both  ends  in  which  the 
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number  of  nodes  is  2n— 1.  Replacing  l  by  21  and  n  by  2n  —  1, 
we  then  have 


d  = 


4/ 

\n  —  3 ? 


s  = 


51 


4:71  -  3  * 


1.3216  I 
4  n  —  3  5 


(281) 


of  which  the  last  two  apply  only  to  the  case  where  one  of  the  ends 
is  free. 

6°.  If  the  supported  ends  be  regarded  as  intermediate  nodes 
we  have 

d  =  ~  (283) 

235.  Harmonic  Vibrations  of  Elastic  Hods.  When 
the  vibrating  parts  are  known,  the  harmonies  of  the  rod  are  easily 
determined,  and  considering  the  fixed  extremities  as  nodes,  the 
formulae  of  Lissajous  above  given  become  general  for  the  six  cases. 
In  the  first  three  cases  the  sounds  resulting  are  the  same  for  the 
same  number  of  nodes,  whatever  be  the  condition  of  the  extremity, 
whether  fixed  or  free.  The  numbers  of  vibrations  are  as  32,  52,  72, 

. ... .  (2 n  —  l)2,  when  there  are  2,  3,  4, - n  nodes.  In  the  4°  and 

5°  cases  where  one  of  the  extremities  is  supported,  the  vibrational 

numbers  are  as  52,  92,  132, - (4^  —  3)2 ;  and  in  the  (F  case  the 

numbers  are  l2,  22,  32,  . . . .  (n  —  l)2,  n  being  the  numl^Apf  nodes. 
Comparing  in  all  these  cases  the  vibrational  nwfi^rs  for  two 


nodes,  we  have 


9.?6 
J  '  4 


4 


or 


and  therefore  generally 

(2  n  —  l)2 


(4w  - 


For  cl  we  have 


o 


•  25 


21 


Substituting  the 
we  have 


If  d 
yieldin 


(« - 1)8. 

i 

n  —  1 


taken  from  the  latter  in  the  former. 


ing 


2n  —  1< 

v^crejS 

iy  ^nch  corresponds  to  a  rod  supported  at  both  ends  and 
undamental  sound,  we  have  N  =  1.  We  therefore  con- 
10 


N  = 


P 

d? 


(283) 


r 
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elude  that  when  a  rod  gives  a  harmonic,  the  parts  comprised  between 
the  nodes  vibrate  as  rods  whose  extremities  are  supported  and  whose 
length  is  the  distance  between  the  nodes,  and  that  the  vibrational 
number  is  inversely  as  the  square  of  this  length.  This  conclusion 
is  inapplicable  to  the  first  nodes,  because  they  are  more  or  less 
influenced  by  the  extremities. 


236.  Tuning  Forks.  A  tuning  fork  may  be  regarded  as  a 
rod  or  bar  free  at  both  ends.  Experiment  shows  that  in  proportion 
as  a  bar  free  at  both  ends  is  bent  or  curved  the  extreme  nodes 
approach  each  other.  Thus,  in  the 
figure  the  bar  cib  if  supported  at  th$ 
points  1,  2,  one  fourth  the  length 
of  the  bar  from  the  extremes,  will 
when  vibrated  transversely  develop 
nodes  at  these  points.  In  the  forms 
ct!V ,  a"b",  a'"b'",  the  length  remain¬ 
ing  unchanged,  the  nodes  approach 
each  other  as  indicated  in  the  figure. 

The  laws  which  govern  the  vibration 
of  a  fork  whose  section  is  rectangular  have  been  experimentally 
found  to  be ;  1°,  that  the  vibrational  number  is  ind^hdent  of  the 
width  ;  2°,  proportional  to  the  thickness ;  3°,  invej^y  proportional 
to  the  square  of  the  length  increased  slightly.  length  is  taken 

medial  line  of  the 
In  we  have  from  the 


Figure  32. 


as  equal  to  the  projection  of  the  prongs  o 
fork.  For  a  fork  of  rectangular  cross-j 
experiments  of  Mercadier. 

N=  a 


.012)2 

in  which  N  is  the  vibrationaWiiWiber,  t  the 
thickness,  and  l  the  lengtfrV^r  is  a  constant 
which  for  steel  is  foundJ$0J)&#1827O.  When 
the  fork  yields  its  funcw5kntal  note  its  method 
of  division  is  shov/fi  in  the  figure.  The  over¬ 
tones  of  a  ioxk  xorrespond  to  vibrational 
numbers  whj^Sre  to  each  other,  beginning 
with  the  as,  32 :  52 :  72 :  etc.  The  vibra- 

er  of  the  first  overtone  is  about 


(284) 


Figure  33. 
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that  of  the  fundamental.  Helmholtz  found  by  experimenting  on 
many  forks,  that  it  varied  from  5.8  to  6.6  that  of  the  funda¬ 
mental.  These  overtones  are  so  high,  that  they  are  generally  of 
short  duration,  and  they  are  also  inharmonic  with  the  prime. 
Tuning  forks  are  generally  mounted  on  their  resonant  boxes,  by 
which  arrangement  the  prime  tone  of  the  fork  is  greatly  rein¬ 
forced  to  the  disadvantage  of  the  overtones.  The  duration  of 
the  vibration  of  a  fork  although  theoretically  constant,  is  found 
to  increase  slightly  with  an  increase  of  amplitude  and  tempera¬ 
ture,  thus  slightly  lowering  the  pitch.  This  is,  however,  not 
appreciable  to  the  hearing,  but  can  be  detected  by  any  of  the  graph¬ 
ical  methods  for  determining  the  number  of  vibrations  in  a  given 
period.  It  is  a  matter  of  importance  in  determining  the  initial 
velocity  of  projectiles,  by  means  of  the  Schultz  chronoscope  or  other 
devices,  where  the  vibrations  of  a  tuning  fork  enter  into  the  calcula¬ 
tion,  to  limit  the  amplitude  and  to  take  note  of  the  temperature,  in 
order  to  obtain  uniform  and  reliable  results.  When  the  amplitude 
does  not  surpass  3  or  4  mm.  and  the  temperature  varies  but  little 
beyond  the  ordinary  atmospheric  temperature,  the  vibrational 
number  may  be  taken  as  constant  within  .0001  of  its  value. 

237.  Vibration  of  Plates*  Plates  are  rigi  s,  gener¬ 
ally  of  metal  or  glass,  whose  length  and  breadth^r?  very  great 
compared  with  their  thickness.  To  put  them  ^Q^ibration,  one  or 
more  points  are  fixed  and  a  violin  bow  is,  across  an  edge. 

The  circumstances  of  vibration  are  exhiM^d  by  sprinkling  fine 
sand  over  the  surface  and  examining  tl^A)Sal  lines  formed  by  the 
sand  which  seeks  that  part  of  the  pL$ks  %fiich  is  at  rest.  The  parts 
of  the  plate  separated  by  a  nodal  li^jbvidently  vibrate  in  opposite 
directions,  and  therefore  for  jtf^nanent  figures  the  number  of 
vibrating  parts  must  be  everQjPVhen  the  plate  yields  its  funda¬ 
mental  tone  the  resulting  Ogdens  the  simplest  that  can  be  formed, 
and  as  the  plate  separatesNrto  a  greater  number  of  vibrating  parts, 
the  figures  become  (mare  complex.  Chladni  has  given  to  these 
figures  the  name  ^Acoustic  figures.  As  yet,  from  the  inherent 
difficulties  of  thKjiToblem,  the  mathematical  laws  have  not  been 
deduced,  buf /experiment  has  assigned  the  following  as  the  laws  of 
vibratinafcMtes,  viz. ;  1°,  the  vibrational  numbers  of  plates  of  the 
same  fonly&nd  of  the  same  material  are  inversely  as  the  squares  of 
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the  homologous  dimensions  ;  2°,  and  are  proportional  to  the  thick¬ 
ness.  Hence  we  have 

,  t  t' 

n:n ::  rp 

If  a  rectangular  plate  he  so  constructed  that  a  system  of  nodal 
lines  parallel  to  the  length  be  formed  by  a  sound,  which  gives 
another  system  of  nodal  lines  parallel  to  the  breadth,  when  it  is 
vibrated  in  these  two  ways,  then  if  at  any  of  the  middle  points 
of  the  ventral  segments  it  be  vibrated  so  as  to  produce  the  same 
sound,  these  two  systems  will  simultaneously  exist  and  the  acoustic 
figure  will  result  from  the  combination  of  these  two  systems.  The 
figure  illustrates  five  such  plates  where  the  numbers  of  the  nodal 
lines  are  in  the  ratios  of  2:3,  2:4,  3:4,  3:5,  4:5.  Other  combi¬ 
nations  illustrative  of  the  vibrations  of  plates  are  reserved  for  the 
lectures. 


2:3  2:4  3:4  3:5  4:5 


238.  VibvatQri)  of  Membranes .  When  a  stretched  mem¬ 
brane  is  near^a^j&unding  body,  the  air  transmits  to  it  the  vibratory 
motion.  respond,  however,  only  to  certain  sounds  depend¬ 

ing  on*,  i^vtension,  and  thus  enter  into  synchronous  vibration. 
This^^^MS  made  evident  by  the  acoustic  pendulum,  or  by  the 
nodal  nues  formed  by  sand  sprinkled  upon  it,  as  in  the  case  of  the 
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vibration  of  plates.  The  frames  upon  which  the  membranes  are 
stretched  are  generally  square  or  circular.  Experiment  has  con¬ 
firmed  the  following  deductions  of  Poisson  and  Lame.,  with  respect 
to  the  vibrations  of  square  membranes,  viz.  : 

1°.  Membranes  respond  only  to  certain  sounds,  separated  by 
determinate  intervals. 

2°.  To  each  sound  a  system  of  nodal  lines  corresponds,  parallel 
to  the  sides  of  the  membrane,  and  whose  numbers  are  represented 
by  n  and  n'. 

3°.  The  nodal  lines  which  correspond  to  the  same  sound  form  a 
system  of  figures,  such  that  we  can  pass  from  one  to  the  other  by 
continuous  changes  in  varying  the  mode  of  disturbance,  without 
changing  the  sound;  but  we  can  never  pass  in  a  continuous  man¬ 
ner  from  the  lines  of  one  sound  to  those  of  another. 

Circular  membranes  can  only  give  nodal  lines  along  the  diam¬ 
eters  or  circumferences,  either  separate  or  combined,  depending  on 
the  method  of  vibration  and  on  the  point  or  points  of  enforced  rest. 

239.  Because  of  the  limited  time  allotted  to  this  part  of  the 
course,  many  subjects  of  importance  are  necessarily  omitted  in  the 
text.  Among  these  are, 

1°.  The  theory  of  beats,  and  resultant  sounds.  t 

2°.  The  phenomena  of  interference,  whose  conse^n^fc^s,  how¬ 
ever,  are  readily  derived  from  the  discussion  in  Arts^Bp*-68. 

3°.  The  graphical  and  optical  methods  of  the  *Q*fy  of  sonorous 
vibrations,  and  that  by  sensitive  and  manom^irfSykames. 

4°.  The  phenomena  of  vibrations  of  air  «rJNmns  in  organ-pipes, 
of  elastic  rods,  of  plates  and  meinbran^TYKh  the  applications  of 
the  latter  in  the  phonograph,  phonaufogTSph,  and  telephone. 

By  means,  however,  of  a  very  fplete  acoustical  apparatus, 

mainly  from  the  workshop  of  the  celebrated  physicist  of 

Paris,  the  omitted  parts,  as  wel(^e  those  treated  of  above,  are  illus¬ 
trated  in  the  lectures,  wh&lX2M*ely  supplement  and  complete  the 
study  of  the  text. 

240.  The  nature  ^unessential  principles  of  undulatoiy  motion, 
as  illustrated  by  sogmnus  vibrations,  have  received  sufficient  atten¬ 
tion  to  enable  tLwN^udent  to  prosecute  understandingly  the  study 
of  similar  p^i  noises  connected  with  light  in  the  analogous  subject 
of  optics., 


PART  III. 


OPTICS. 


241.  Light  is  the  agent  by  which  the  existence  of  bodies  is 
made  known  to  us  through  the  sense  of  sight. 

That  branch  of  physical  science  which  treats  of  the  properties 
of  lio-ht  and  the  laws  of  its  transmission  is  called  Optics. 

242.  It  is  divided  into  two  parts  : 

1°.  Geometrical  Optics ,  which  embraces  all  the  phenom¬ 
ena  relating  to  the  propagation  of  rays,  based  on  certain  experi¬ 
mental  laws,  and  which  is  entirely  independent  of  any  theory  as  to 
the  nature  of  the  luminous  agent. 

Experiments  in  Geometrical  Optics,  however  carefully  made, 
can  never  accurately  prove  the  laws  of  light  propag^fe(^T^  but  serve 
merely  to  establish  a  certain  degree  of  probability^*  their  truth, 
and  which,  when  applied  to  other  phenomena^vne  same  nature, 
strengthen  this  probability  in  proportion  a^t^^^pplication  is  moie 
extended. 


2°.  Physical  Optics9  which  iOp£d  on  the  theory  of  un¬ 
dulations,  and  seeks  to  explain  by^hVtheory  the  nature  of  light, 
and  of  all  the  phenomena  arisingQohi  the  action  of  rays  on  each 


2°.  Physical  Optics 9  which  i| 
dulations,  and  seeks  to  explain  byfch 


and  seeks  to  explain  by^hTS" 
the  phenomena  arisingQ^in 


other. 


light  is  not  ^material 
>n  in  somtkmPlram,  is  p 


not  .Op  aterial  substance,  but  is  merely  a 


243.  That  light  is 
process  going  on  in  so: 
interference,  in  whigh, 
less  to  greater,  or  tl(ej 


[m,  is  proved  by  the  phenomena  of 


so: 


limits  of  various  magnitudes  occur,  from 
Averse,  depending  upon  the  manner  in  which 


the  interference  ^kesplace,  even  when  the  combining  magnitudes 
are  themselves^^fretant  in  value. 

244.  Tlj^V^dulatory  theory  asserts  that  light  is  due  to  the 
transm^jl^h  of  energy  from  luminous  bodies  to  the  finely-divided 
parts  oPwie  optic  nerve,  spread  over  the  interior  concave  surface  of 
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the  eye.  This  energy  is  conveyed  by  the  optic  nerve  to  the  brain, 
and  there  transformed  into  the  sensation  of  sight. 

The  transmission  of  the  energy  is  accomplished  by  undulatory 
motion  in  a  medium  called  the  luminiferous  ether.  There  is  no 
direct  proof  of  the  actual  existence  of  the  ether,  and  its  assumption 
can  only  be  regarded  as  an  extremely  probable  hypothesis,  supported 
by  nearly  all  the  known  phenomena  of  light,  and  directly  contra¬ 
dicted  by  none. 

Within  the  present  century,  its  reality  has  been  almost  uni¬ 
versally  accepted,  and  as  a  consequence  the  undulatory  theory  has 
entirely  supplanted  the  rival  hypothesis  of  the  materiality  of  light 
molecules,  known  as  the  emission  theory,  which  had,  however,  held 
its  ground  for  many  years. 

245.  The  accepted  properties  of  the  luminiferous  ether  have 
resulted  from  theoretical  considerations,  modified  from  time  to  time 
by  deductions  from  experimental  observations,  and  while  there  are 
several  imperfections  yet  to  be  removed,  nevertheless  the  strong 
array  of  unquestioned  facts,  both  observed  and  predicted,  has  estab¬ 
lished  these  properties  as  a  satisfactory  foundation  upon  which 
modern  physical  optics  is  now  constructed. 

The  luminiferous  ether  is  considered  to  be  a  materials  substance 
of  a  more  rare  and  subtile  nature  than  the  ordinary  lm^Jfe^affecting 
the  senses,  and  to  exist  not  only  within  these  bodig^Nmt  through¬ 
out  space.  It  has  great  elasticity,  and  is  capablafhe'fefore  of  trans¬ 
mitting  its  particular  energy  over  vast  distanc^Vith  great  velocity 
and  with  inappreciable  loss.  That  this  en^ray  is  not  transmitted 
instantaneously  has  been  proved  by  (Kiwfe^experiment,  and  con- 
oluded  from  several  astronomical  obste’vlfrtfons. 

246.  That  light  is  propagated  jjfiy'ight  lines  from  the  source  is 

a  fact  of  observation  and  expedient.  This  statement,  however, 
while  absolutely  true,  is  subjetfKni  modification  when  taken  in  the 
ordinary  sense  of  the  la^  Thus,  we  have  seen  that  while 

sound  is  propagated  in  lines  from  its  source,  it  is  capable  of 
spreading  around  an^obracle,  so  that  sound  can  be  heard  out  of  the 
direct  line  of  the  sourCtf ;  so,  in  a  less  degree,  we  can  see  around  an 
obstacle,  as  will  be  *shown  in  the  discussion  of  the  diffraction  of 

light-  .  <>P 

The  a^^tic  shadow,  however,  is  as  much  less  marked  than  the 
optical  shadow  as  the  wave  lengths  of  sound  are  greater  than  the 
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wave  lengths  of  light.  But  for  the  explanation  of  the  principles  of 
geometrical  optics  it  is  unnecessary  to  consider  this  refinement. 

247.  Bodies  are  called  self-luminous  when  they  are  themselves 
the  sources  of  light,  and  rays  proceed  directly  from  them.  They 
are  visible  because  of  their  emanating  rays.  Other  bodies  are  called 
non-luminous,  and  become  visible  because  rays  from  luminous 
bodies  are  reflected  from  their  surfaces. 

A  luminous  point,  or  origin  of  light,  is  a  very  small  portion  cf  a 
luminous  surface.  When  light  emanates  from  a  luminous  point, 
we  consider  it  made  up  of  rays  of  light,  each  of  which  is  the  small¬ 
est  portion  of  light  which  can  be  transmitted.  The  ray  is  the  right 
line  along  which  the  undulation  is  propagated,  and  is  practically  a 
mere  conception,  indicating  direction. 

A  collection  of  parallel,  diverging,  or  converging  luminous  rays 
is  called  a  beam  of  light,  and  sometimes  a  qjencil  of  light,  the  latter 
name  being  generally  applied  to  the  last  two  cases. 

The  axis  of  a  beam  is  the  geometrical  axis  of  the  cylinder  or 
cone  of  rays  ;  when  the  axis  is  normal  to  the  deviating  surface,  the 
beam  is  direct ,  and  when  inclined  to  it,  oblique . 

248.  When  a  beam  of  light  is  incident  upon  any  surface,  it  is 
generally  separated  into  three  portions,  viz.,  a  part  is  scattered  or 
diffused  over  the  surface,  by  which  the  surface  be$^Ge^  visible,  a 
second  part  is  reflected,  and  the  remainder  is  refra(^fL 

The  proportion  of  the  several  parts  depends ^s^Vhe  polish  of  the 

SVf  th< 


surface,  the  angle  of  incidence,  and  the  nat 


the  medium.  A 


perfectly  polished  surface  would  be  invisihfcVrtid  the  incident  beam 
would  be  separated  into  a  reflected  fr^mracted  beam  alone ;  of 
course,  such  a  polish  is  not  practic^leT  Light  regularly  reflected 
has  its  intensity  increased  with  tlnQegree  of  polish,  while  the  in¬ 
tensity  of  irregularly  reflected  {^ht  is  similarly  diminished.  The 
intensity  of  regularly  reflectejQight  from  the  surface  of  water  is,  at 
the  incidences  of 

0°,  Cr  60°,  80°,  89|°, 

about  1.8&C->  6-5%,  33%,  72%. 

/■Nr 

At  norm«^4ncidence,  water,  glass,  and  mercury  reflect  1.8%, 
2.5%,  amM&|%,  respectively.  The  differences  at  small  angles  of 
incidencVfcre  more  marked  than  at  greater  angles,  since  while  both 
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water  and  mercury  reflect  the  same  at  89£°,  the  former  reflects  but 
3L  as  much  as  the  latter  at  normal  incidence. 

249.  A  medium  is  any  substance  which  permits  the  passage  of 
light  through  it. 

Since  the  luminiferous  ether  is  supposed  to  pervade  all  matter, 
it  might  be  inferred  that  all  bodies  could  be  classed  under  the  head 


of  media  for  light.  Gold,  although  one  of  the  most  dense  of  sub¬ 
stances,  does  permit  the  passage  of  light,  when  beaten  into  a  very 
thin  leaf  ;  and  no  doubt  if  other  opaque  bodies  possessed  an  equal 
malleability,  the  same  property  would  belong  to  them. 

But  owing  to  internal  reflection  and  consequent  interference,  it 
is  assumed  that  an  inappreciable  quantity  of  light,  if  any,  passes 
through  very  small  thicknesses  of  opaque  bodies.  Glass,  air,  water, 
and  all  other  matter  which  permit  the  passage  of  light  freely,  are 
said  to  be  transparent.  Translucency  is  a  term  applied  to  such 
bodies  as  permit  the  passage  of  diffused  light;  thus,  ground  glass 
and  flint  are  translucent,  while  clear  glass  and  quartz  crystal  are 
transparent. 

250.  Since  light  is  assumed  to  result  from  undulatory  motion 
in  the  luminiferous  ether,  all  the  consequences  deduced  in  the  dis¬ 
cussion  of  the  properties  of  this  kind  of  motion  in  Pari  I  are  at 
once  applicable  to  the  phenomena  of  light. 

251.  Shadows  and  Shade .  From  eacl^S^ninous  point 

considered  as  an  origin  of  disturbance,  unduhi^Ms  proceed  along 
right  lines  in  all  directions  from  this  origin^Y^herefore,  whenever 
they  meet  an  opaque  body,  this  unduli/umwill  be  deviated  from 
its  original  direction,  and  the  effect  o$dig!Tt  will  be  wanting  along 
this  direction  prolonged.  Q 

The  absence  of  this  effect  is  ca|0^  the  shadow  of  the  point  of  the 
opaque  body. 

The  line  of  the  surfa^&^fjtlie  opaque  body,  along  which  rays 
drawn  from  the  lummp^y^oint  are  tangent,  is  called  the  line  of 
shade .  Since  each  ptol  of  the  luminous  surface  is  an  origin  of 
light,  we  see  that^i^aliactual  cases  the  shadow  of  an  opaque  body 
must  be  indistin^4N*Sar  its  boundary,  and  gradually  merge  into  the 
illuminated  ^srfroKre  surrounding  the  shadow,  whenever  the  lumi¬ 
nous  soumN^f  an  appreciable  area.  This  modified  portion  of  the 
shadow  is  uhe  to  the  overlapping  of  the  cones  of  rays  proceeding 


.'Q 
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from  each  luminous  point,  and  is  called  the  penumbra.  It  is  lim¬ 
ited  by  the  space  between  the  two  cones,  whose  elements  are  tan¬ 
gent  to  the  luminous  surface  and  the  opaque  body,  one  having  its 
vertex  between  the  two,  and  the  other  its  vertex  on  the  further  side 
of  either  one  of  the  surfaces.  The  softness  of  shadows  in  general  is 
due  to  the  finite  extent  of  luminous  surfaces. 

252.  Every  point  of  the  luminous  source  emitting  rays  in  all 
directions,  each  will  carry  an  image  of  its  luminous  point. 


Thus,  if  a  lighted  candle  be  placed  in  front  of  a  small  aperture 
of  a  darkened  chamber,  the  aperture  will  permit  the  passage  of  a 
limited  number  of  the  rays  from  every  point  of  the  each  ray, 

however,  carrying  an  image  of  its  radiant.  The  i as  shown  in 
Figure  35,  will  be  inverted. 

If  another  aperture  be  made  near  the^fif^  a  second  image  of 
the  candle  will  be  formed,  overlapping^®^  first,  and,  while  the 
luminosity  will  be  increased,  the  im|gej)  mill  lose  distinctness,  be¬ 
cause  of  this  overlapping.  The  dif^seftTight  of  a  room  during  the 
day  is  due  to  the  overlapping  ima^e)  of  external  objects,  caused  by 
rays  proceeding  from  each  of^^em,  thus  making  their  individual 
images  indistinct.  A  small  aperture  in  a  darkened  room  will  per¬ 
mit  the  formation  of  am^fe&tea  image  of  the  external  scenery  upon 
a  screen  placed  witl^^flproom  near  the  aperture. 


253.  JPhoto0Aetry9  The  eye  possesses  the  property  of  dis¬ 
tinguishing  comktmd  intensity. 

In  dete*(fh$mng  variations  of  intensity,  the  judgment  is  only 
approxjm^Mvhen  the  colors  are  the  same,  and  the  difficulty  of  this 
appreeiamm  is  increased  when  the  colors  differ.  Equality  of  in- 
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tensity  can  readily  be  determined  by  the  eye,  while  it  is  not  possible 
to  ascertain  the  numerical  ratio  of  different  intensities  by  direct 
observation. 

Photometry  has  for  its  object  the  measurement  and  comparison 
of  the  intensities  of  different  lights. 


254.  The  principle  of  all  photometric  methods  is  to  arrive  at 
this  comparison,  by  the  appreciation  of  tlie  equality  of  illumination 
of  two  near  surfaces,  physically  identical.  In  assuming  the  dis¬ 
tance  of  the  luminous  source  from  the  illuminated  surface  to  be 
great  in  comparison  with  the  dimensions  of  the  surface,  and  remem¬ 
bering  that  the  intensity  of  the  light  is  due  to  the  molecular  kinetic 
energy,  we  readily  see,  if  there  be  no  absorption  of  this  energy  dur¬ 
ing  transmission  through  the  intervening  media, 


1°.  That  the  intensity  of  the  illumination  on  the  unit  area  of 
any  surface,  taken  normal  to  the  direction  of  propagation,  at  a 

distance  d  from  The  luminous  source,  varies  as 

cl* 

2°.  That  if  /  represent  the  intensity  of  any  given  light,  and  if 
it  be  supposed  to  illuminate  uniformly  any  area  A ,  the  intensity  on 


a  unit  of  area  varies  as— • 

A 

3°.  That  the  quantity  of  light  emanating  frqaw&liy  luminous 
element,  and  hence  the  intensity  of  illuminatiomQto.  the  unit  area, 
is  proportional  to  the  cosine  of  the  angle  madto^Jthe  normal  to  the 
element  with  the  direction  considered,  aud^©nce  varies  as  the  co¬ 
sine  of  the  inclination,  or  cos  i.  t  ^ 

4°.  That  if  the  area  on  which  firelight  falls  is  inclined  to  the 
direct  line  of  propagation,  the  illummation  on  the  unit  area  is  pro¬ 
portional  to  the  cosine  of  the  aM©made  by  this  line  and  the  nor¬ 
mal  to  the  surface,  or  to  cos>^w) 

5°.  That  the  illu min on  the  unit  area  will  vary  with  the 
intrinsic  brightness  o£4]Q)source.  The  intensity  of  the  illumina¬ 
tion  on  the  unit  area,V§^rallel  to  the  source,  at  the  distance  unity, 
may  be  taken  as  tjT®jneasure  of  the  intrinsic  brightness. 

255.  L^t^^nd  S'  be  the  projections  of  the  luminous  and  the 
illu  min  ah^^m:  aces,  respectively,  on  a  plane  normal  to  the  direc- 
rays;  B  the  intrinsic  brightness  of  the 


tion 


of  tit.'  luminous 
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source  ;  d  the  distance  apart  of  the  two  surfaces,  and  I  the  intensity 
of  the  illumination ;  then,  from  the  above  principles,  we  have 


SS' 

I=B~W 


(2 85) 


Making  S'  =  1,  and  calling  7,  the  total  brilliancy  of  the  source 
at  the  distance  d,  we  have 


I'  =  Br 


(286) 


S_ 

d* 


-  is  the  apparent  area  of  the  source  seen  from  the  illuminated 


surface,  and  making  this  equal  to  unity,  we  have 

In  =  B. 


(287) 


Therefore  the  intrinsic  brightness  of  the  source  is  the  total 
brilliancy  of  the  apparent  unit  of  area  of  the  luminous  surface  at 
the  distance  1. 

The  general  method  of  comparison  of  the  intrinsic  brightness  of 
two  sources  consists  in  permitting  the  rays  from  each  source  to  fall, 
nearly  normal,  upon  adjacent,  portions  of  the  same  surface;  then 
to  increase  the  distance  of  the  stronger  light,  until  tkAeye  judges 
the  illumination  to  be  equal.  We  then  have  x\  > 


SS 

d* 


B,S,  _ 
d?  ’ 


0 


(288) 


os  of  d ,  cln  S  and 


from  which,  by  substituting  the  known^jj^e 
the  ratio  of  B,  to  B  can  be  determine^)  ^ 

256.  The  apparent  intrinsic  bm^itness  of  an  object  is  equal  to 
the  quantity  of  light  received  frta/  it  by  the  eye,  divided  by  the 
area  of  the  picture  on  the  Therefore,  since  the  apparent 

illumination  of  the  objq^©#^2,  and  the  area  of  the  retinal  pic¬ 
ture  is  the  apjMn?e©intrinsic  brightness  will  vary  with  the  real 

intrinsic  brightness??,  and  the  object  will  appear  equally  bright  at 
all  distances. 

This  j-q 


the  obi 
is  there 


:s  deduced  under  the  supposition  that  no  light  from 
absorbed  by  the  medium  through  which  it  passes,  and 
e  onlv  an  approximation. 
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257.  Velocity  of  Light .  In  1675,  the  Danish  astronomer, 
Rcemer,  noticed  certain  discrepancies  with  regard  to  the  observed 
times  of  the  eclipses  of  J upiter’s  satellites,  which  he  correctly  at¬ 
tributed  to  the  finite  velocity  of  light. 

To  show  this,  let  S  be  the  sun,  EE'  the  earth’s  orbit,  JJ'  the 
orbit  of  Jupiter,  and  ss'  the  orbit  of  Jupiter’s  inner  satellite. 


The  planets  and  satellites  shine  by  the  reflected  lighttof  the  sun, 
and  therefore  cast  shadows,  whose  axes  are  on  the  r^mgines  join¬ 
ing  their  centres  with  the  centre  of  the  sun.  Bec^^e  of  the  posi¬ 
tion  of  the  orbit  of  the  satellite  with  respect  to  tteQftane  of  Jupiter’s 
orbit,  the  satellite  enters  Jupiter’s  shadow  >ry  revolution,  and 
is  eclipsed.  If  light  traversed  space  instalytfneously,  its  entrance 
into  and  exit  out  of  the  shadow  migfaypS*  noted  at  the  exact  in¬ 
stants  at  which  these  phenomena  (furred,  independently  of  the 
relative  positions  of  the  earth  and  jQ^iter. 

But  when  Jupiter  is  near  q^osition,  as  at  J,  the  interval  be¬ 
tween  two  successive  disappg^^iaces  of  the  satellite  in  entering,  or 
between  two  successive  i^S^afances  on  emerging  from  the  shadow 
is  found  to  be  about  30  min.  The  periodic  time  of  Jupiter 

being  about  11  yr.  ^Aio.,  he  advances  but  a  short  distance,  as  to 
J',  while  the  eajtjgjmoves  to  E'  near  conjunction. 

Their  dist&a^is  now  increased  by  very  nearly  that  of  the  diam¬ 
eter  of  th$,  qp^rs  orbit,  and  the  times  of  apparent  immersion  of  the 
satellit^^ylelayed  beyond  the  computed  times  by  about  16  min. 
26  sec. iShice  the  periodic  time  of  the  satellite  is  constant,  Roemer 
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therefore  concluded  that  light  required  16  min.  26  sec.  to  traverse- 
this  diameter. 

If  this  diameter  were  accurately  known,  and  the  exact  instant 
of  the  eclipse  could  be  noted,  a  very  nearly  exact  measure  for  the 
velocity  of  light  could  be  computed.  The  reduction  of  more  than 
a  thousand  eclipses  of  Jupiter’s  satellites,  by  Delambre,  gave  473.2 
mean  solar  seconds  for  the  time  of  travel,  which  corresponds  to  a 
solar  parallax  of  8.878",  and  to  a  velocity  of  298,793  kilometres  per 
second. 

258.  By  the  Aberration  of  Light .  Bradley,  in  1728, 
accounted  for  the  aberration  of  the  fixed  stars  by  assuming  that  the 
velocity  of  the  earth’s  orbital  motion  had  an  appreciable  ratio  to  the 
velocity  of  light.  By  assuming  an  ideal  star  at  the  pole  of  the 
ecliptic,  the  value  of  the  constant  of  aberration,  according  to  his. 
determination,  is  20.25",  which  corresponds  to  a  solar  parallax  of 
8.881".  According  to  W.  Struve,  this  constant  should  be  20.445", 
decreasing  the  parallax  to  8.797",  and  corresponding  to  a  velocity 
of  296,067  kilometres  per  second. 

The  principle  on  which  this  method  is  based  is  given  in  the  text 
on  Astronomy.  . 

259.  By  Actual  Measurement.  OwiljpMo  the  great 
velocity  of  light,  it  is  not  possible  to  measure  djrepny  the  very  small 
interval  of  time  required  for  light  to  travo«^^lny  terrestrial  dis¬ 
tance.  But  Fizeau,  Foucault,  Wheat^K,  Cornu,  and  more 
recently  Michelson,  have  succeeded  tfTNjfe|aining  its  value  within 
very  near  limits.  The  essential  $rm**fple  of  the  experiment  by 
Fizeau  consists  in  causing  a  too^yd  wheel  to  revolve  with  great, 
but  uniform  velocity,  in  a  plaj^e  perpendicular  to  the  track  of  a 
small  parallel  beam  of  ligl/^^The  toothed  wheel  in  its  rotation 
alternately  permits  an(B^(0^r*rcts  the  passage  of  the  beam,  accord¬ 
ing  as  an  interval  or  a^oi^th  is  interposed  in  its  track.  The  beam 
of  light,  after  trav^rsytg  the  distance  determined  upon,  is  reflected 
by  a  small  mirror  aim  may  or  may  not  be  intercepted  on  its  return,, 
depending  on^JPratio  of  the  velocity  of  rotation  of  the  wheel  and 
the  velocit>^[Jight.  Should  the  velocity  of  rotation  be  such  that 
the  ret^fo^g  beam  passes  through  the  next  interval,  the  circum- 
ferenc^r  the  wheel  would  have  moved  through  an  angle  equal  to 
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that  subtended  by  a  tooth  and  an  interval,  while  the  light  has  tra¬ 
versed  double  the  distance  from  the  wheel  to  the  reflector. 

When  the  angular  velocity  of  the  wheel  is  doubled,  the  light 
passes  through  the  second  interval,  and  so  on.  The  value  for  the 
velocity  of  light  determined  by  this  method  is  315,364  kilometres. 
Cornu  has  recently  made  use  of  the  same  method,  but  with  a  very 
much  improved  apparatus,  and  has  found,  as  the  mean  of  504  ex¬ 
periments,  the  value  of  300,400  kilometres  for  the  velocity  of  light 
in  vacuo,  with  a  probable  error  of  less  than  .001. 


260.  Foucault’s  method  is  a  modification  ^f(0p  preceding.  Let 
A,  in  Figure  37,  be  a  luminous  line,  BC  a  FmV whose  focal  length 
for  the  position  A  is  BJ  +  &D,  bOc  a  ^e^J^dng  mirror,  D  and  E 
circular  mirrors  whose  centre  is  at  O, M*a  glass  plate,  B,  a  reticle, 
and  L  an  eye  lens  to  view  the  image^A.  Now  if  the  mirror  O  is 
at  rest,  the  path  of  a  ray  from  A^^ssing  through  the  lens  BC  and 
reflected  from  O.  is  ABbl)  ;  relfiufcun £  by  reflection  from  D,  its  path 

ded  from  the  first  surface  of 


MM',  and  the  image  o£  seen  coincident  with  its  object  at  a. 
If  now  the  mirror  Oy^sjput  into  sufficiently  rapid  rotation,  the  re¬ 
turning  ray  meel^  gLat  b'Oc ',  and  the  ray  is  reflected  along  cC'A', 
and  its  image  is^£en  at  The  angle  bObr  is  known  from  the 
velocity  of  rotfOTdh,  the  distance  OD  is  given,  aftid  the  displacement 
aa  is  by  a  micrometer. 

ata  serve  to  measure  the  velocity  of  light  in  terms  of  the 
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angular  velocity  of  0.  By  the  addition  of  a  tube  filled  with  water 
at  FF',  the  velocity  of  light  in  water  was  found  and  shown  to  be 
less  than  that  in  air. 

In  the  diagram  annexed  to  the  figure,  ctb  is  the  position  of  the 
image  when  0  is  at  rest,  c'  when  0  has  a  determinate  velocity,  and 
a'V  the  corresponding  position  of  the  image  after  the  ray  has  tra¬ 
versed  the  water.  The  result  of  this  determination  is  298,187 
kilometres  for  the  velocity  of  light,  corresponding  to  a  solar  parallax 
of  8.86".  Michelson,  by  an  ingenious  modification  of  the  method 
of  Foucault,  by  which  he  separated  his  mirrors  2000  feet,  and 
caused  one  of  them  to  revolve  257  times  per  second,  obtained  a  de¬ 
flection  of  his  image  exceeding  133  millimetres,  and  thus  obtained 
results  which  are  claimed  to  be  exact  to  within  one  ten-thousandth, 
due  to  this  element  of  deflection. 

As  the  mean  of  1000  observations,  he  has  determined  299,930 
kilometres  per  second  for  the  velocity  of  light  in  vacuo. 

A  new  investigation  of  this  important  constant,  under  the  di¬ 
rection  of  Prof.  Newcomb,  is  now  in  progress,  and  which,  when 
completed,  will  undoubtedly  be  as  close  an  approximation  to  the 
true  value  as  the  present  state  of  experimental  science  can  furnish. 

261.  Assuming  that  light  is  due  to  the  transversal  vibrations  of 
the  luminiferous  ether,  we  see,  Eq.  (119),  that  in  isotropic  media 
the  velocity  of  light  depends  on  the  coefficients^^,  c,  etc.,  which 
are  functions  of  the  elasticity  and  density  of  tj^^edium. 

In  homogeneous  light,  or  that  in  whichA^is  constant,  V  will 
therefore  vary  when  light  passes  from i  j^fegJnedium  into  another. 
The  conclusions  derived  by  supposiijg^Q^riation  in  A,  the  medium 
remaining  the  same,  will  be  cons  VdAncler  the  dispersion  of  light. 


GEOMETRICAL  OPTICS. 

262.  In  geometrit^^fics  it  is  only  necessary  to  take  account 
of  the  variation  ofjl^jhnocity  due  to  a  change  in  the  elasticity  and 
density  of  the  e^jiej,  in  passing  from  one  isotropic  medium  into 
another.  we  consider  homogeneous  light  alone  in  the  dis¬ 

cussions  wbrefc^ollow.  These  changes  are  given  by  the  formula 


(289) 
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The  ratio  ft  is  called  the  index  of  refraction ;  it  is  the  ratio  of 
the  velocity  of  light  propagation  in  the  two  media,  and  is  called  the 
absolute  index  when  the  medium  from  which  it  passes  is  the  ether. 
When  any  two  other  velocities  are  compared,  the  ratio  is  called  the 
relative  index ;  the  relative  index  is  then  only  the  ratio  of  the  two 
absolute  indices.  When  reflection  is  considered  as  a  particular  case 
of  refraction,  g  is  always  taken  as  —  1. 

263.  A  radiant  is  a  point  from  which  the  rays  proceed  ;  it  is 
said  to  be  real  when  the  beam  is  parallel  or  diverging,  and  virtual 
when  converging.  A  focus  is  the  point  in  which  the  rays  meet 
after  deviation,  or  in  which  they  would  meet  if  prolonged  in  either 
direction  ;  in  the  former  case  the  focus  is  real,  and  in  the  latter,  if 
the  point  of  meeting  is  found  by  prolonging  the  rays  backward,  it  is 
virtual.  A  radiant  and  its  focus  are  the  centres  of  curvature  of  the 
nndeviated  and  deviated  pencils,  respectively.  In  the  following 
discussions,  distances  estimated  in  the  direction  of  wave  propaga¬ 
tion,  from  any  origin  whatever,  are  taken  as  negative ,  and  in  the 
contrary  direction  as  positive. 

264.  Deviation  of  Light  by  Plane  Surfaces .  Let  us 

suppose  the  incident  medium  to  be  any  whatever,  *  ’  ” 


the  ray  enters  any  other  medium,  as  glass,  whose 
Then,  Figure  38,  we  have,  for  the  first  refraction,  \sj 


in  which  ft  is  the  relative  index  of  air  refe 
first  reflection  we  have  ( 


sin  0  =  ft  sin  0', 


f^d^to  glass 


(290) 
;  and  for  the 


sin  (p  =  —  smL0. 


(291) 


The  angle  0'  is  1  ~~  11 


The  angle  0'  is  1  ~~  11  11  use 


velocity  of  wave  propagati^vbf  light  in 
air  is  found  by  experii^iiwo  be  greater 
than  that  in  glass.  J3fWld  the  velocity 
in  the  medium  %K2intromittance  be 
greater  than  th^Oh  the  medium  of  in¬ 
cidence,  g  .wo^d^be  less  than  unity  and 
0'  would >^^*reater  than  0.  The  re¬ 


velocity  of  wave  propagati^bf  ii 
air  is  found  by  experii^nMo  be  g 


ft  =  —  is  greater  than  unitj^uai^  the 


ft  =  —  is  greater  than  unitvj 


V 


V 


lat.in  tne  medium  ot  m- 
lobe  less  than  unity  and 
;reater  than  0.  The  re- 


Figure  38. 
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fracted  ray  will  meet  the  second  bounding  surface  of  the  medium. 


which  we  suppose  plane,  and  its  direction  on  emergence  into  air  is 
obtained  from  the  equation 


sin  (p,  =  -5  sin  (f> "  =  -  sin  0". 

v  p 


(292) 


If  the  second  plane  surface  is  parallel  to  the  first,  then  (p ,  in  the 
last  equation  will  be  equal  to  in  Eq.  (290),  and  we  will  have 
0"  —  (p  •  whence  we  see  that  the  ray  is  not  ultimately  deviated  in 
passing  through  a  medium  bounded  by  parallel  plane  surfaces,  and 
emerging  into  the  incident  medium. 

The  refracted  ray  is,  as  shown  by  the  figure,  not  coincident  with 
the  incident  ray,  but  is  displaced,  parallel  to  it,  by  a  distance  de¬ 
pending  upon  the  thickness  of  the  plate  and  the  angle  of  incidence  (f>. 
From  Eq.  (292)  we  also  see  that  the  refractive  index  of  one  medium 
referred  to  another  is  the  reciprocal  of  the  refractive  index  of  the 
latter  referred  to  the  former. 

265.  The  parallelism  of  emergent  and  incident  rays  is  likewise 
true  when  light  traverses  any  number  of  parallel  plates  of  different 
refractive  media.  Thus,  let  A,  B ,  (7,  be  consecutiv^^rallel  plates 
of  different  media,  and  fi,  i u',  fi",  their  respective  a^^ufe  refractive 
indices;  then,  in  supposing  incident  light  tcwp^peeed  from  and  to 
emerge  finally  into  a  vacuum  through  these>^mtbs,  we  will  have 

V  (<&  1 

sin  (f>  =  sin  </>'  =  M  sirjjj,' 


77  sin  =  ~  <t>"> 

"  ii  t1 


V 


Vjs 

V 


v  til 

V 


> 


(293) 
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whence  we  have, 

sin  0  =  f  sin  0"  =  \i"  sin  0'"  =  sin  0iv.  (294) 

Experiment  shows  that  the  relative  index  for  solids  and  liquids, 
referred  to  air,  differs  but  little  from  their  absolute  indices,  and  in 
geometrical  optics,  these  relative  indices  may  be  assumed  for  the 
absolute  indices,  when  air  is  the  incident  medium. 


266.  j Refraction  by  Optical  Prisms.  An  optical 
prism  is  a  refractive  medium  bounded  by  two  plane  surfaces  enclos¬ 
ing  a  diedral  angle;  the  faces  of  this 
angle  form  the  deviating  surface  for 
luminous  rays.  In  the  optical  prism 
BAC  take  the  plane  of  incidence  nor¬ 
mal  to  the  axis  of  the  prism. 

Let  a  be  the  refracting  angle  of 
the  prism,  0,  0',  and  0,,  <p„,  the  first 
angles  of  incidence  and  refraction, 
and  second  angles  of  incidence  and 
refraction,  respectively;  let  ^  be  the 

relative  index,  and  d  the  total  deviation  of  the  ray^aTRJA  passing 
through  the  prism.  Then  we  have 


sin  0  =  tfi 


sm  0,  =  - 


ft  sin  0’,  ) 

-  sin  0^  ( 

"  VCF 

,  =  A S 


jsP 


0 


(295) 


0'  +  0,  = 

0  +  0,,  (■  (296) 

=  (0  (0"  ~  0')-  ' 

S  is  therefore  a  functNS^  but  one  independent  variable.  Let 
this  be  0' ;  then  we  have,  from  Eqs.  (296),  by  differentiation, 


_  _  , 
d0’  ~  ’ 

d0„  d0,  _  p  cos  0' 
d(f>,  d<p!  cos  0 


\i  cos  0, 

COS  (pf,  9 


(297) 


(298) 


164 


ELEMENTS  OF  WAVE  MOTION. 


which,  when  placed  equal  to  zero,  gives  <b'  =  <p,  and  </>  =  <?„• 
Taking  the  second  differential  coefficients,  we  have 


(PS  _  dty  d*4>„  df? 
dfi*  ~  #'2  +  #,2  ’  #'2 


=  ,( 


ijj,  cos2  <f>'  sin  <p  —  cos2  (f>  sin 


cos8  <f> 

+ 


►  (299) 


/.i  cos2  4>,  sin  <ft„  —  cos2  </>„  sin  ft,\ 

cos3  <t>„  ) 


Substituting  the  above  values,  we  get 

cm  _  2 (i  (u  cos2  <; ft'  sin  <p  —  cos2  ft  sin  ft') 
dcpr2  —  cos3  <(> 


(300) 


which  is  positive  when  ju  >  1,  and  negative  when  ft  <  1.  The 
former,  therefore,  corresponds  to  a  minimum  and  the  latter  to  a 
maximum.  Therefore  we  conclude,  that  when  the  angle  of  inci¬ 
dence  is  equal  to  the  angle  of  emergence,  the  deviation  is  a  mini¬ 
mum  when  the  medium  of  the  prism  has  a  refractive  index  gieatei 
than  unity,  and  the  deviation  is  a  maximum  when  the  refractive 
index  is  less  than  unity. 

The  former  is  the  more  usual  case,  and  will  JitoWter  be  as¬ 
sumed. 


Vill  Jj^TCTfb 

men.  <7 

Substituting  this  value  of  <p,,  in  Eq.  (296V^»liave 

<t>  =  an(i  also^r^'  =  f  ‘ 

This  furnishes  a  staple  method  ^-determining  experimentally 
the  relative  index  of  any  medii^Byh'oferred  to  air.  Thus,  if  the 
medium  be  a  solid,  a  prism  p&iFis  formed  whose  refracting  angle 
and  the  position  of  a  small  tfsMllel  beam  of  homogeneous  light  at 
its  minimum  de viatio q^^^erimen tally  determined.  The  values 
of  a  and  d,  substituta^A^the  equation 


sin 


•enables  us 
If 
plate 


& 

to  find  fi. 


V  sm  ^ . 


(301) 


jhbstance  be  a  liquid,  a  hollow  prism  whose  sides  are 
iass,  each  with  parallel  faces,  is  filled  with  the  liquid,  and 


- 7  -  -  X 

theAame  measurements  made  as  in  the  case  of  the  solid  prism. 
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267.  The  refractive  indices  for  the  same  medium  vary  with  the 
wave  length,  since,  as  shown  by  Eq.  (119),  the  velocity  varies  with 
this  length.  Therefore,  the  color  of  the  ray  must  be  stated  for 
which  the  refractive  index  is  taken. 


Table  of  Refractive  Indices  for  Yellow  Rays. 


Solids. 

Chromate  of  Lead,  2.50  to  2.97 
Diamond,  .  .  .2.47  to  2.75 
Carbonate  of  Lead,  1.81  to  2.08 
Flint  Class,  .  .  .1.57  to  1.58 
Crown  Glass,  .  .  1.525  to  1.534 
Plate  Glass,  .  .  .  1.514  to  1.542 
Ice, . 1.310 


Liquids. 

Carbon  Bisulphide,  .  1.678 
Olive  Oil,  ....  1.470 
Sulphuric  Acid,  .  .  1.429 
Hydrochloric  Acid,  .  1.410 
Alcohol,  .....  1.372 
Water, . 1.336 


make  the  same  angle  j&i^f^Phe  axis  OA,  will  after  reflection  meet  in 
/'.  As  this  point  <^j]hcidence  I  is  taken  nearer  to  A,  the  corre¬ 
sponding  point  f  SF  move  to  the  right  and  approach  some  limit¬ 
ing  position  oiarJhe  axis,  as  /,,  and  the  pencil  maybe  taken  so 
small  as  to^mfff^r  th^  distance  f'f,  less  than  any  assignable  value. 
The  posi^^yb  is  called  the  geometrical  focus  of  the  reflected  pencil. 
We  caniap^roximate  in  the  same  way  to  the  geometrical  focus  of  a 


268.  Deviation  of  Light  by  Spherical  Surfaces . 
Let  O  be  any  radiant,  BAD  any  spherical  reflecting  surface,  and  C 
its  centre  of  curvature ;  then  the  direction  of  any  ray  deviated  by 
reflection  can  be  readily  determined  when  </>  is  known.  Let  OI 
be  any  incident  ray  and  If'  be  the  corresponding  reflected  ray; 
then  all  incident  rays  which  proceed  from  the  same  reliant,  and 


Figure  40n 
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pencil  refracted  by  a  medium  bounded  by  a  spherical  surface,  when 
<p  and  i u  are  known. 

The  principal  focus  of  a  spherical  reflecting  or  refracting  sur¬ 
face  is  the  geometrical  focus  of  a  small  parallel  beam  of  light, 
whose  axis  coincides 
with  the  axis  of  the 
surface. 

Let  F  be  the  virtual 
focus  of  the  rays  which 
proceeding  from  0,  Fig. 

41,  meet  the  surface  at 
the  angular  distance  6 
from  the  axis,  after  de¬ 
viation  by  refraction;  then  we  have,  in  the  triangles  CIO  and  GIF, 


sin  0  f  —  r  sin  6  _  u 

sin  0  ~~  s~~’  sin  <j>'  /'  —  r’ 


(302) 


in  which  /  =  AO,  /'  =  AF ,  r  =  AO,  u  =  FI,  and  s  =  01. 


Eliminating  0,  and  combining  the  resulting  equations  with 
sin  <t>  =  ju  sin  <p’ , 

.  r& 

S  _  f—r 

we  have  “  f  -r‘  ^ 

From  the  triangles  we  have  O 

s2  =  (f  —  r)2  +  r2  —  r)  cos  0 

=  f2-2r  (/-©i  Versin  6 , 

u2  =  (/'  -  rf&t2  +  2r  (/'  -  r)  cos  0 
—  fz  —  (/'  —  r)  versin  0. 

Substituting  w^i^s'from  these  equations  in  (303),  and  re¬ 
ducing,  we  have 


(303) 


(304) 


(/  -  r)  V/ppF (/'  -  r)  versin  6  f  (305) 

=  H  (/'  _  r)  V/2  —  2r  (/—  r)  versin  0.  ) 

ThMelation  existing  between  /  and  /'  by  this  equation  shows 
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that  for  every  constant  value  of  /  the  values  of  /'  will  vary  with  6, 
and  therefore  rays  proceeding  from  a  radiant  on  the  axis  will  not  in 
general  meet  the  axis,  after  deviation,  in  a  single  point ;  and  for 
particular  values  of  0,  every  value  of /  will  give  a  real  value  for  /'. 

The  two  distances  /and  /',  being  thus  related,  are  called  conju¬ 
gate  focal  distances . 

269.  The  surface  of  accurate  refraction,  which  is  independent 
of  0  for  a  given  radiant  0,  on  the  axis,  is  formed  by  revolving  about 
the  axis  OA  a  curve  such  that,  for  any  incident  ray  01,  01',  etc., 
we  have  01  +  g IF  =  01'  +  gl'F  =  a  constant.  Among  the  par¬ 
ticular  cases,  we  have 

1°.  When,  if  the  incident  rays  are  parallel,  then  the  incident 
surface  must  be  convex  and  a  portion  of  a  prolate  spheroid,  whose 

eccentricity  is  e  = 

2°.  When  the  incident  rays  diverge  from  the  further  focus  of  an 
hyperboloid  of  revolution  and  the  eccentricity  of  the  generating 
curve  is  e  =  g,  the  deviated  rays  will  then  be  parallel. 

3°.  The  refraction  at  a  spherical  surface  is  accurate,  for  a  diverg¬ 
ing  pencil  at  a  concave  surface,  and  for  a  converging  Pencil  at  a 
convex  surface,  when  the  radius  is  a  mean  proportion^ber^een  the 
conjugate  focal  distances,  estimated  from  the  centred  tfhrvature. 


270.  If  versin  6  be  zero,  we  will  have 


(306) 


or, 


whence. 


(307) 


an  equation  from  wl^chMie  distance  of  the  geometrical  focus  /', 
corresponding  to  anw  raaiant  /,  can  be  found. 

For  all  pendI$Sbir  which  6  is  so  small  as  to  make  its  versed-sine 
approximately^*),  the  above  equation  can  be  employed  to  find  the 
con  jugate  Ami-  distances. 

Such  pencils  are  called  small  direct  pencils. 
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271.  Application  of  Etp  {305)  to  Reflection  at 
Plane  Surfaces.  Let  BAD  be  any  plane  reflecting  surface; 
then,  in  Eq.  (305),  0  becomes  zero  for  all  positions  of  the  radiant  0 
on  the  axis  O'AO,  /*  =  —  1,  and  Eq.  (305)  reduces  to 

/=-/';  (308) 


therefore  the  conjugate  focus  is  as  far  behind  the  reflector  as  the 
radiant  is  in  front,  and  the  vergency  of  rays  is  not  affected  by  re- 
flection  from  plane  sur¬ 
faces.  The  image  of 
any  object  seen  by  re¬ 
flection  appears  to  oc¬ 
cupy  a  corresponding 
position  behind  the  re¬ 
flector,  no  matter  where 
the  eye  be  placed  to  view 
it ;  the  only  change  be¬ 
ing  that  the  apparent 
right-hand  side  of  the 

image  corresponds  to  the  left-hand  side  of  the  object. 

Hence  the  image  of  a  printed  or  written  word  presi 
in  an  inverse  order,  from  left  to  right,  with  the  lettM^ 


Figure  42. 


the  clear  impression  of  a  word  on  a  blotter, 
plane  mirror  will,  however,  exhibit  the  letb 
proper  form  and  arrangement.  It  is  al§o 
reflection  of  an  object  would  reverse 
the  first  image  and  thus  make  the 
second  image  similar  in  all  respects^, 
to  the  appearance  of  the  object,  w 
Figure  43  shows  the  pei  iMfoi 
rays  apparently  proceedmg^rom 
the  virtual  image  formeclx^  plane 
reflector  for  two  of 

eye,  and  it  is  evide^i^hat  wherever 
the  eye  be  lo<  in  front  of  the 
reflector,  it  receive  a  reflected 


;s  the  letters 
reversed ; 
m  'reflected  by  a 
id  word  in  their 
dent  that  a  second 


pencil 

were 


Figure  43. 


same  vergency  as  if  it 
i g  a  real  object  located  at  the  position  of  the  virtual 
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272.  Multiple  Reflection .  When  a  radiant  P,  Figure  44, 
is  seen  by  reflection  in  two  parallel  mirrors,  the  distance  of  the 
image  P'  from  P, ,  each  being  due 
to  a  single  reflection,  is  double  the 
distance  separating  the  mirrors. 

Each  image,  P'  and  P, ,  considered 
as  a  new  radiant,  will  determine  a 
new  virtual  focus  at  a  distance  be¬ 
hind  the  mirror  which  it  faces  equal 
to  its  distance  in  front,  and  so  on; 
therefore  the  images  of  the  point  P 
will  be  theoretically  unlimited  in 
number,  and  will  all  be  located  on  the  normal  to  the  mirrors 
through  P.  The  loss  of  light  by  reflection  will  diminish  the  inten¬ 
sity  of  each  successive  image,  and  ultimately  cause  the  luminosity 
of  the  succeeding  ones  to  be  inappreciable. 


273.  Multiple  Reflection  by  Inclined  Mirrors .  Let 
OM  and  OM',  Figure  45,  be  two  plane  mirrors  inclined  to  each, 
other  at  the  angle  i,  and  P  be  any  luminous  point  in  the  included 
angle.  With  0  as  a  centre,  describe  the 
circumference  MPM' ;  then  the  two 
series  of  images  of  P  formed  by  the  mir¬ 
rors  M  and  M'  will  be  P',  P",  P'",  etc., 
and  P,,  P„,  P,„,  etc.  Kegarding  P  as 
an  image,  the  number  of  images  formed 
will  depend  on  the  angle  of  the  mirror^y 
the  number  increasing  as  the  angle  di¬ 
minishes.  If  the  angle  i  be  an  al(^jnt 
part  of  180°,  the  number  isrtunited 
wherever  P  be  located  in  the  ^OlPM'. 

If  i  be  60°,  90°,  or  120°,^l^limnber  of 
images  will  be  six,  fou£Vmd  three,  respectively.  When  MM'  is 
contained  an  entiremufnoer  of  times  n  in  the  circumference,  there 
will  be  n  +  1  images  of  P,  counting  P  as  one  image,  except  when 
n  is  even ,  or  whA^f  is  uneven  and  P  is  at  the  middle  of  MM'.  In 
the  latter  <jx^$>tion,  two  images  coincide  and  are  considered  as  but 
one.  rIfli^$fleidoscope  is  based  on  this  principle  of  multiple  re¬ 
flection. 
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274.  Angular  Velocity  of  the  Reflected  Ray .  When 
a  ray  is  incident  on  a  plane  mirror,  and  the  latter  is  turned  about 
an  axis  in  its  plane,  the  angular  displacement  of  the  ray  is  double 
that  of  the  mirror;  for  the  incident  ray  being  constant  in  direction 
if  the  angular  displacement  of  the  mirror  is  a,  the  normal  to  the 
mirror  has  also  turned  through  the  angle  «,  and  the  angle  of  inci¬ 
dence  has  been  either  increased  or  diminished  by  the  same  angle; 
and  since  the  angles  of  reflection  and  incidence  are  equal,  the  angle 
of  reflection  has  been  increased  or  diminished  by  the  same  value ; 
therefore  the  angle  that  the  reflected  ray  makes 

with  the  incident  ray  has  been  augmented  or  di- 
minished  by  2a,  due  to  the  change  of  direction  of 
the  mirror  a . 

275.  When  a  ray  is  deviated  by  reflection  by 
two  mirrors  inclined  at  an  angle  i  to  each  other, 
the  angle  included  between  the  original  direction 
and  the  direction  after  the  second  reflection  is 
double  the  angle  included  between  the  mirrors. 

Thus,  in  Figure  46,  let  0  and  0'  be  the  first  and 
second  angles  of  incidence  and  x  the  required  an¬ 
gle  ;  then  we  have 

20  =  20'  +  x,  and  0  —  0' 
x  =  20  —  20'  =  2  i. 


M 

V 

f*\ 

M\  1 

V 

=T 


Figure  46. 


1>1^ 


(309) 


The  sextant  is  constructed  on  this  principle  ;  M  is  the  index- 
glass,  and  M'  the  horizon-glass,  and  the  pirate  x  is  read  off  on  the 
circular  arc,  the  units  of  which,  for  thifepmrpose,  are  marked  double 
their  true  value. 

cy 

276.  Deviation  of  SmgQL  Direct  Pencils  by  Spher¬ 
ical  Surfaces .  Resumin^JEq.  (307),  and  limiting  the  discus¬ 
sion  to  small  direct  pe^feij&JfiSviated  by  any  number  of  spherical 
deviating  surfaces,  wg  Klwb 

Oi 

f 

If  no’sy  we^regard  /'  as  a  new  radiant,  its  conjugate  focus  /", 
after  a  second  refraction  by  another  medium  bounded  by  a  spherical 
surfa(tt,wm  be  given  by 


P— 1 
\ir 


+ h * 
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1  _  —  1  .  1 

/"-  \i!r' 


(310) 


in  which  /',  /",  are  the  first  and  second  focal  distances  from  the 
•origin,  r'  the  radius  of  curvature  of  the  second  spherical  surface, 
d  the  distance  of  the  second  surface  from  the  first,  measured  on  the 
axis  of  the  pencil,  and  ^  the  relative  index  of  refraction  of  the  sec¬ 
ond  medium.  In  the  same  way,  for  any  number  of  media,  we  will 
have  for  the  focal  distance, 


1  _fln  __  l  1 

/»+i  jLnrn  un  (fn  +  d71"1)' 


(311) 


By  the  substitution  of  these  values  in  succession,  the  final  focal 
distance  can  be  found.  In  ordinary  cases,  the  thickness  d  can  be 
neglected  in  comparison  with  the  radiant  distance  f,  and  hence  the 
equation  can  be  written 


(312) 


If  the  pencil  emerge  from  the  first 

incident  medium,  in  Eq.  (310)  will 
have 


Considering  this  focus  /"'a  new  radiant,  its  conjugate  focus, 


f  w,  after  deviation  by  @other  medium,  bounded  by  two  other 
spherical  surfaces,  wn^gl  radii  are  r"  and  r"',  will  be  given  by 
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277.  Representing  principal  focal  distances  by  F}  properly  ac¬ 


cented,  we  will  have,  since  /  =  a o  and  -j  ■=  0, 

1  _  fi  —  l 

~FV  ~  [ir  ' 

F,  =  (t1  —  !)  (-  - 

L  =  (,"-i)(^-ri)  +  (ft-i)  (i-i,) 


_  Ft'  +  F2’ 


and,  generally, 


1  11  1  ,  1 
iVn~F;  +  F?  +  w  +  efcc'  ~  f; 


(315) 

(316) 

(317> 

(318> 


Substituting  in  Eq.  (313)  for  its  value,  Eq.  (316),  we  have 
ft  2 


J_  _  JL_  _1 
f”  ~  F,  +  /’ 


(319) 


<5^ 

an  equation  suitable  for  the  discussion  of  tha^fevTation  of  a  small 
direct  pencil  of  light,  by  refraction  by  a  m^m  whose  bounding- 
surfaces  are  spherical,  and  whose  thiclS^'s  can  be  neglected. 
This  equation  being  of  the  first  deg*6§VNjd  containing  two  varia¬ 
bles,  /  and  /",  there  are  an  infinity  number  of  sets  of  values  of  the 
conjugate  focal  distances  which  wil^satisfv  it.  It  is  usual  to  con¬ 
sider  the  radiant  distance  f  ^the  independent  variable,  and  the 
focal  distance  f"  as  the  funrfmpfi. 

278.  A  lens  is  anyvHraiium  bounded  by  curved  surfaces,  used  to 
deviate  light  by  re^cpon.  The  lenses  ordinarily  used  have  spher¬ 
ical  surfaces,  becausS’m  the  readiness  with  which  these  surfaces  can 
be  ground  aj^qMished.  Spherical  lenses  are  either  concave  or 
convex .  /AJ 

Th$\?3wex  lenses  are  three  in  number,  viz.,  the  double  convex ,, 
,  and  concavo-convex  or  meniscus ,  and  are  designated 
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in  Figure  47  as  1,  2,  and  3,  respectively.  There  are  also  three  con¬ 
cave  lenses,  viz.,  the  double  concave ,  the  plano-concave ,  and  the 
convexo-concave ,  designated  as  4,  5,  and  6  in  the  figure. 


3 


2 


6 


4 


5 


Concave 


Convex 


Figure  47. 


279.  The  principal  focal  distance  of  a  spherical  lens  being 
given  by 


we  see  that  it  is  constant  for  the  same  medium  and  the  same  curv¬ 
ature.  Taking  ^  >  1,  as  is  the  case  when  light  enters  from  air 
into  the  several  media  of  which  the  usual  lenses  are  composed,  and 
remembering  the  rule  with  respect  to  the  sign  of  measured  dis¬ 
tances,  we  see  that,  from  any  origin, 


ive  for  all  convex,  and  positive  for  alvQsacave  spherical 
The  numerical  value  of  n  the 

tr  values  of  \ u,  r,  and  r'. 


d  positive  for  alj^^ncave  spherical 
of  "  n  the 


is  negative  for  all  convex,  and  positive  for  al 
lenses.  The  numerical  value  of 
particular  values  of  ju,  r,  and  r’. 


280.  Discussion  of  the  Properties  of  a  Lens .  By 


this  is  meant  the  determination  of  ‘focus  corresponding  to  any 
pos:  the  lens. 


By  assuming  J^a|ues  of  /  equal  to  +  oo ,  +  2 F2,  F2,  0,  and 
—  go  ,  we  '  T>m  the  solution  of  Eq.  (320),  for  the  correspond¬ 
ing  values^ 


—  2F2 ,  —  oo ,  0,  and  —  F2 ; 
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and  since  the  conjugate  focal  distances  are  connected  by  the  law  of 
continuity  through  Eq.  (320),  we  see  that  as  the  radiant  moves 
along  the  axis 

from  +oo  to  +  2F2,  the  focus  will  move  from  —  F*  to  —  2F<i ; 

“  +  2 F2  to  F9,  “  “  “  —  2F,  to  —  oo  ; 

“  +  F9  to  the  lens,  “  “  66  +  oo  to  the  lens; 

“  the  lens  to  —  oo,  “  “  “  the  lens  to  —  F2. 

Again,  since  positive  values  of  /  correspond  to  real  radiants  and 
negative  values  to  virtual  radiants,  and  negative  values  of  /"  to 
real  foci  and  positive  values  to  virtual  foci,  the  above  results  may 
be  grouped  in  the  diagram  of  Figure  48. 


2°.  Concave  lens.  Its  equation  is 

JL  _  .1  1 

y"  —  T?  “f" 


-  & 

f,T7'  XT  (321) 

The  special  values  of  the  radiant  distw^s  necessary  to  be  con¬ 
sidered  are 

+  00  ,  0,  F %  ,  2  }  00  9 

for  which  the  corresponding  focal  ©f  dances  are 
+  F*i ,  0, 


Light. 


Figure  49. 
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and  in  the  diagram  of  Figure  49  for  this  lens,  it  will  be  noticed 
that  there  is  a  complete  analogy,  if  the  words  virtual  and  real  be 
interchanged  in  the  convex  and  concave  lenses. 

281.  Relative  Telocities  of  the  Radiant  and  Fo¬ 
cus .  Differentiating  the  equation  for  lenses, 


--  ±- 

r  ~  ±  ft 


i 

+  7, 


and  dividing  both  members  by  dt,  we  have 

df"  1  _  df  1  . 
dt  ’  /"2  “  dt  '  P’ 


(322) 


or  replacing  the  differential  coefficients  by  their  equals  F"  and  F, 
we  have 

V"  V 

=  p  m 

Since  the  ratio  of  the  velocities  is  positive,  whatever  be  the 
values  of  f  and  we  see  that  the  motion  of  the  conjugate  foci  is 
in  the  same  direction,  and  that  their  velocities  are  directly  propor¬ 
tional  to  the  squares  of  their  distances  from  the  lens. 

nP 

282.  Discussion  of  Spherical  Reflects*}.  Eq.  (307) 
gives  the  circumstances  of  the  deviation  of  lighhfiKa  single  surface, 
and  which  in  case  of  reflection  becomes,  sinc§J0t=  —  1, 

i_!  JnV 

f'~  r 


and  since  r  is  positive,  the  reflectoQb  concave. 


(324) 


we  have,  for  the  principal  f( 
equation  for  a  concave  re, 


o 


•e{ted0^ 

Of  _ 


Making  /  =  oo , 


.istance,  Fx  =  therefore,  the 


(325) 


For  a  conve. 
form  of  />> 


-L_I 

f  ~  *i  f 

ctor,  r  being  negative,  the  equation  takes  the 
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(327) 


or 


/'  ~  Fx  f 


In  reflectors*  when  the  origin  is  taken  at  the  reflector,  it  is 
easily  seen  that  real  radiants  and  real  foci  have  the  positive  sign, 
and  virtual  radiants  and  virtual  foci  have  the  negative  sign. 

Making  the  discussion  as  in  lenses,  we  readily  obtain  the  follow¬ 
ing  conclusions,  viz. : 

Concave  Reflector.  Beginning  with  a  real  radiant  at  + 
the  focus  will  be  real  and  at  Fl ;  as  the  radiant  moves  toward  the 
reflector,  the  focus  moves  in  the  opposite  direction,  these  points 
passing  each  other  at  the  centre  of  curvature ;  real  radiants  from 
this  point  to  +  Fx  correspond  to  real  foci,  located  between  the 
centre  and  -f  oo;  as  the  radiant  approaches  the  reflector,  the  focus 
changes  from  real  to  virtual,  and  approaches  the  reflector  from 
—  oo ,  both  radiant  and  focus  meeting  at  the  reflector ;  finally,  the 
radiant  being  virtual  and  proceeding  to  —  oo ,  gives  real  foci  be¬ 
tween  the  reflector  and  4-  Fx . 

These  relations  are  shown  in  the  diagram  of  Figure  50. 


Virtual  Radiants, 


give  real  foci. 


Convex  Reflector.  A  singWdiscussion  of  the  equation 


will  show  that  all  ^alimdiants  from  +  oo  to  the  reflector  give  vir¬ 
tual  foci,  locate<J*beEween  — Fx  and  the  reflector;  that  all  virtual 


oo  give  virtual  foci  between  —  oo  and  —  Fx . 
,sSg%  grouped  in  Figure  51. 


th^  sm&ctor  and  +  oo ;  and  that  all  virtual  radiants  between 
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Incident 

Light. 

Virtual  Radiants, { 

\ 

Real  Radi-artts, 

/ 

1 _ 

give  virtual  foci.. 

give  1 

real  1 

> 

give  virtual  foci. 

c  f]T 

foci.  ol 

•f-co 

Figure  51. 

283.  Differentiating  the  equation  for  reflectors, 

A- +l_i 

f'~±F1  f’ 


(328) 


dividing  by  dt,  and  replacing  the  differential  coefficients  by  the  ve¬ 
locities,  we  have 

V  V 

-75=  -  7**  (339> 


P 


from  which  we  see  that  the  velocities  of  the  conjugate  foci  are  di¬ 
rectly  proportional  to  the  squares  of  their  distances  from  the 
reflector;  and  that  the  motion  of  these  points  is  in  opposite 
directions. 

284.  From  the  preceding  discussions  it  is  evident  thai  the  con¬ 
vex  lens  and  concave  reflector  increase  the  convergennvtfAincident 
light,  and  therefore  either  change  incident  divergin^Spbncils  into 
converging  ones,  or  make  them  less  diverging;  dj^rhat  the  con¬ 
cave  lens  and  convex  reflector  increase  the  divargBimy  and  diminish 
the  convergency  of  incident  light.  Therefm^^ne  office  of  the  con¬ 
vex  lens  and  concave  reflector  is  to  ays,  and  that  of  the 

concave  lens  and  convex  reflector  to  stpchme  them. 


285.  Poiver  of  a  Lens .  ^The  expressions 
1  1 

7 

may  be  taken  to  mea  vergency  of  the  incident  and  deviated 

pencils,  respectively;  V,  since  the  pencils  are  small  and  direct,  / 
and  /"  may  be  d*AjJ)dered  as  the  radii  of  the  same  arc,  subtended 
by  the  incidejffG)^.  refracted  pencils  at  the  distance  of  the  lens 
from  these^qmrs  ;  hence  their  reciprocals  will  have  the  same  ratio 
as  the  ari^s  of  the  pencils  themselves.  By  the  'power  of  a  lens  is 
12 
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meant  its  capacity  to  deviate  that  ray  of  the  small  pencil  which 
meets  the  lens  at  the  unit’s  distance  from  the  axis,  and  since 


we  see  that  the  vergency  after,  diminished  by  that  before  deviation, 
and  which  is  evidently  the  vergency  increment,  is  for  the  same  lens 
constant  and  equal  to  the  reciprocal  of  the  principal  focal  distance. 
Hence,  to  ascertain  the  power  of  a  lens,  we  have  the  following  rule : 
Draw  that  ray  of  the  pencil  which  meets  the  lens  at  the  unit’s  dis¬ 
tance  from  the  axis,  and  find  the  corresponding  conjugate  focus  of 
the  radiant;  the  angle  between  the  incident  ray  prolonged  and  the 
refracted  ray  is  the  power  of  the  lens.  Or,  find  the  principal  focal 
distance  of  the  lens,  and  take  its  reciprocal.  Since  the  deviation  of 
each  ray  of  the  pencil  varies  with  its  inclination  to  the  axis,  it  is 
better  to  find  the  devia¬ 
tion  of  the  ray  at  a  ' 

unit’s  distance,  al- 
though  any  other  ray 

would  answer,  not  too  ^  ll|f  \ 

near  the  axis;  thus  the  \|f 

axial  ray  is  undeviated,  Figure  52.  & 

the  next  is  but  slightly 

deviated,  and  so  on  to  the  extreme  ray,  whjcOSis  deviated  the  most. 
It  is  also  evident  that  two  lenses,  constntJwtl  of  the  same  material 
and  with  faces  having  the  same  cu/^SHwe,  are  of  the  same  power. 
Thus,  the  two  lenses,  A  and  B,  Ejgdir'52,  will  bring  the  divergent 
pencils  P  and  P'  to  the  same  foc(&fif". 

Oj 

286.  To  find  the  ncipal  Focal  Distance  of  a 


Lens.  Since  we  ha’ 


(331) 


it  is  evidan^Hiat  the  power  of  the  lens  depends  upon  the  refractive 
indcY'^vthc  curvature  of  its  faces.  ’When  these  are  known,  the 
power)vhid  hence  the  principal  focal  distance,  can  be  readily  found. 


RELATING  TO  SOUND  AND  LIGHT. 


179 


1 


Thus,  the  value  of  for  a  meniscus  crown  glass  lens  whose 


radii  are  6  and  3  feet,  respectively,  and  refractive  index  1.525,  is 


therefore  the  principal  focal  distance  is  negative,  and  11.42+  ft. 
from  the  lens.  Practically  the  principal  focal  distance  of  a  negative 
lens  can  be  found  by  measuring  the  distance  of  the  focus  of  a  beam 
of  sunlight  from  the  lens,  since  these  rays  may  be  taken  as  parallel 
before  deviation,  and  the  radiant  as  at  an  infinite  distance;  or,  since 
when  the  radiant  is  at  a  distance  of  +  2 F2  the  conjugate  focus  is 
formed  at  a  distance  of  —  2i^,  these  positions  can  be  found  exper¬ 
imentally,  and  one-fourth  of  their  distance  apart  will  be  the  value 
of  F%.  The  principal  focal  distance  of  positive  lenses  can  fie  found 
by  associating  them  with  negative  lenses  of  greater  power,  finding 
the  principal  focal  distance  of  the  combination  by  either  of  the 
above  methods,  and  subtracting  from  the  power  of  the  combination 
the  power  of  the  negative  lens;  the  remainder  will  be  the  power  of 
the  positive  lens,  and  its  reciprocal  the  principal  focal  distance. 


This  method  depends  on  the  equation 


287.  For  reflectors,  we  have 


whence,  the  sum  of  the  verge i^^s  before  and  after  deviation  is 
equal  to  the  power  of  the  refle^c.  The  principal  focal  distance  of 
a  spherical  reflector  bein^Zhai  to  half  its  radius  of  curvature, 
there  is  no  difficult^n^ramg  its  power.  When  the  reflector  is 


plane,  becomes  zer&^md  we  have,  as  in  Art.  271, 


altv 

3  zerfc*^ 

S> 


Hence^fojte  reflectors  have  no  power  to  change  the  vergency  of 
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288.  Deviation  of  Oblique  Pencils  by  Deflection 
or  Refraction  at  Spherical  Surfaces .  When  the  axis 
of  the  pencil  is  not  coincident  with  the  axis  of  the  deviating  surface, 
the  pencil  is  said  to  be  oblique .  When  the  axis  of  the  oblique  pen¬ 
cil  meets  the  surface  at  a  point  with  reference  to  which  the  area 
covered  by  the  pencil  is  symmetrical,  the  incidence  is  called  centri¬ 
cal ,  and  when  otherwise,  excentrical .  We  have  seen,  Art.  268,  that 
the  rays  from  a  single  radiant  on  the  axis  of  the  deviating  surface 
are  not  in  general  brought  to  a  single  focus,  but  that  by  Eq.  (305) 
we  can  find  the  particular  direction  of  any  deviated  rav.  The  prin¬ 
ciples  enunciated  in  Art.  85  show  that  the  consecutive  deviated  rays 
will  be  tangent  to  some  surface,  which  is  the  locus  of  their  consec¬ 
utive  intersections,  and  which  may  therefore  be  regarded  as  their 
envelope.  This  surface  is  called  the  caustic  surface .  The  general 
problem  of  caustic  surfaces,  as  outlined  in  Art.  85,  is  one  of  con¬ 
siderable  intricacy,  and  it  is  sufficient  to  consider  only  those  of 
deviating  surfaces  of  revolution,  since  such  surfaces  are  usually 
employed  in  optical  instruments.  A  surface  of  revolution  has  in 
general  two  generatrices  ;  one  being  the  meridian  curve,  and  the 
other  a  circle  in  a  normal  plane  to  the  meridian  curve. 

If  we  consider  any  indefinitely  small  area  of  the  deviating  sur¬ 
face,  we  see  that  the  deviated  rays  will  form  two  s^JeW^  of  develop¬ 
able  surfaces  at  right  angles  to  each  other,  the  surface  is 

conceived  to  be  generated  by  the  curves  ab^v’eferred  to.  Each 
deviated  ray  will  belong  at  the  same  time  WyKoth  systems,  and  the 
consecutive  intersections  of  the  rays  in /j^jiane  of  each  system  will 
form  a  curve  of  regression,  which  wjfPy^vthe  caustic  curve  cut  out 
of  the  caustic  surface  by  the  pla$c  in  question.  To  illustrate,  let 
HAK,  Figure  53,  be  a  portioi^jf  a  spherical  deviating  surface, 
whose  axis  CQ  contains  tlnO^adiant  Q.  We  may  regard  the  inci¬ 
dent  pencil  as  being  made  (^kof  a  series  of  conical  surfaces  of  rays, 
whose  angular  spread^^^tlfe  surface  varies  from  the  extreme  value 
HOC  by  continuity  tf^^ero.  Each  cone  of  rays  will  have  a  single 
focus,  such  as  rf^h)  s>  since>  by  Eq.  (305),  f  is  a  function  of 
(  f>  0)  only,gjulme  consecutive  foci  of  these  cones  will  be  spread 
over  the  ax^Stfm  that  point  corresponding  to  the  extreme  cone  to 
the  geojn/p^ml  focus  of  the  small  direct  pencil.  The  intersections 
of  tl^^^^secutive  deviated  cones  will  form  consecutive  curves  of 
the^cak^tic  surface,  whose  planes  are  normal  to  the  axis  of  the  de- 
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viating  surface.  Consider  now  the  annular  area  of  the  deviating 
surface  formed  by  revolving  the  indefinitely  small  area  IiAK  around 
the  axis  CQ.  The  corresponding  annulus  of  the  caustic  surface 
will  be  at  the  limit  the  arc  of  a  circle,  and  when  HK  is  very  small 
it  may  be  taken  as  such,  the  diameter  of  which  in  the  figure  is  qxt. 
If  we  consider  the  small  beam  of  light  incident  on  the  area  IiAK 
alone,  it  may  be  taken  as  a  small  oblique  pencil  centrically  incident, 
whose  axis  after  deviation  will  be  A q^.  Every  deviated  ray  will 


now  pass  through  a  point  of  the  small  circular  ar^r  qx ,  which 
may  be  regarded  as  coincident  with  its  tangent  a/Tij^normal  to  the 
plane  QCA.  This  line  and  the  point  ql  ara(cj!ned  the  primary 
focal  line  and  the  primary  focus ,  because  tjrtwtunts  of  the  line  are 
the  first  intersections  of  the  consecutive  floated  rays.  Again,  con¬ 
sidering  the  second  generatrix  H'AlS^of  the  area,  every  deviated 
ray  will  pass  through  the  corresponc^i^-  part  of  the  intersection  of 
the  caustic  surface  made  by  the  H'K'y2  at  the  point  q2,  and 

this  intersection  and  point  Mje  called  the  secondary  focal  line 
and  secondary  focus  of  th^^mftpie  pencil.  The  secondary  focus  is 
then  the  intersection  o£  tffi^axis  of  the  oblique  pencil  and  the  axis 
of  the  deviating  surface)  The  secondary  focal  line,  although  like 
an  elongated  figiyqA  may  be  taken  approximately  as  a  right  line. 
The  plane  cont&mtag  the  axis  of  the  incident  pencil  and  the  axis  of 
the  deviated  or  the  plane  QCA,  is  called  the  primary  plane ; 

and  the  containing  A^gv,  normal  to  the  primary  plane,  is 

the  secoudfimj  plane.  Hence,  we  may  conclude  that  a  small  oblique. 
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pencil,  after  deviation,  converges  to  or  diverges  from  two  right  lines 
called,  focal  lines ,  the  primary  and  secondary  focal  lines  being  nor¬ 
mal  to  tbe  primary  and  secondary  planes,  respective^.  When  the 
deviation  is  by  reflection  at  a  single  surface  the  focal  lines  are  real, 
and  by  refraction,  when  \x  >  1,  virtual.  That  property  of  a  de¬ 
viating  surface  by  which  the  rays  of  a  pencil  are  caused  to  j>ass 
through  the  two  focal  lines  after  deviation  is  called  astigmatism. 

289.  Circle  of  Least  Confusion .  If  the  deviated  pencil 
be  cut  by  a  plane  parallel  to  the  tangent  plane  to  the  surface  at  A,  we 
see  that  at  qx  the  section  will  be  a  right  line,  normal  to  the  primary 
plane  ;  and  as  the  cutting  plane  is  moved  towards  q 2,  the  breadth 
of  the  section  increases  in  the  primary  plane  and  decreases  in  the 
secondary,  until  at  q2  the  section  becomes  a  right  line  in  the  pri¬ 
mary  plane.  The  section,  which  at  some  point  between  q ,  and  g2  is 
nearly  circular,  is  called  the  circle  of  least  confusion ,  and  may  be 
taken  as  the  approximate  focus  of  the  oblique  pencil. 


290.  The  Positions  of  the  Foci .  In  Figure  54,  let  Q  be 
the  radiant  from  which  the  small  oblique  pencil,  whose  axis  is  QA, 
is  incident  centrically  upon  the  refracting  surface  at  iL\0  the  cen¬ 
tre  of  the  surface,  and  g  the 
relative  index.  The  inter¬ 
section  q%  of  the  ray  through 
0  with  QA,  after  deviation, 
is  the  secondary  focus  ;  qY , 
where  any  ray  of  the  primary 
plane,  after  deviation,  inter¬ 
sects  the  axis  A q2  of  the  de¬ 
viated  pencil,  is  the  primary 
focus.  Draw  Cs  and  Or  pe 
and  let  K  and  T  indi<5^^- 


Figure  54. 


licular  to  AQ  and  A q<>,  respectively, 
he  angles  made  by  the  intersections  of 
OC  and  AQ,  and  OUsQ'A  q9,  respectively  ;  let  AQ  =  /,  A  q,  =  f, 
=  f,  AO  =  %*JiOA  =  0,0  and  0  -f-  cl(p  the  angles  of  inci¬ 
dence,  and  0'  nif3j0'  +  d<f  the  angles  of  refraction  of  QA  and  QC, 
respectively.  QSen  we  have 


,'Q 


A 


nA  K  ^  i  AC  COS  0 
CQA  =  qq  nearly  = - 


& 


(333) 
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d<f>  =  QCO  —  QAO 

=  angle  K  -  CQA  -  (angle  K  -  AOC) 

=  AOC  —  CQA  =  —  _  A— cos  £ , 

r  /  ’  _ 

d<p'  =  q, CO  -  ?,AO 

=  angle  T  —  C^A  —  (angle  T  —  AOC)  ^  (SBG) 
=  AOC  -  C?,A  =  A°  - 

r  A 


Differentiating  sin  (p  =  q  sin  <p',  we  have 
cos  0  cl(f)  =  ii  cos  0'  d(j)\ 
Substituting  the  values  of  clef)  and  city’,  we  have 

/I  COS  0\ 

\r 


(337) 


COS  0  =  Q  —  ---  --J  (a  cos  0',  (338) 

ja  cos2  0'  cos2  0  _  fji  cos  0'  —  cos  0£>V  /Qon^ 

_  __  _  -  (  ) 

from  which  the  distance  of  the  primary  fp^wyi 


found. 


For  the  secondary  focus  we  have^^ 


ov 


from  A  can  be 


4  =  =  S'n  ^  cos  </>'  +  sin  4>'  cot  0  (340) 

/  2  SllL^ 

r  AO  +  6)  _ 

/  AQ  sin  6 


cos  0  +  sin  0  cot  0,  (341) 


Eliminating^!^?,  and  reducing  bv  sin  0  =  /a  sin  0',  we  have 

fi  1  _  /z  cos  0'  —  cos  0 

N  — 


/.  / 


<j? 


.6 


'O 


$ 


(342) 
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For  refraction  at  plane  surfaces,  r  =  oo ,  and  the  second  mem¬ 
bers  of  Equations  (339)  and  (342)  reduce  to  zero.  For  reflection, 
[jl  =  —  1,  and  these  equations  become 


fi  ./  r  coscp’ 


1  1  _  2  cos  0 

A  7 —  ^ 


(343) 

(344) 


291.  The  position  of  the  circle  of  least  confusion  and  the  value 
of  its  diameter  can  readily  be  found  from  the  properties  of  similar 
triangles;  the  resulting  values  will  be  given  in  terms  of  the  length 
and  breadth  of  the  beam  on  the  deviating  surface,  as  determined 
by  the  intersections  of  the  primary  and  secondary  planes,  and  in 
terms  of  the  focal  distances  measured  on  the  axis  of  the  deviated 
pencil  from  the  surface.  The  limiting  position  for  the  centre  of 
the  circle  is  midway  between  fx  and  /2 ,  at  which  point  it  may  be 
assumed  for  all  pencils  of  small  obliquity. 


292.  Particular  Cases  m  Caustic  Curves .  Let  trt\ 
Figure  55,  be  a  concave  sph  reflector,  and  0  any  radiant  on 
its  axis  ;  Oi  and  0 i'  any  tw^mnsecutive  rays,  and  m  their  point  of 
intersection  after  reflect™^  tnen,  from  Eq.  (343),  we  have  at  once, 
by  representing  ia  by  ^ 

.op  hhb 

A*' 

and  if  the  rafl§3tor  be  convex,  f\  and  e  are  negative,  and  we  have 


A 


i__  _  l 

/  /i  _  0 


(346) 
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The  caustic  curves  may,  from  any  assumed  position  of  the 
radiant,  be  constructed  by  points,  and  when  revolved  about  the 
axis  they  will  generate  the  caustic  sur¬ 
face  for  the  spherical  reflector.  For 
parallel  rays,  f  is  oo  and  fx  =  c .  In 

this  case,  Figure  56,  the  curve  is  an  epi¬ 
cycloid  generated  by  a  point  whose  ini¬ 
tial  position  is  v ,  in  the  circumference  of 
the  small  circle  Av,  with  a  radius  equal 

to  -,  rolling  upon  the  circumference  vp, 

T 

whose  radius  is  -,  r  being  the  radius  of 

the  spherical  surface.  To  show  this,  let  m  be  any  point  of  the 
caustic;  then 

T 

im  —  —  cos  0  —  f\% 


Again,  the  arc  pm  is  equal  to  the  arc  pv,  since  the  angles  pirn  and 
pcv  are  equal.  The  virtual  caustic  arising  from  reflection  on  the 
convex  surface  indicated  by  the  dotted  curve  is  symmetrical  with 
and  equal  to  the  real  caustic.  As  the 
radiant  moves  from  oo  along  the  axis, 
the  cusp  v  approaches  the  centre  C,  the 
virtual  caustic  diminishes  until  the  ra¬ 
diant  reaches  B,  when  it  is  zero,  and 
the  real  caustic  springs  from  B  in  both 


of  both  circles  is  as  shown  in 
o 

ure  57 ;  for  we  have 


Figure  57* 


directions  to  v.  In  this  case,  the  radius^l 

& 

1 

2 r  cos  0 

when  the  radiant  is  ^l^vhicli  substituted  in  Eq.  (343)  gives 

_ 1  ^  3  . 

r  cos  0  2 r  cos  0  2r  cos  0  ’  i  (347) 


£ 


.6 


'Q 


A 


/,  =  g  r  cos  (p. 
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As  the  radiant  moves  within  the  spherical  surface,  the  cusp 
approaches  the  centre,  uniting  with  the  radiant  at  this  point,  and 
the  caustic  reduces  to  zero.  For  radiants  on  the  axis  within  the 
surface,  the  caustic  has  a  point  of  regression  on  each  side  of  the 
axis  near  the  reflector,  from  which  asymptotic  branches  proceed, 
and  a  virtual  caustic  of  two  branches  is  formed  exterior  to  the  re¬ 
flector  on  the  convex  side.  Figures  58,  59,  and  60  represent  these 


caustics  for  positions  of  the  radiant  within  the  spherical  surface  at 
distances  from  the  centre  >  and  <  -,  respectively.  All 

these,  as  well  as  other  special  cases,  can  be  obtained  from  the  gen¬ 
eral  principles  enunciated  in  Art.  86. 

293.  Critical  Angle.  From  the  equation 

.  ,  Jo 

sin  0  =  sm  0 , 

since  ^  is  greater  than  unity  when  the  inci^Kyray  is  in  air,  sin  0' 
is  always  less  than  unity  for  all  anglesjg|fi^fidence,  and  therefore 
0'  <  90°.  Then  at  all  angles  of  incid^ny>when  light  passes  from 
a  rarer  to  a  denser  medium,  there  w^be  refraction;  but  when  the 
light  passes  from  a  denser  to  a  medium,  there  can  be  no  re¬ 
fraction  when  the  angle  of  ind^^ce  surpasses  the  value 


=  sm" 


Rays  making  great(^ngles  of  incidence  than  this  are  totally  re¬ 


flected.  This  <ai£^  is  called  the  limiting  or  critical  angle  of  inci¬ 
dence  for  refr^c^ta.  Its  value  for  water  is 

sin'1  — ^  =  48°  27'  40"  ; 


a 


1.336 


r 
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for  crown  glass  about  40°  30',  and  for  chromate  of  lead  about 
19°  28'  20".  Therefore,  to  an  eye  placed  in  water,  Figure  61,  all 
external  objects  would  appear  crowded  within  a  conical  space  KTA, 
of  about  48°  28'  on  either  side  of  the  normal  to  the  surface. 


The  remaining  angle  of  41°  32'  would  be  filled  with  rays,  pro¬ 
ceeding  from  objects  in  the  water,  which  have  been  totally  reflected 
at  the  surface. 

Let  us  now  consider  rays  refracted  from  a  denser  into  a  rarer 
medium.  Let  /,  Figure  62,  be  the  radiant,  in  water,  for  exam¬ 
ple,  and  consider  any  ray  whose  angle  of  incidence  is  less  than 
48°  28',  incident  at  I.  Draw  /As  normal  to  the  surface,  and  make 
As  z=z  A/.  Describe  a  circle  through  /,  I,  and  s ,  and  construct  the 
lines  as  in  the  figure.  We  have,  geometrically, 

Os  _  rs 

W  =  W’ 

j  sf  rs  +  rf  /v 

and  ••  w  =  ~r&> 


Sf 


Of 


+  rf  rf 


_  sin  cp 

r  sin  <p>  ~~  ^  * 


rs  + < 


=  a  constant. 


The  locus  of  r  (T  Iperefore  an  ellipse,  whose  foci  are  s  and  /; 
rl  is  normal  to  the»eltfpse  at  every  point  ?\  since  it  bisects  the  angle 
included  betweej^Ire  foci. 

The  caustsAJcurve  is  therefore  the  evolute  of  the  ellipse  whose 
foci  are  and  transverse  axis 


.'O 


A 


# 
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By  constructing  the  caustic  for  any  radiant,  as  in  Figure  63,  we 
see  that  the  rays  emerging  into  a  rarer  medium  are  tangent  to  the 
caustic  curve,  and  hence  the 
radiant  Q  in  the  denser  me¬ 
dium  would  appear  to  an 
eye  in  the  rarer  medium 
lifted  up  to  Q',  nearer  to 
the  separating  surfaces,  and 
along  the  successive  tan¬ 
gents  to  the  caustic  curve, 
depending  on  the  position 
of  the  eye.  If  PQ,  Fig.  64, 
be  any  object,  as  a  straight 
rod,  parallel  to  the  surface 
of  water,  points  of  the  image  P'Q'  may  be  constructed  as  in  the 
figure,  showing  that,  to  an  eye  in  the  air,  the  right  line  appears 
curved,  and  that  the  portion  directly  under  the  place  of  the  eye  is 
apparently  deeper  in  the  water  than  the  more  remote  portions. 


294.  Sphericatr  Aberration.  In  Figure  65,  let  F,  be  the 
principal  focusA&S^he  spherical  reflector  whose  centre  is  C,  and  x 
the  pointy  iwwWch  the  extreme  ray  cuts  the  axis  after  deviation ; 
then,  siiA£$*ie  triangle  Qlx  is  isosceles,  the  perpendicular  from  x 
to  Cl  wSCSnsect  the  radius  at  5.  The  triangles  TIA  and  xsF,  are 


Figure  63 
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similar,  and  hence  F,x  is  equal  to  JTA,  or  approximately  to  JAN. 

AI2 

But  AN  is  nearly  equal  to  an(^  therefore  the  distance  of  the 

focus  x  from  the  limiting  position  F,  varies  as  the  square  of  the 
semi-aperture  directly  and  as 
twice  the  diameter  of  the  sur¬ 
face  inversely. 

This  distance  is  called  the 
longitudinal ,  and  F,z  the  lat¬ 
eral  spherical  aberration . 

These  departures  of  large 
pencils  after  deviation  from  a 
■single  focus  F ,  is  due  to  the 
form  of  the  deviating  surfaces 
.alone,  and  hence  is  called 
spherical  aberration. 

As  the  incident  ray  ap¬ 
proaches  the  axis,  the  focus 
approaches  F, ,  as  at  y.  The 
point  n ,  where  that  one  of  the  intermediate  rays  which  intersects 
the  extreme  ray  at  the  furthest  distance  from  the  axisyiC,  limits 
the  extent  of  the  circular  area  through  which  all  tlm^^ated  rays 
pass.  This  circle  is  called  the  least  circle  of  aherrtbifin.  To  find 
the  value  of  its  radius,  let  «,  a,  represent  thpQfccs  AI  and  AI', 
and  a  the  aberration  F,x.  Then,  if  the  ray  invariable  and  Vy 
vary,  mn  will  vary  directly  with  xm,  and  ^c^Save  only  to  find  when 
xm  will  be  a  maximum. 


Figure  65. 


The  aberration  a  and  xy  give 

and  we  have,  from  the  fig&gef 

mn  —  x 

A  y 

-  my  =  mU  : 


K° 
cy 

:2  —  a't 


Ax’ 


Ay  cc 
xm  •  —j 

. 

Takm^ Ay  —  Ax ,  we  have  approximately, 

Ok 


(348) 

(349) 

(350) 
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,  a  a  -\-  a 

xy  =  xm  +  xm  — —  xm. 
J  a  a 


(351) 


Equating  these  values  of  xy,  we  have 

a2  —  cc'2  a  +  a 
a - * —  — - : —  xm. 


or 


**  ✓  f\ 

xm  =  a  —  («  —  a ), 


(352) 


which  is  a  maximum  for  &  =z  -  and  for  this  value  we  have 


xm  —  -  and 
4 


AI  F,%  F,z 

mn  =  -r— 

Ax  4  4 


(353) 


Hence,  the  least  circle  of  aberration  is  at  three-fourths  of 
from  F, ,  and  its  radius  is  one-fourth  the  lateral  aberration. 

Cl 2 

The  longitudinal  aberration  being  — ^ ,  from  Eq.  (353)  we  see 

CCS 

that  the  lateral  aberration  will  be  approximately 

295.  In  the  discussion  for  lenses,  we  have  omitta&ify considera¬ 
tion  of  the  thickness,  and  limited  the  question  fe  deviation  of 
small  pencils,  and  hence  the  results  are  onlynjpproximately  true. 
The  more  complete  investigation  shows  thq^  kw  ^aberration  not  only 
depends  on  the  thickness  of  the  lens,  btffcvhpon  the  particular  sur¬ 
face  which  is  first  presented  to  incide^Tx^ot  in  the  same  lens.  On 
this  account  it  is  sometimes  usmjk  nFnaming  lenses,  to  designate 
the  first  incident  surface ;  thus,  p(gyb-concave  indicates  that  light  is 
incident  on  the  plane  surface,  (g^ile  concavo-plcme  is  the  same  lens 
with  light  incident  on  the  (jcjkcave  surface.  This  designation  has 
not  been  followed  in  * ;  because  our  limits  have  not  permit¬ 

ted  more  than  a  passii^yMusion  to  the  subject  of  aberration.  When 
in  a  single  lens,  or^n^a  combination  of  lenses,  the  aberration  is  de¬ 
stroyed,  the  ljitfKor  combination  is  said  to  be  aplanatic.  In  the 
former  case,  iira^ens  is  usually  a  meniscus  of  a  particular  form  for 
a  beam  prato^saing  from  a  determinate  point  as  a  radiant ;  in  the 
latter  >erration  of  one  lens  counteracts  or  destroys  the  aberra¬ 

tion  piNjVe  others.  The  ocular  of  Huyghen’s,  referred  to  hereafter,. 
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is  an  example  of  an  approximate  aplanatic  combination.  Surfaces 
such  as  the  ellipsoid,  paraboloid,  and  hyperboloid  are  of  course  free- 
from  spherical  aberration,  so  that  the  rays  of  incident  pencils,  hav¬ 
ing  their  radiants  at  certain  points,  meet  after  deviation  accurately 
in  another  point.  From  the  geometrical  properties  of  these  sur¬ 
faces,  and  the  laws  of  refraction  and  reflection,  the  circumstances  of 
the  deviation  of  light  can  readily  be  determined.  The  difficulty  of 
accurately  forming  these  surfaces  gives  them  only  a  theoretical 
interest,  and  the  discussion  of  their  properties  is  for  this  reason 
generally  omitted.  In  grinding  and  polishing  the  surfaces  of  lenses 
and  reflectors,  it  is  not  always  possible  for  the  practical  optician  to 
attain  the  best  mathematical  form  of  the  surfaces,  nor  is  it  always 
desirable,  since  the  lack  of  complete  homogeneity  assumed  in  theory 
is  rarely  attained  in  practice.  A  great  part  of  the  ultimate  value  of 
a  lens  depends  on  the  skill  of  the  optician  in  removing  the  defects 
which  crop  out  in  the  course  of  preparation,  and  for  which  no 
merely  theoretical  discussion  can  provide. 


298.  Optical  Centre .  The  point  in  which  the  line  joining 
the  extremities  of  two  parallel  radii  intersects  the  axis  of  a  lens  is 
called  its  optical  centre.  Let  OAA', 

Figure  66,  be  the  axis  of  a  lens,  0 
and  O'  the  centres  of  the  first  and 
second  surfaces,  I  and  I'  the  ex¬ 
tremities  of  any  two  parallel  radii. 

Join  I  and  I',  and  let  C  be  the 
point  in  which  II'  meets  the  axis; 
this  will  be  the  optical  centre.  To 
find  its  distance  from  A,  let  r  and 
r'  be  the  radii  of  the  surfaces,  x  \hp 

distance  AC,  and  t  the  thickn^&Jn  the  lens.  By  similar  triangles,. 

V# 

U5 


we  have 


CO 

CO' 


or 


r  —  x 


& 


x  — 


rt 


(354) 


A  si 

the  dista1 


,'Q 


A 


S^esult  can  be  obtained  from  Figure  67,  and  we  see  that 
bf  the  centre  from  the  lens  depends  only  on  the  radii 


r 


# 
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of  its  surfaces  and  the  thickness  of  the  lens,  and  that  it  is  independ¬ 
ent  of  the  refractive  index  and  therefore  of  the  material  of  which 
the  lens  is  constructed.  By  , 


substituting  the  values  of  r,  r 
and  t,  in  the  value  of  x,  and 
paying  attention  to  their  signs, 
we  readily  find : 


1°.  That,  if  the  curvatures 
of  the  surfaces  are  in  opposite  j  v 

directions,  the  centre  lies  within  Figure  67 

the  lens. 

2°.  If  one  surface  he  plane,  the  centre  is  on  the  curved  surface. 

3°.  If  the  curvatures  are  in  the  same  direction,  the  centre  is 
outside  of  the  lens,  and  on  the  side  of  the  greater  curvature. 

4°.  If  the  thickness  t  be  negligible,  the  centre  may  be  assumed 
at  any  point  of  the  lens  on  the  axis. 

The  optical  centre  of  a  spherical  reflecting  surface  is  by  defini¬ 
tion  at  the  centre  of  curvature  of  the  surface.  The  equation  of  the 
small  pencil,  when  the  focal  distances  are  measured  from  this  point 
as  an  origin,  can  be  obtained  readily  from  Eq.  (307),  and  is 

7?  =  T  ?  —  ~f>  (355) 

/  /  £r 

for  concave  and  convex  reflectors. 

When  a  ray  is  refracted  through  a  len^w  such  a  manner  that 
its  direction  between  the  two  refraction ^&»ses  through  the  optical 
centre,  the  ultimate  direction  of  the/r^yN^  parallel  to  its  primitive 
direction;  for  it  is  in  the  same  conflmWias  if  it  had  passed  through 
a  portion  of  the  medium  bounde^w  parallel  planes  ;  and  when  the 
lens  is  thin  and  the  obliquity /poaTl,  the  lateral  displacement  is  neg¬ 
ligible.  Therefore,  if  we  (ffaw7 a  ray  from  any  radiant  through  the 
optical  centre  of  a  le  lector,  we  may  consider  it  as  the  axis 

of  a  small  oblique  pepfl^bn  which  the  other  rays  of  the  pencil  met 
by  the  lens  or  reflecpr  are  brought  to  a  focus.  This  property  is 
made  use  of  in  constructing  the  images  of  objects  formed  by  a  lens 
or  reflect  Nr 


S&ftbcot  Centres  of  a  Lens.  The  limiting  positions 
on  th^Nxis  of  the  lens,  where  the  directions  of  the  incident  and 
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emergent  ray  cut  the  axis,  when  the  direction  of  the  ray  while  pass¬ 
ing  through  the  lens  contains  the  optical  centre,  are  called  the 
focal  centres  of  the  lens.  Supposing,  in  Figure  66,  the  incident 
ray  through  I'  be  prolonged  and  its  point  of  intersection  with  the 
axis  be  designated  by  m,  and  that  the  point  where  the  emergent  ray 
cuts  the  axis  be  designated  by  n  ;  then  passing  to  the  limit,  that  is, 
when  these  rays  coincide  with  the  axis,  Eq.  (307)  is  applicable,  and 
we  have 


jp  1  _  P  —  1 

AO  Am  ~~  r  9 

n  1  _  fi  —  1 

A'C  ~~  £n-  ~7~~ ; 


(356) 

(357) 


also, 

and  by  combination, 


AC  =  - 


rt 


r  —  r 


Am  — 


rt 


[i  (r'  —  r  —  t)  +  t’ 


A'n  = 


r’t 


ft  (r'  — -  r  —  t)  +  t’ 

hence,  these  distances  depend  on  the  refractive  ind&^ttj 
and  radii  of  curvature  of  the  lens. 


(358) 

(359) 

(360) 
ickness 


298.  The  Eye.  The  human  eye, 
spherical  in  form,  the  front  part  being 
globe  of  the  eye  consists  of  the  sclerot 
the  white  of  the  eye ,  which  covers  all  Wf 


is  very  nearly 
irotuberant.  The 
known  generally  as 
part  of  the  ante¬ 
rior  surface,  and  the  cornea ,  a  thin  t^^sparent  membrane  covering 
the  front,  through  which  the  and  pupil  are  seen.  The  iris 
gives  color  to  the  eye,  and  is  ajQWnbranous  plate  crossing  the  axis 
of  the  eye  transversely  froi^^M  junction  of  the  sclerotic  coat  and 
the  cornea.  The  dark  qtfmimr  aperture  in  the  iris  or  the  pupil 
permits  the  passage  oiQhjfir,  and  is  capable  of  involuntary  adjust¬ 
ment,  becoming  or  smaller  as  the  intensity  of  light  is  little 

or  great. 

The  intqr\rf^T  the  eye  behind  the  iris  is  lined  with  two  thin 
membran^N^hat  next  the  sclerotic  coat  is  called  the  choroid ,  and 
has  its  celrc  filled  with  a  dark  pigment,  giving  to  it  a  brownish 

NQV3 
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black  velvety  appearance.  The  iris  is  a  part  of  the  anterior  portion 
of  the  choroid  coat,  drawn  together  like  a  curtain,  and  is  thickened 
by  muscular  tissue.  The  other  part  of  the  choroid  coat  surrounds 
the  outer  edge  of  the  crystalline  lens  in  a  series  of  folds,  about 
seventy  in  number,  and  is  called  the 
ciliary  processes . 

The  membrane  lying  within  the 
choroid  coat,  and  resting  upon  it,  is 
called  the  retina.  It  is  really  a 
nerve  tissue  completely  lining  the 
interior  of  the  eye,  as  far  forward  as 
the  ciliary  processes,  where  it  forms 
an  irregular  border.  Near  the  point 
where  the  axis  of  the  eye  meets  the 
retina  is  the  yellow  sp)ot ,  which  has  a 
diameter  of  about  of  an  inch. 

One-sixth  of  an  inch  from  this  point 
towards  the  nose  is  the  centre  of  the 
optic  nerve;  this  portion  of  the 
retina  where  the  optic  nerve  enters 
is  called  the  punctum  coecum,  not 
being  sensitive  to  light. 

By  making  two  dark  spots  on  a 
piece  of  paper  a  few  inches  apart,  and  directm^Jlie  axis  of  either 
eye  to  the  nearer  spot,  the  other  eye  beingPWosed,  the  outer  spot 
will  disappear  when  the  paper  is  at  tl^v^oper  distance  from  the 
eye ;  the  rays  from  this  spot  then  i^e^pOie  retina  at  the  punctum 
coecum  of  the  open  eye.  A  disf^ac^ment  of  the  paper  in  either 
direction  brings  the  spot  again  i<§\  iew. 

The  retina  consists  of  n^^  layers  of  nerve  fibres,  cells,  tissues, 
and  blood  vessels,  formiim^wy  complex  structure. 

The  layer  nearesiOtij£jctmtre  of  the  eye,  called  the  bacillary 
layer ,  consists  of  nitflrefcous  elongated  elements,  arranged  side  by 
side,  normal  to  t^e  ^surface  of  the  retina.  Some  of  these  elements 
are  cylindrical  galled  rods,  and  others  are  conical  and  shorter  than 
the  rods.  A^Npie  yellow  spot  there  is  a  slight  depression,  and  the 
rods  ar$  ^^a$ed  by  cones,  closer  in  arrangement,  longer  bub  more 
slen^^^form  than  the  other  cones  ;  this  part  of  the  eye  is  by  far 
the.mwh  sensitive  to  light. 


Q/\  conjunctiva  ;  Co,  cornea  ;  A qy 
aqueous  humor  ;  I,  .iris  ;  Cm,  ciliary 
muscle  ;  Cp,  ciliary  processes  ;  Z,  zon¬ 
ule  of  Zinn ;  L,  crystalline  lens ;  V,  vit¬ 
reous  humor ;  R,  r^ina ;  Fc,  yellow 
spot ;  P,  blind  sp^jp/i,  choroid  ;  So, 
sclerotic ;  O,  op 


opj^j^r 


.'Q 
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The  humors  of  the  eye  are  three  in  number.  Their  object  is  to 
refract  the  light,  and  bring  it  to  a  focus  on  the  retina.  The  first 
in  order,  beginning  at  the  front  of  the  eye,  is  the  aqueous ,  which 
is  a  watery  fluid,  having  a  little  sodium  chloride  in  solution. 
It  occupies  the  space  between  the  cornea  and  the  front  of  the 
crystalline  lens .  The  latter  is  contained  in  a  membranous  double- 
convex  capsule,  the  greater  curvature  being  to  the  rear ;  its  thick¬ 
ness  is  about  one-third  its  transverse  diameter.  The  crystalline 
lens  consists  of  several  nearly  concentric  layers  of  varying  density, 
decreasing  from  the  centre  outwards ;  the  transparency  of  this  lens 
is  destroyed  by  the  disease  known  as  cataract .  The  vitreous  humor 
fills  the  larger  volume  of  the  eye,  from  the  crystalline  lens  in  front 
to  the  retina ;  it  is  clearer  than  the  most  transparent  glass,  and  its 
consistency  is  like  that  of  jelly. 

The  eye,  as  an  optical  instrument,  is  similar  in  its  function  to 
the  camera  obscura.  The  sclerotic  coat  forms  the  wall  of  the  cham¬ 
ber;  the  choroid  coat,  the  dark  lining  for  the  absorption  of  surplus 
light ;  the  cornea  and  humors,  the  system  of  lenses  and  deviating 
surfaces  for  the  formation  of  the  image  ;  the  pupil,  the  aperture  in 
the  diaphragm ;  and  the  retina  takes  the  place  of  the  sensitive  plate 
on  which  the  image  of  the  external  object  is  thrown.  . 

vO 

299.  Vision .  By  vision  is  meant  the  sensatiog^F  sight  aris¬ 
ing  frorc-  the  action  on  the  retina  of  the  molecuff&CTmergy  of  the 
rays  of  light.  Since  the  image  of  any  point^Kthe  focus  corre¬ 
sponding  to  any  radiant,  is  on  the  opposite^Birof  the  axis  of  the 
eye  from  the  radiant,  it  is  evident  that  /ImS^nsation  is  referred  by 
the  mind  along  the  ray  in  the  direction  oMme  radiant.  We  there¬ 
fore  do  not  look  at  the  image  on  tl^jktina,  which  is  in  reality  in¬ 
verted,  but  at  the  object  which  considered  erect,  although  the 

retina,  and  can  be  seen  under 


on 


.Of 


inverted  image  is  formed 
proper  conditions  by  an  o^sd0fr.«* 

The  range  of  distino^J^ion  for  the  normal  eye  is  from  five 
inches  to  infinity.  Ttfe  jrormal  eye  is  capable  of  so  adjusting  the 
lenses  which  compose  Tc  as  to  make  a  perfect  image  on  the  retina, 
for  any  positiom^^he  object  between  these  limits.  The  near¬ 
sighted  or  myom^i ye  brings  parallel  rays  to  a  focus,  in  front  of  the 
retina,  andX^ording  to  the  magnitude  of  this  defect,  the  range  of 
the  eye  m^vary  from  any  distance  less  than  infinity  to  a  distance 
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less  than  five  inches,  say  from  four  feet  to  four  inches.  The  lenses 
of  the  eye  in  this  case  possess  greater  refractive  power  than  those  of 
the  normal  eye.  The  defect  may  be  artificially  remedied  by  the  use 
of  positive  or  concave  eye-glasses.  The  far-sighted  or  presbyopic 
eye  differs  from  the  normal  eye  in  a  lack  of  power  of  adjustment 
for  near  objects.  It  brings  parallel  rays  to  a  focus  on  the  retina 
equally  well  with  the  normal  eye,  and  fails  alone  in  doing  so  foi  the 
near  objects,  whose  images  would  be  formed  behind  the  retina. 
This  defect  can  be  remedied  by  the  use  of  convex  lenses,  to  assist 
the  lenses  of  the  eye  in  refracting  the  rays  when  near  objects  are  to 
be  viewed. 

When  the  eye  has  a  curvature  of  the  cornea,  or  of  its  crystalline 
lens,  which  differs  in  the  horizontal  and  vertical  planes,  the  radiants 
will  be  brought  to  a  focus  on  the  focal  lines  instead  of  to  a  point, 
and  this  defect  is  called  astigmatism.  The  optical  centre  of  the  eye 
may  be  taken  in  the  plane  of  the  iris  at  the  centre  of  the  pupil,  foi 
all  practical  purposes  relating  to  the  discussion  of  optical  images. 

300.  Optical  Images.  An  optical  image  is  an  assemblage 

of  foci,  which  are  conjugate  to  the  consecutive  radiants  on  the  sur¬ 
face  of  the  object  whose  image  is  to  be  formed.  'The  optical  image 
may,  or  may  not,  have  a  general  resemblance  to  thc^gfyt.  W  hen 
the  deviating  surfaces  are  irregular  in  form,  these  are  unlike, 

and  when  regular,  the  image  is  a  picture  more  *QSSs  similar  to  the 
object  in  appearance.  Every  ray  proceeding  Qpm  a  radiant  carries 
with  it  an  image  of  the  radiant,  and  if  q/fJhwtl  pencil  of  these  lays 
be  deviated  by  media  bounded  by  ripely  curved  surfaces,  the 
focus  will  present  a  visible  image  ofJ^hw'Kidiant. 

Eor  the  ordinary  optical  instri^mts,  it  is  sufficient  to  consider 
only  small  direct  or  oblique  perils,  and  to  construct  the  foci  of  the 
salient  points  of  the  object  ^idered  as  radiants,  and  thus  get  the 
salient  points  of  the 

301.  In  Figure  the  radiant  PQ  be  a  right  line  perpendic- 

ular  to  the  axis  of  (h#ens,  whose  optical  centre  is  at  0.  The  only 
rays  proceeding  &om  P  which  are  met  by  the  lens  are  those  of  the 
cone  ZPZ'.  liwNfxkl  ray  of  this  cone,  taken  as  a  small  oblique  pen¬ 
cil,  passinaTwough  0  is  undeviated,  and  the  focus  of  all  rays  of 
this  p^fctSnay,  without  material  error,  be  taken  on  this  line.  To 
find  iheMocus,  draw  the  extreme  ray  PZ ;  its  deviation  by  the  lens  is 
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represented  by  the  general  symbol  4,  in  which  a  is  the  distance 

-^2 

from  the  axis  to  the  point  in  which  the  ray  meets  the  lens,  and  F2 
is  the  principal  focal  distance,  expressed  in  the  same  unit  of  meas¬ 
ure.  This  represents  the  power  of  the  lens  to  deviate  any  ray,  and 
its  value  for  any  ray  depends  therefore  on  the  angle  the  ray  makes 
with  the  axial  ray  before  deviation,  the  curvature  of  the  surfaces. 


and  index  of  refraction.  The  intersection  of  the  rays  Ip  and  P^O' 
is  the  image  of  P,  and  all  rays  from  P  passing  through  the  lens, 
produced  backward  meet  at  p.  This  is  then  the  image  of  P,  and 
similarly  q  is  the  image  of  Q,  and  pq  of  PQ.  Let  0  be  the  angle 
made  by  PO  with  the  axis  of  the  lens;  then  taking  0  as  an  origin, 
we  have 


OP  = 


OQ 


/ 


cos  6  cos  0’ 


in  which  /represents  the  distance  of  the  point  ^iQhe  object  on  the 
axis  of  the  lens  from  the  optical  centre.  ^Substituting  for  /  its 
value  in 

(361) 


r 


i_ 


we  have,  finally, 


/"  = 


9 


J.  cos  0  ’ 


(362) 


in  which  /"  is  the  ^Bspnce  of  the  focus,  measured  on  the  axis  of 
the  pencil,  and  K,  urn  principal  focal  distance  of  the  lens.  This 
equation  is  simita^i  form  to  the  polar  equation  of  a  conic  section, 
and  thereforaOC/,  the  distance  of  the  focus  of  each  radiant,  meas¬ 
ured  on  ttarafcis  of  each  pencil  of  rays,  is  a  radius-vector  of  a  conic 
section,  r^rred  to  the  optical  centre  as  a  pole.  The  excentricity  of 
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the  conic  section  depends  on  the  sign  of  and  its  value  com¬ 
pared  with  unity.  It  is,  however,  sufficiently  exact  for  the  practi¬ 
cal  purposes  of  illustration  to  regard  the  image  of  PQ  similar  in  all 
respects  to  PQ. 

302.  The  equation  for  discussing  optical  images  for  lenses  will 
then  be 

r  =  — %F~—>  (363) 

1  ±  J  cos  6 

in  which  F 2  is  negative  for  convex,  and  positive  for  concave  lenses. 

By  transferring  the  origin  for  reflectors  to  the  centre  of  curva¬ 
ture,  Eq.  (307)  readily  becomes 

JL_  _  _2  _  1_ 
r  r 

and  the  corresponding  equation  for  images  for  reflectors  becomes 

T  Ft 


(364) 


f'  = 


jp  ? 

1  ±  cos  0 

f 


(365) 


in  which  Fx  is  negative  for  concave,  and  pog^S^for 


convex  re¬ 


flectors. 


*ecKnn 


303.  It  is  necessary  now  simply  to  deteBhsnne  whether  the  image 
is  real  or  virtual,  erect  or  inverted,  ai^Ly^ger  or  smaller  than  the 
object.  ^ 

1°.  Image  Real  or  Virtual.^ Bmce  Q,  in  the  usual  cases  where 
this  discussion  applies,  differs®^  little  from  0°,  cos  6  is  positive 
and  nearly  unity,  and  since  (Jmenses  positive  values  of/  correspond 
to  real  objects,  and  ne^^  values  of/ to  virtual  objects,  and  posi¬ 
tive  values  of  /"  JtpQ^tual,  and  negative  values  of  /"  to  real 
images,  we  at  once\drjLw  the  following  conclusions,  viz., 

With  a  conc4^  lens  or  a  convex  reflector : 

All^Eyt  objects  give  virtual  images. 

♦A^Nvirtual  objects  between  the  lens  and  —  F%  give  real 
images. 

\  ^All  other  virtual  objects  give  virtual  images. 
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With  a  convex  lens  or  a  concave  reflector : 

All  real  objects  beyond  +  F2  give  real  images. 

All  real  objects  within  +  F%  give  virtual  images. 

All  virtual  objects  give  real  images. 

2°.  Image  Erect  or  Inverted.  If  the  image  and  object  are  on 
the  same  side  of  the  optical  centre,  the  image  will  be  erect ;  if  on  op¬ 
posite  sides,  inverted,  since  the  axes  of  all  the  pencils  pass  through 
the  optical  centre  and  the  object  is  always  considered  erect.  But, 
in  the  former  case,  /  and  f"  cos  6  will  have  like  signs,  and  in  the 
latter  contrary  signs ;  hence,  if  the  ratio  of  the  distances  of  the 
object  and  image,  measured  on  the  axis  of  the  lens,  is  positive,  the 
image  will  be  erect,  and  if  negative,  it  will  be  inverted. 


3°.  Relative  Size  of  the  Image  ancl  Object.  The  linear  di¬ 
mensions  of  the  image  and  object  are  the  distances  of  the  conjugate 
foci  of  the  extreme  points  from  the  axis  of  the  lens,  and  these  dis¬ 
tances  are  directly  proportional  to  their  distances  from  the  optical 
centre,  measured  on  the  axis  of  the  lens.  The  ratio  of  /  and 
/"  cos  6  will  therefore  determine  the  relative  size  of  the  image  and 
object. 


304.  Concave  Lens .  The  equation  is 


r  = 


F. 


•1  +  5  COS  0*0 
7 


(366) 


1°.  Beal  objects. 

/  is  positive,  and  hence^^ts  positive,  but  /"  <  /: 
.\  the  image  is  virtQl,  because  f"  is  +  ; 

the  image  iss^ct,  because  -ftt- 


J)  f"  C0«  6 

the  in^g&ufe  smaller,  because  f"  cos  0  <  /. 

2°.  Virtual  obj^fe|^ 
leiSfene 


is  +  ; 


(#.)  BetwgeiNfne  lens  and  —  F*,f  is  negative  and  /"  >  f: 


.'Q 


A 


ie  image  is  real,  because  /"  is  —  ; 
the  image  is  erect,  because  — ^  •  is  +  ; 


■/"  cos  0 

the  image  is  larger,  because  f"  cos  6  >  /. 
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( i .)  Between  —  Fa  and  —  oo,  /  is  negative,  f"  is  positive 
and  until  near  —  2F2 ,  f"  >  /,  after  which 
/"</• 


the  image  is  virtual,  because  f"  is  +  ; 

-  f 

the  image  is  inverted,  because 


is  — 


+  /"  cos  6 

the  image  is  larger,  when  beyond  2 because 
/"  cos  6  >  /; 

the  image  is  smaller,  when  within  2 F2 ,  because 
/"  cos  e  <  /. 


305.  Convex  Lens .  The  discussion  is  similar,  and  the  re¬ 
sults  are  as  follows : 


Eeal  objects  between  +  qo  and  +  2 F2  give  real  images, 
inverted  and  smaller. 

Eeal  objects  between  +  2F2  and  +  F2  give  real  images, 
inverted  and  larger. 

Eeal  objects  between  +  F2  and  the  lens  give  virtual 
images,  erect  and  larger. 

Virtual  objects  give  real  images,  erect  and  smaller. 


Corresponding  discussions  may  be  made  of  th^^fip^es  formed 
by  reflectors,  from  Eq.  (365). 

306.  The  ratio  of  the  visual  angle  sub^ndM  by  the  image  and 
object  will  vary  with  the  position  of  tlm^^fid  the  relative  sizes  of 
their  apparent  diameters.  To  obtairQajjlexpression  for  this  ratio, 
let  a  and  a  be  the  visual  angles  oO&e  object  and  image,  and  A  the 
distance  of  the  optical  centre  of  Cw  eye  from  the  optical  centre  of 
the  lens.  Then  (Figure  69)  i^^osing  E  to  be  the  place  of  the  eye, 
we  have 

,  JPA  pq  r 

«  -pEQ^m  + 


/  /"  +  *’ 


(367) 


and  since  the  vigiw^angle  of  the  object  is  practically  the  same, 
whether  the  evjftb  taken  at  E  or  0,  because  of  its  comparatively 
great  distam^Qke  have 


A 


-  pan  _  IQ  _  59 

«  _  POQ  —  OQ  —  y  > 


r 


(368> 
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and  hence 


?L  —  / 


r 


'  (369) 


Therefore,  the  image  of  an  object  by  a  concave  lens  appears 
smaller  than  the  object,  and  since  it  is  on  the  same  side  of  the  lens 
as  the  object,  it  appears  erect. 

In  the  convex  lens,  /"  is  negative,  and  we  have 


Supposing  distinct  vision  possible  for  all  positions  of  the  eye,  we 
see,  supposing  A  to  have  the  values, 


that  a  will  vary,  and  its  corresponding  values  will  be 

a  - -  a,  >  a,  =  2 cc,  >  2«,  '  =  oo ,  =  a. 

The  images  in  these  cases  are  real,  and  being  on  the  opposite 
side  of  the  lens  from  the  object,  will  appear  inverted.  Finally, 
when  the  object  is  at  the  princip* 1  *  1 


will  be  parallel,  and  the  visual 


position  of  the  eye,  and  the  same  as  if  it  coincided  the  optical 
centre  of  the  lens. 


307.  Optical  Instruments .  Thos^embrace  the  various 
combinations  of  reflecting  and  refra^Emgv  surfaces  which  form 
images  of  objects,  in  such  positions  faicNn  such  dimensions  as  are 
needed  for  special  observations.  ersion,  which  generally  ac¬ 


companies  refractio;  red  in  the  following  discussion  ; 

its  influence  in  me  istruction  of  particular  instru¬ 
ments  will  be  referr  tly. 


308.  The  Can\eijt  Lucida  enables  an  observer  to  trace 
readily  a  reducecL*im3ge  of  an  external  object.  It  consists  of  a 
quadrangular  dot  of  glass  MENU,  Figure  70,  whose  diedral 


tfK*?of 


angles  at  KjaA&JlI  are  90°  and  135°,  respectively.  The  rays  pro¬ 
ceeding  ±<&dy*n  external  object  A  are  deviated  by  the  positive  lens 
Z,  makin^a  the  virtual  image,  from  which  rays  enter  the  prism 
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nearly  normal  to  KN ;  they  are  then  reflected  at  NH  and  HM,  to 
enter  the  pupil  of  the  eye  at  P  with  direct  rays  from  a!'  \  the  image 
may  be  traced  by  the  pencil 
of  the  observer  at  a",  since 
the  rays  from  the  pencil 
point  and  image  have  the 
same  vergency  when  they 
enter  the  eye.  The  con¬ 
struction  and  course  of  the 
rays  are  shown  in  the  figure. 


309.  The  Camera 
Obscura ,  Figure  71,  is 
used  to  form  a  real  image 
of  an  external  object  on  a 
screen  or  upon  a  sensitive 
photographic  plate,  placed 
at  the  back  of  a  darkened 
chamber.  Since  the  image 

is  real,  the  lens  is  negative,  and  the  relative  distances  of  the  object 
and  image  from  the  optical  centre  are  given  by  Eo\320).  The 
magic  lantern  is  essentially  the  same  in  principle.  H^hJ  object  in 
this  case  being  a  transparent  picture,  painted  or @otographed  on 


or 

Jb  Figure  71. 

glass,  and  strongly  illui^^^^tr  by  artificial  light,  which  is  concen¬ 
trated  on  the  objectJ)^H  condensing  lens,  and  the  picture  is  placed 
near  the  principal  |(fo«i§  of  the  projecting  lens,  in  order  that  the 
image  may  be  asjarge  as  the  illumination  will  permit. 

C$P 

310.  J^h^Solur  Microscope,  Figure  72,  the  same  in  prin¬ 
ciple  magic  lantern,  consists  essentially  of  a  plane  mirror 

MM',  th^eflect  the  solar  rays  upon  a  condensing  lens  C,  by  means 
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of  which  the  transparent  object  PQ  is  strongly  illuminated,  and  of 
a  short-focus  lens  L  to  form  an  image  of  PQ.  Since  the  solar  light 
is  intense,  the  image  of  PQ  can  be  made  very  large  in  comparison 
with  it,  and  yet  be  very  bright.  The  object  PQ  is  placed  beyond 


p 


Figure  72i 


the  focus  F2  of  the  lens  C,  to  diminish  the  injurious  effect  of  the 
heat  rays  which  are  collected  in  or  near  the  focus  F2  >  and  also  to 
intersect  the  diverging  cone  of  rays,  so  that  all  the  object  will  be 
illuminated. 

311.  Microscopes.  A  microscope  is  an  optical  jVstrument 
used  to  form  a  magnified  image  of  a  very  minute  aff^ear  object, 
.and  to  view  the  image.  If  the  eye  possessed  tli^Wperty  of  dis¬ 
tinct  vision  at  all  distances,  a  clear  and  magnifi^kimage  would  be 
formed  by  it  as  the  object  approached  the  opfi©l  centre  of  the  eye. 
But  what  is  gained  in  magnitude  after  tj^pbject  passes  the  inferior 
limit  of  distinct  vision  is  more  than  the  indistinctness  aris¬ 

ing  from  the  inability  of  the  lenses  ofohe  eye  to  bring  the  rays  to  a 
focus  on  the  retina.  The  simple  mw&oscope  is  a  convex  lens,  whose 
principal  focal  distance  is  lesg^^m  the  inferior  limit  of  distinct 
vision.  Such  a  lens,  whose ^H^|ipal  focal  distance  is  five  inches, 
would  be  a  microscope  fo\arp4ye  whose  inferior  limit  is  six  inches, 
but  would  not  be  f  at*  (©whose  limit  is  four  inches.  When  the 
object,  as  in  Figure  fe^s  placed  nearer  the  lens  than  F2,  the  image 
is  virtual ,  erect, larger  than  the  object.  When  the  object  is 
placed  at  F2,  tl(e^merging  rays  of  each  pencil  are  parallel  to  the 
undeviate^lQ^ and  the  apparent  size  of  the  image  is  just  the  same 
us  if  the  optical  centre  of  the  eye  were  placed  at  the  optical  centre 
of  1 
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312.  The  Magnifying.  Tower  is  the  ratio  of  the  apparent 
diameter  of  the  image  to  that  of  the  object,  the  object  and  image' 
being  supposed  joroperly  placed  for  distinct  vision. 

But  since  objects  viewed  by  the  microscope  can  be  placed  at  any 
convenient  distance  from  the  eye,  it  is  usual  to  compare  their 
apparent  diameters  with  those  of  their  images  when  they  are  at  the 
inferior  limit  of  distinct  vision,  because  their  details  can  best  be 
observed  at  this  location.  If  we  suppose  the  object  to  be  so  placed 
that  the  image  formed  by  the  simple  microscope  is  at  the  limit  of 
distinct  vision  from  the  eye,  then  the  direct  ratio  of  the  diameters 
of  the  image  and  object,  since  they  are  compared  at  the  same  dis- 
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the  same  size  to  the  eye  as  if  the  latter  were  at  the  optical  centre  of 
the  lens,  and  we  have 

M=l  +  jr  (373) 

The  same  value  results  when  A  is  taken  so  small  compared  with 
d  as  to  be  negligible. 

When  F2  is  so  small  compared  with  d  that  unity  maybe  omitted 

with  respect  to  we  have,  approximately, 
d1 2 

M=i;  (374) 

For  a  particular  observer,  the  utility  of  the  microscope  is  deter¬ 
mined  by  the  greatest  visual  angle  under  which  it  enables  him  to 
see  clearly  any  definite  length,  whatever  may  be  the  angle  under 
which  he  sees  it  without  the  lens. 


Thus,  if  the  millimetre  be  the  unit  of  length,  the  visual  angle 

1  M 

without  the  microscope  would  be  and  with  it  would  be  ; 

therefore,  the  advantage  would  be,  from  Eq.  (372), 


.A 


M 

d 


d  + 


or  approximately  as  before,  calling  P  t. 
croscope, 

P-K 

d 

which  shows  that  a  myopic  ey 
or  normal  eye,  unless 
negligible. 


gy  (375) 

power  of  the  mi- 


M 


(376) 


an  advantage  over  a  presbyopic 
mall  as  to  make  this  difference 


ielchl}) 


O' 


313.  The  Field  of  View  of  the  microscope  is  the  angular 
space  embraced  Jfey^e  eye  within  which  spherical  aberration  does 
not  appreciabk^affect  the  clearness  of  vision ;  it  is  experimentally 
found  to  l^Sjfchin  9°  or  10°  around  the  principal  axis  of  the  mi- 
croscope.^^ut  although  the  magnifying  power  of  the  microscope 
\A 
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increases  when  the  radii  of  curvature  of  the  surfaces  diminish,  the 
spherical  aberration  increases  also. 

To  diminish  this  effect,  the  field  of  view  must  he  correspond¬ 
ingly  contracted,  by  means  of  a  diaphragm  which  stops  out  the 
marginal  rays. 

314.  Oculars .  Simple  microscopes  formed  of  two  lenses  are 
generally  used  to  view  images  formed  by  oprtical  instruments,  and 
of  these  it  is  sufficient  to  describe  two,  viz.,  the  positive ,  in  which 
the  image  is  formed  in  front  of  the  lenses  of  the  ocular,  and  the 
negative ,  in  which  it  is  formed  between  the  lenses. 


and  from  TV.  wi£h*(V  as  an  origin,  renresenting  the  distance  00'  by 


(378) 
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The  magnifying  power  of  the  ocular  is 


d 


f 


M  _  pV  _  pV  ..  n  _ 

~  PQ  “  pq  PQ  -  2>  +  /"  /  ’ 


V;  (379> 


but  from  Eqs.  (378)  and  (379)  we  have,  since  =  d, 


d 


-1  +  - 
D  +/"  “  ^  id" 


and 


r  _  i ,  /"  i  i  />"  +  ^ 

f  -L  +  F,~l+  Ft  ~F’ 

mL(i  +  ±)(i+  f"Fi _ DA 

V  +  F,i')V  +  FJf,"  +  F{)  Fj 


=  i  +  LzJ*  +  A 

+  id  +  id' 


idid' 


approx. 


(380) 


When  id  =  id'  and  D  =  fid,  the  ocular  is  called  Ramsden’s, 
and  we  have  for  the  magnifying  power. 


M  = 


id  + 

3id  ’ 


X<^  (381) 

& 


and  when  F2  is  small  compared  to  cl,  equal  to 

<»> 

N 

2°.  The  negative  or  Huyghen’s  <c)m  r  consists  of  two  cony  exo¬ 
plane  lenses.  The  images  ionvfiL  by  the  two  lenses  L  and  L'  of 
this  ocular  are  shown  in  FigurQS;  thus  the  converging  pencil  of 
rays  would  form  the  objeqK £&  "Were  they  not  met  by  the  lens  L; 
but  being  deviated  bvjt^wtey  form  the  real  image  pq,  which  the 
lens  1/  magnifies  intG^yT 

A  discussion  sijgilar  to  that  for  the  positive  ocular  gives  for  the 
magnifying  pov^j^ 

N^=(i +4)(1  +  _js. — a 
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identical  in  all  respects.  Making  FJ  =  %F2  and  D  —  § F2,  we 
have 

6d  -f-  F%  Qd  .  ,  ,  /ooa\ 

M  =  — —  or  -gjp,  approximately.  (384) 


315.  The  Compound  Microscope  consists  essentially  of 
an  objective  0,  which  is  a  simple  microscope  formed  of  one  or  sev¬ 
eral  lenses,  whose  purpose  is  to  form  a  real,  magnified,  and  inverted 
image  of  a  minute  object,  and  an  ocular  E,  also  a  simple  micro¬ 
scope,  to  magnify  and  view  this  image.  Figure  76^  iicates  the 


size  and  locatis^!£  the  image  corresponding  to  the  object  PQ.  If 
the  distapqe  the  ocular  from  the  objective  can  be  varied,  the 
ocular  placed  always  in  such  a  position  that  the  image  formed 

by  it  wn^be  at  the  inferior  limit  of  distinct  vision  from  the  eye, 
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wherever  the  image  of  the  objective  may  be.  In  this  case,  however, 
the  magnifying  power,  which  depends  on  the  ratio  of  p'q'  to  PQ, 
will  vary  with  the  position  of  the  ocular  with  respect  to  the 
objective. 

Therefore,  in  order  to  keep  a  constant  magnifying  power,  this 
distance  should  be  invariable,  and  the  tube  containing  them  may  be 
moved  towards  or  from  the  object.  The  magnifying  power  is  evi¬ 
dently 

M=PLl  =  lM  x  SI.  (385) 

PQ  pq  X  PQ  V  ' 

The  first  factor  is  the  magnifying  power  of  the  ocular,  and  the 
second  is  that  of  the  objective. 


316.  Telescopes .  A  telescope  is  an  optical  instrument  com¬ 
posed  of  an  object-glass  or  reflector  to  form  a  real  image  of  a  real 
and  distant  object,  and  of  an  ocular  to  magnify  and  view  the  image. 
Therefore,  the  object-glass  must  be  essentially  convex,  if  the  tele¬ 
scope  is  a  refractor,  and  if  a  reflector,  the  object  mirror  must  be 
concave  ;  the  ocular  may  be  either  concave  or  convex. 


1°.  The  refracting  telescopes  are  the  astronomical ,  the  Galilean , 
and  the  terrestrial .  k 

JsP 

317.  The  Astronomical  RefracMny^Mfescope,  Fig¬ 
ure  77,  consists  essentially  of  a  convex  lens  LA^lled  the  lielcl  lens 

nP 


Figure  77 

or  objective ,  ancP^S&nvex  lens  L',  called  the  ocular  or  eye  lens .  The 
incident  petidK^  rays  from  the  upper  point  of  the  object  is  brought 
by  the  oJjVta^e  to  a  focus  at  p ,  and  the  rays  of  the  pencil  from  the 
lower  p^H^v  are  united  at  q ;  pq  is  therefore  a  real  image  whose 
14 
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linear  magnitude  is  to  that  of  the  object  directly  as  their  distances- 
from  0.  From  p  a  pencil  of  rays  proceeds  which  is  met  by  the  eye 
lens  L',  and  so  deviated  in  the  figure  as  to  have  the  virtual  focus  of 
p  at  p' ;  p '  is  determined  by  drawing  the  ray  through  O'  and  pro¬ 
ducing  it  backward  ;  it  is  the  axial  ray  of  the  small  pencil  and 
passes  through  O'  undeviated ;  any  other  ray  from  p  will  be  deviated,, 
and  when  produced  backward  will  meet  pO’  in  p’ ,  which  is  the  vir¬ 
tual  image  of  p.  The  image  of  any  point,  as  q,  is  found  in  the 
same  manner,  and  thus  p'q'  is  determined.  If  the  lens  L'  were 
drawn  out  until  the  images  occupied  its  principal  focus,  the  pen¬ 
cils  from  pq  after  deviation  would  be  composed  of  parallel  rays,  each 
being  parallel  to  the  axial  ray  of  its  small  pencil.  For  the  normal 
or  myopic  eye,  O'X  is  always  slightly  less  than  the  principal  focal 
distance  of  the  ocular,  but  for  an  infinitely  presbyopic  eye  it  is 
equal  to  it.  In  determining  the  magnifying  power  of  telescopes, 
the  distance  O'X  is  usually  taken  equal  to  id/,  or  the  principal 
focal  distance  of  the  ocular.  When  the  object  is  so  far  off  that  the 
rays  of  each  pencil  may  be  taken  as  parallel,  the  image  pq  is  formed 
in  the  principal  focus  of  the  objective,  and  the  length  of  the  tele¬ 
scope  is  then  equal  to  F9  +  F9r.  The  objective  is  usually  formed  of 
two  lenses,  the  outer  one  a  double  convex  and  the  inner  a  double 
concave.  The  adjacent  surfaces  of  the  two  lenses  hava^actly  equal 
and  opposite  curvatures,  and  generally  are  in  actj^Ocoiitact,  and 
the  curvature  of  the  inner  surface  of  the  concawe^Ms  is  much  less 
than  that  of  the  outer  surface.  The  forms  auAfkfractive  powers  of 
the  lenses  are  such  as  to  satisfy,  as  far  as  le,  the  conditions  of 
correcting  both  spherical  aberration  and*£taU>r. 


318.  The  principal  oculars  use^Nin  the  astronomical  telescope 
are  Huyghen’s  or  the  negativeuiinr  Kamsden’s  or  the  positive  ocu¬ 
lar.  The  former  is  called  Mm^ichromatic  eye-piece,  because  the 
correction  for  color  is  near^Wfilled.  It  is  suitable  for  examining 
the  physical  features  otS^estial  objects,  and  is  not  well  adapted  for 
taking  observation^Wlri^i  require  measures  of  time  or  space,  since 
the  image  is  formecSfcetween  its  lenses.  For  such  observations,  the 
observer  must  *l^3tble  to  see  distinctly  fine  threads  or  spider-lines 
stretched  a(  a  stop  fixed  in  the  telescope-tube,  in  coincidence 
with  th^vj$ical  image  of  the  celestial  object.  This  condition  is 
fulfillecb^^Ramsden’s  ocular,  since  the  image  formed  by  the  object- 
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glass  is  situated  close  to  the  inner  lens  of  the  ocular,  on  the  side 
towards  the  object-glass,  as  shown  in  Figure  74. 

319.  If  lines  be  drawn  from  the  opposite  extremities  of  the 
object  and  eye-lens,  as  shown  in  the  figure,  the  pencils  of  light 
emanating  from  points  of  the  image  included  between  these  lines, 
are  incident  on  the  eye-lens.  Hence  these  points  will  appear  of 
equal  illumination,  while  the  points  exterior  to  these  limits  will 
exhibit  decreasing  brightness.  This  exterior  ring  is  known  as  the 
ragged  edge  of  the  field  of  view.  A  diaphragm  is  inserted  in  the 
eye-tube  to  cut  off  the  partial  pencils  and  leave  the  whole  pencils 
alone,  to  pass  to  the  eye-lens.  This  area  appears  uniformly  bright, 
and  is  called  the  field  of  vietv.  The  diaphragm  is  placed  in  the 
plane  of  the  image,  and  to  it  are  attached  the  wires  or  spider-lines 
referred  to  ahoye.  In  telescopes  such  as  the  transit,  when  it  is  de¬ 
sirable  to  have  a  more  extended  field  of  view,  the  eye-piece  has  a 
motion  perpendicular  to  the  axis  of  the  instrument,  so  that  the 
whole  field  in  this  case  may  be  considerably  extended  laterally,  in 
order  to  enable  the  observer  to  notice  the  passage  of  a  celestial  body 
over  several  wires. 


320.  The  Galilean  Telescope,  Figure  78^sVommonly 
known  as  the  opera  or  reconnoitring  glass,  has  a  coning Ians  for  an 


objective  L,  an(J 


JS£ 

of  a  distant  object  r 


oncave  lens  E  for  the  eye-lens.  The  image  pq 
‘Q  would  be  formed  by  the  objective  as  in  the 
preceding  lete^tipe,  were  not  the  pencils  intercepted  by  the  eye-lens 
E;  pq  i^wi'  a  virtual  object  for  E,  and  its  image  is  determined  as 
indicate<Noy  the  construction  lines  in  the  figure.  The  lens  E  is 
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usually  taken  to  be  at  its  principal  focal  distance  from  pq,  and  when 
the  incident  rays  on  L  are  parallel,  the  length  of  the  telescope  is 
equal  to  F2  —  F2\  This  instrument  is  not  adapted  to  use  in  astro¬ 
nomical  measurements.  The  image  of  PQ,  as  seen  in  the  telescope, 
is  erect. 

321.  The  Terrestrial  Telescope,  Figure  79,  is  nothing 
but  the  astronomical  telescope,  L,  E,  with  the  addition  of  two  con¬ 
vex  lenses  Z,  V ,  called  the  erecting-piece.  The  first  image  pq  is 
formed  at  the  principal  focus  of  l ,  the  pencils  of  which  after  devia¬ 
tion  are  parallel ;  these  parallel  beams  are  brought  to  a  focus  by 
l'  at  its  principal  focal  distance,  and  form  the  second  image  p'q'. 
The  eye-lens  E  deviates  the  pencils  proceeding  from  p'q' ,  making 
them  appear  to  come  from  the  virtual  image  p"q".  The  construc- 


Lll/ Llf 

4 

iresfl  i 


be  unwarrantable  in  an  astronomresfl  telescope.  Besides,  since  celes- 


.  The  principal  reflecting  telescopes  are  named  after 
imventors,  and  are  the  Herschelian ,  the  Newtonian ,  the  Grego- 
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rian,  and  tlie  Cassegrainian.  In  all  these,  since  it  is  necessary  to 
form  a  real  image  of  a  real  object,  the  object  reflector  must  be  con¬ 
cave.  These  reflectors  are  usually  made  of  speculum,  and  have  an 
aperture  much  larger  than  it  has  been  possible  to  give  to  the 
refractors. 

Ilerschel’s  telescope  is  the  simplest  and  most  commonly  used  of 
the  reflectors.  It  consists  of  a  concave  speculum,  ground  to  the 
form  of  a  paraboloid,  whose  focus  is  near  the  mouth  of  the  tube;  it 
is  slightly  inclined  to  the  axis  of  the  tube,  in  order  that  the  image 
may  be  thrown  near  one  side,  so  that  the  head  of  the  observer  may 
intercept  as  little  light  as  possible.  The  image  is  viewed  by  an 
ocular,  which  is  a  simple  microscope. 


Figure  80 

vQN 

323.  The  Newtonian  Telescope^te ure  80,  consists  of 
the  concave  spherical  reflector  R  whose  of  curvature  is  at  0, 

the  plane  reflector  M,  and  the  ocular  construct  the  point  p" 

of  the  image,  draw  any  ray,  and  fin^jh  intersection  p  after  devia¬ 
tion  with  the  ray  proceeding  frorpdhe  point  P  through  the  optical 

jOTnis 

plane  mirror  M,  the  point 
focus  is  p',  which  in  a  real  object  for  E,  giving  a  virtual 

image  p".  Other  pomtsjW  the  image  being  similarly  constructed, 
we  have  p"q"  at  tlmlmTit  of  distinct  vision  for  the  eye  behind  the 
lens  E. 


centre  0  of  the  object  reflector)  Ctfhs  ray  being  intercepted  by  the 

(^a^irtual  radiant  for  M,  and  its  real 


324. 

essential 


IbsStrVe 


ef/orian  Telescope,  Figure  81,  has  for  its 
;s  the  object-reflector  R  with  centre  at  0,  the  small 
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concave  reflector  R'  with  centre  at  O',  and  the  eye-lens  E.  To 
construct  the  point  p"  of  the  image,  draw  any  ray,  as  the  extreme 
ray,  for  example;  its  intersection  with  the  undeviated  ray  through 


R 


Figure  81 


0  determines  p,  and  the  image  pq  is  real.  From  p  draw  /*ny  ray  to 
the  small  reflector;  its  intersection  with  the  tmdeviated  ray  through 
O'  determines  p and  thus  the  image  p’q'  of  pq  by  the  small  reflec¬ 
tor  ;  the  virtual  image  of  p'q'  by  the  eye-lens  E  is  p"q" ,  as  in  pre¬ 
vious  cases.  The  image  as  seen  by  this  telescope  appears  erect. 
The  small  mirror  R'  is  capable  of  being  moved  alcm^iie  axis  by  a 
rod  and  screw  fixed  along  the  bottom  of  the  teloeS^fe  tube.  It  is 
apparent  that  as  it  approaches  pq ,  the  image  towards  E, 

and  conversely. 


R 
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fore  the  image  pq  must  be  a  virtual  object  for  R',  in  order  that  a 
real  image  p'q'  be  formed  in  front  of  the  eye-lens  E.  The  con¬ 
struction  of  the  image  p"q"  is  indicated  in  the  figure,  and  is  analo¬ 
gous  in  every  respect  to  that  of  the  preceding  figure.  Objects  seen 
through  this  instrument  appear  inverted. 

326.  The  Magnifying  Toiver  of  any  combination  of 
mirrors  or  lenses  is  the  ratio  of  the  apparent  magnitude  of  any  linear 
dimension  of  an  object  viewed  by  the  eye  directly,  to  the  apparent 
magnitude  of  the  corresponding  linear  dimension  of  the  image  as 
seen  by  means  of  the  combination.  We  have  seen,  Art.  (303),  that 
the  linear  dimension  of  an  object  is  to  the  linear  dimension  of  its 
image  formed  by  a  lens  or  a  mirror  directly  as  their  distances  from 
the  optical  centre  of  the  lens  or  mirror. 

Let  n  be  the  number  of  lenses  and  mirrors,  D  the  distance  of 
the  object  from  the  objective,  and  d  the  distance  of  the  eye  from 
the  ocular  ;  let  f ,  /2,  /3,  . . .  represent  the  successive  images 
formed;  and 

f\ >  /2  *  be  the  distance  of  Ix  from  the  1st  and  2d  lenses  or  mirrors. 


f :  _  v 


mce  of  I% 
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from  the  eye,  we  have  for  the  apparent  angular  magnitude  of  the 
last  image, 

!  _  L  f\  '  fz  •  fo  •  •  •  •fin- 3  '  fin—l 


D  fi*  fi'f%>  •  •  'fin — 2  (/sn-l  +  &) 


(386) 


If  C'be  the  distance  at  which  the  object  is  seen  distinctly  by  the 
eye  of  the  observer,  the  apparent  angular  magnitude  of  the  object 
seen  without  the  combination  is 


C 


L  D 
D  ’  C 


(387) 


The  ratio  of  these  apparent  angular  magnitudes,  and  hence  the 
magnifying  power  of  the  combination,  is 


a 

a 


0 


fl  *  fz  *  fs  •  •  '  'fin-  3  •  fin — 1 


(388) 


D  f 2  *  f 4  ’  f 6  •  •  •  'fin — 2  [fin — 1  +  <%) 

If  the  object  be  a  heavenly  body, 

2_! 

and  the  magnifying  power,  therefore,  for  any  aspohomical  tele¬ 
scope  is 

M  —  f''  f»  -  •  •  -  ft*-*'  f*r SV:  (389) 

If  the  final  image  is  seen  by  penciQj^ nearly  parallel  rays,  then 
^  ^n~~- »  is  approximately  unity,^yi  as  this  is  the  usual  condition, 
we  have  finally,  & 

(390) 

J 2\/4 - Jin-2 

/•  o 

327.  If  pencil^fjfom  points  of  the  object  and  corresponding 
points  of  the^igjage  are  nearly  perpendicular  to  the  lenses  or  mir¬ 
rors  of  the  combination  in  their  passage,  their  breadths  are  directly 
proportion^vo  the  distances  of  the  lenses  or  mirrors  from  the  inter- 
medi  Then,  if  A  be  the  breadth  of  a  pencil  falling  on  the 

objeot-giass  or  mirror,  we  will  have 
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f 

A  the  breadth  on  the  2d  lens  or  mirror ; 


a  h  f± 
A  U 


3d 


A  />'/*'"  <e  te  „th  ee  ei 

Jl  73  •  •  *  •Jin-3 

e  =  A  (fin—i  }  “  of  the  pencil  entering  the  eye. 

J\  *  Jz  •  •  *  •  Jin-3  •  J  in — 1 

(391) 

Substituting  in  the  expression  for  the  magnifying  power,  we 
have 

M  =  •£•-,  (392) 


D  e’ 


and  for  astronomical  telescopes, 


M=  ±.  (393) 

328.  In  all  telescopes  except  the  Galilean,  the  the  pen¬ 

cils  is  determined  by  the  aperture  of  the  object-<ri?lp  or  spherical 
mirror,  and  A  will  be  the  value  of  its  diametM’QvTi  e  be  greater 
than  the  diameter  of  the  pupil  of  the  eye,  son^W  the  light  of  each 
pencil  is  lost,  and  the  effect  is  the  samq/raMihe  same  magnifying 
power  as  if  the  diameter  of  the  obje/t-gp&  had  been  decreased. 
The  inferior  limit  of  the  magnifying^otm'  with  a  given  aperture  A 

is  therefore  e '  being  the  dial 


w 


etOof  the  pupil.  If  the  diameter 


of  the  pencil  e  entering  the(grc  is  less  than  that  of  the  pupil,  the 
image  loses  distinctness^^!  inss  of  light,  and  to  remedy  this  it 
would  be  necessary  to  i^^ase  the  diameter  of  the  object-glass. 

The  quantity  e  tj^ractically  the  diameter  of  the  image  of  the 
object-glass  forpiod  by  the  eye-glass  at  the  position  of  the  eye.  If, 
therefore,  the  is^cope  be  adjusted  to  distinct  vision,  with  the  eye¬ 
piece  attapl^i^fhose  magnifying  power  is  to  be  determined,  and 
the  diam^fe^bf  this  image  be  measured,  the  quotient  obtained  by 
dividin^We  aperture  of  the  object-glass  by  this  diameter  will  be  the 
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magnifying  power  of  the  telescope.  The  instrument  designed  to 
make  this  measurement  is  called  the  Dynameter . 

329.  Brightness  of  Images.  Let  B  be  the  brightness  of 
an  object,  8  its  surface,  and  cl  its  distance.  Then  the  quantities  of 
light  falling  on  the  unit  area,  on  the  pupil  of  the  eye,  and  on  the 
object-lens  or  mirror,  are 


B 


S_ 

d2’ 


and  Bna2 


S_ 

d2’ 


respectively,  p  and  a  being  the  radii  of  the  pupil  and  aperture. 
After  passing  the  ocular,  supposing  no  light  lost  by  absorption,  and 
the  radius  of  the  ocular  ring  to  be  r,  the  quantity  of  light  received 

S  p* 

by  the  pupil  will  be  i?7ra2  — •  —2,  which  is  less  than  the  quantity 

Ct*  T 

7)2 

of  light  passing  through  the  ocular,  in  the  proportion  of  —  •  On 
the  other  hand,  the  apparent  surface  of  the  object  is  increased  in 
proportion  to  -2,  and  hence  becomes  — 2,  which  may  be  placed 


S'  \ 

equal  to  ;  then  the  light  received  by  the  pupil  may ^be^xpressed 


as  Bnp2~,  and  the  brightness  B  is  unchangeL/vif,  however,  the 

ocular  ring  is  smaller  than  p 2,  the  whole  quai||y^  of  light  Bna2  ^ 
enters  the  eye.  This  expression  may  be  w^Sfeli 


d* 


whence  we  see  that  the  brig! 


Br2 


is  now  ~r- ,  less  than  before  in 

p2 


htorar  i 

r« 

the  proportion  of  — 2-  JS^refore,  when  the  ocular  ring  becomes 

less  than  the  area  ^jjie  pupil,  the  brightness  decreases  and  the 
image  loses  distiqgjmess.  This  does  not  apply  to  a  star,  because, 
having  no  diskx4K?annot  be  magnified,  and  therefore  the  larger  the 
aperture  of  fh^relescope,  the  greater  the  brightness  of  the  image. 
To  studWMvhetails  of  objects  having  appreciable  disks,  less  power¬ 
ful  ocular^  should  be  used  than  those  used  for  stars.  In  the  best 
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achromatic  telescopes,  but  85%  of  the  light  is  transmitted,  and  hence 
objects  appear  brighter  to  the  naked  eye  than  through  the  telescope. 

330.  Magnifying  Bower  of  Telescopes.  Applying  the 


general  expression,  Eq.  (390),  for  the  magnifying  power, 

we  have, 

for  the 

Astronomical  refractor, 

1  + 

II 

1 

(394) 

Galilean  refractor, 

+  + 

II 

(395) 

Terrestrial  refractor, 

+  /l  +  fs 
~f*  +  / 4 

1  + 

II 

+ 

O 

(396) 

When 

Herschelian, 

Newtonian, 

Gregorian, 

Cassegrainian, 


f2  =  f5,  and  in  which  /3  =  /4, 


+/. 

F . 

A 

~  FA 

+A 

F, 

-A 

-  fa 

+  /l 

+ A 

F  A. 

— A 

-A 

-  F‘ A’ 

+/■. 

+  1 

& 


A 


(397) 

(398) 

(399) 

(400) 


From  these  results  we  see  thartvfche  Galilean,  terrestrial,  and 
Gregorian  give  images  erect,  andJhVrem ain der  give  images  inverted, 
as  indicated  by  the  essential  sign  of  the  expression  for  the  power. 

PHpICAL  OPTICS. 

331.  Heretofore,  we  have  considered  the  luminous  ray  as  a  geo¬ 
metrical  rightJkre;  and  have  discussed  its  changes  of  direction  in 
reflection  .and  refraction  without  regarding  its  physical  properties. 
We  now^yfceed  to  explain,  by  the  principles  of  the  undulatory 
theory,  mb  nature  of  the  luminous  ray  as  exhibited  by  the  various 
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phenomena  arising  from  the  action  of  rays  on  the  organ  of  vision 
and  on  each  other,  and  in  their  deviation  by  different  media. 

332.  Color .  When  a  small  parallel  beam  of  sunlight  is  inter¬ 
cepted  by  a  prism,  a  separation  of  its  elements  is  effected,  and  each 
ray  of  the  white  light  is  found  not  to  be  homogeneous,  but  to  con¬ 
sist  of  an  innumerable  number  of  other  rays,  each  of  which  has  the 
property  of  so  affecting  the  retina  as  to  produce  in  our  minds  the 
sensation  of  color .  And  generally  all  natural  or  artificial  light  is 
similarly  but  variously  compounded.  When  a  small  beam  of  homo¬ 
geneous  light,  as  red ,  for  example,  falls  on  a  prism  placed  in  ite 
position  of  minimum  deviation,  the  refractive  index  for  this  color 
and  particular  prism  is  readily  obtained  from  Eq.  (301), 


(401) 


a 


sm  2 


Should  the  beam  consist  of  two  kinds  of  homogeneous  light, 
and  hence  g  will  differ  for  each.  In  the.  solar  beam,  the  deviation 
of  the  constituent  homogeneous  elements  varies  by  conthViity  from 
the  red  to  the  violet,  and  therefore  each  simple  ray  \^lClujve  a  par¬ 
ticular  refractive  index.  When  the  beam  is  interee^^u  by  a  screen 
after  deviation,  a  colored  image  called  the  sold^pedrum,  whose 
width  is  uniform  for  a  given  position  of  the  ^c(eon,  is  pictured  upon 
it.  Its  length,  however,  depends  on  thqnyfracting  angle  of  the 
prism,  and  on  the  material  of  which  ftii made,  as  well  as  on  the 
position  of  the  screen.  The  color^paSs  by  insensible  transition 


Red,  Orange,  Yelloiu,  Green,  Blue,  Indigo,  and  Violet, 


red  being  deviated  tow  base  of  the  prism  the  least,  and 


violet  the  most.  Each/gWed  ray  has  a  particular  refrangibility, 
and  is  simple,  for  it  puffers  no  farther  decomposition  when  deviated 
again  by  another ^grism. 


y  another £n 
\ 
i< 


333. 


frum  is,  in  reality,  made  up  of  the  overlapping 
le  aperture  through  which  the  solar  beam  passes* 


colored 
but  its.sBO 


are  impure,  since  the  rays  which  enter  the  eye  from 


any  partNpb tween  its  extremities  proceed  from  two  or  more  of  the 

A 
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colored  images.  To  obtain  a  pure  spectrum ,  the  light  is  admitted 
through  a  narrow  aperture  or  slit,  about  3  or  4  mm.  in  width,  with 
jiarallel  edges,  and  allowed  to  fall  on  a  prism  placed  in  the  position 
of  minimum  deviation,  having  its  refracting  edge  parallel  to  the 
slit.  To  project  this  spectrum,  an  achromatic  lens  of  considerable 
focal  length  is  placed  behind  the  prism,  at  double  its  principal  focal 
distance  from  the  slit.  The  screen  is  placed  normal  to  the  mean 
deviated  ray,  at  double  the  principal  focal  distance  of  the  lens,  and 
the  spectrum  will  then  be  rectangular  in  shape,  sharply  defined, 
and  will  consist  of  the  contiguous  colored  images  of  the  aperture, 
arranged  according  to  their  refrangibility. 

334.  Dispersion .  This  property,  by  which  refractive  media 
separate  white  light  into  its  homogeneous  elements,  is  called  dis¬ 
persion.  All  refractive  media  do  not  possess  this  property  in  the 
same  degree,  as  is  readily  shown  by  using  prisms  of  the  same  re¬ 
fracting  angle,  but  of  different  material.  The  coefficient  of  disper¬ 
sion  is  the  difference  between  the  refractive  indices  of  the  extreme 
violet  and  extreme  red  ray,  or  \ uv —  fir .  The  dispersive  poiver  of  a 
medium  is  measured  by  the  ratio  of  the  excess  of  the  index  of  re¬ 
fraction  of  the  mean  ray  over  unity  to  the  coefficient  of  dispersion. 


To  definitely  fix  the  value  of  the  disper9^0power,  fir,  fig,  and  j av 
are  taken  to  be  the  refractive  indices  ofratf^pttincident  with  certain 
characteristic  lines  of  the  spectrum,  CjLEjahd  G,  and  which  there¬ 
fore  now  fix  the  wave  lengths  of  t^  particular  red,  green,  and 
violet,  considered  in  this  measure.  O 

335.  If  the  aperture  be  rffaoe  sufficiently  narrow,  the  resulting 
solar  spectrum  will  be  ^xd^cr'tran sversely  with  numerous  dark 
lines,  indicating  the  abseil  or  partial  obscuration  of  certain  colored 
rays  of  particular  refrafrgibility.  Frauenhofer,  who  in  the  early 
part  of  this  century  noted  nearly  600,  and  determined  the  position 
of  354  of  them— them  the  fixed  lines  of  the  solar  spectrum  ; 
but  they  arep^w  generally  known  as  Frauenhofer’s  lines.  He  se- 

.  lines  as  standard  means  of  reference, 


letters  A,  B,  C,  D,  E,  F,  G,  and  H. 
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Their  position,  with  that  of  two  intermediate  lines  a  and  b,  are 
shown  in  the  normal  spectrum,  Figure  83.  Owing  to  their  fixity 
of  position  and  sharpness  of  delineation,  they  may  readily  be  ob¬ 
served,  and  the  refrangibility  of  any  ray  can  be  determined  by  their 
assistance  with  the  greatest  accuracy. 


336.  As  has  been  before  stated,  the  dispersion  produced  by 
various  media  is  different,  and  therefore  the  widths  of  the  color 
spaces  and  distances  separating  the  fixed  lines  would  not  be  invaria¬ 
ble  in  comparing  spectra  produced  by  different  prisms.  But  in  the 
normal  spectrum  produced  by  diffraction ,  the  position  of  the  lines 
and  colors  depends  on  the  corresponding  wave  lengths,  and  hence 
affords  a  reliable  and  fixed  standard  of  reference. 

337.  The  index  of  refraction  being  equal  to  the^ratio  of  the 
velocities  of  the  ray  before  and  after  refraction,  anc|^n?$e  it  differs- 
for  each  color,  we  will  now  see  what  conclusion  J0  Te  drawn  from 
the  expression  for  the  velocity  of  wave  propaga^Q^  m  any  medium, 
as  given  by  Eq.  (119),  of  Art.  95, 

F*  =  a  +  |2  +  etc.  (403> 

In  this,  a,  b,  c,  etc.,  were  sho®rto  be  constants  depending  on 
the  constitution  and  nature  ofi0e  medium ;  therefore,  for  a  partic¬ 
ular  medium,  F  must  varv^fli  A.  This,  together  with  the  facts 
of  dispersion,  indicates^MJPT  differs  for  each  ray  of  homogeneous 
light  and  is  the  basjg  rftyVfre  explanation  offered  by  the  undulatory 
theory  for  the  uneyia)  refrangibility  of  the  elements  of  white  light. 
If  white  lighj  £jiot  dispersed  by  any  medium,  we  must  conclude 
either  that  tbeSfave  lengths  of  rays  of  different  colors  are  equal,  or 
that  they  ^^transmitted  through  this  medium  with  equal  veloci¬ 
ties  ;  Wjvp  the  latter  case  attribute  to  such  a  medium  a  constitu¬ 
tion  compatible  with  the  observed  facts,  by  properly  modifying  the 
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hypotheses  which  influenced  the  deductions  based  upon  them. 
Many  independent  experiments  and  observations  completely  estab¬ 
lish  the  fact  of  a  variation  in  the  wave  length  due  to  a  variation  in 
color,  and  therefore  the  supposition  of  a  constancy  of  wave  length 
must  be  abandoned.  The  most  careful  observations  on  the  light  of 
the  fixed  stars  and  other  heavenly  bodies  have  failed  to  indicate  the 
slightest  dispersive  power  of  the  intervening  media  which  transmit 
their  light  to  the  earth,  and  therefore  we  are  forced  to  conclude  that 
the  velocity  of  transmission  is  the  same  for  all  rays  in  the  inter¬ 
planetary  ether.  The  inference  drawn  from  this  constancy  of  V  is 
that  the  ether  molecules  of  space  are  separated  from  each  other  by 
distances  which  are  practically  insignificant,  compared  to  the  lengths 
of  the  shortest  light  waves.  The  analogous  supposition  made  with 
respect  to  the  wave  lengths  of  sound  and  the  distance  apart  of  the 
adjacent  air-particles,  in  Art.  183,  resulted  in  the  theoretical  deduc¬ 
tion  of  the  constancy  of  V  for  all  sound  waves  of  greater  or  less 
wave  length  in  air,  which  deduction  is  found  practically  confirmed 
by  observation. 

338.  Again,  since  the  absolute  refractive  index  of  air  is  only 
1.000294,  and  those  of  other  gases  are  not  greatly  in  excess  of  this, 
we  commit  no  sensible  error  in  assuming  the  dispersi^Apower  of 
air  and  other  gases  to  be  negligible  compared  with  $q*Gn*ry  solid 
and  liquid  media,  and  can  therefore  practically  assu^j  the  relative 
refractive  indices  of  these  media,  referred  to  ai£^  their  absolute 
indices,  making  the  correction  in  particular  c^^when  necessary. 

339.  If  two  prisms  of  different  matem^and  same  refracting 
angle  be  used  to  form  the  solar  spectrnm>&re  widths  of  spaces  occu¬ 
pied  by  the  same  color,  and  the  distaii&e  apart  of  the  characteristic 
lines,  will  not  be  the  same  in  e^lveven  if  the  spectra  be  of  the 
same  length.  This  is  called  irtitn^ality  of  dispersion .  Assuming 
that  the  velocity  of  wave^ig^ption  iu  air  is  the  same  for  all 
luminous  rays,  and  remeim^ing  that  the  time  during  which  the 
motion  is  propagated  ^Ter^lie  wave  length  is  the  periodic  time,  then 
either  the  length  of  me  wave  undergoes  a  change  when  homo¬ 
geneous  light  ent^gji  dispersive  medium,  or  the  number  of  vibra¬ 
tions  per  secoh©  corresponding  to  this  color  varies.  Certain 
observatio^iMibate  that  the  number  of  waves  by  which  a  particu¬ 
lar  color  ft^Jfcssion  is  made  on  the  retina  is  invariable,  and  there- 
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fore  we  conclude  that  the  wave  lengths  change  on  their  entrance 
into  such  a  medium.  The  wave  length  of  any  color  for  any  me¬ 
dium  will  then  be  found  by  dividing  the  wave  length  in  air  by  the 
refractive  index  of  this  color  for  that  medium.  The  method  of 
finding  the  wave  length  in  air  will  be  described  in  the  subject  of 
diffraction ,  and  when  once  determined,  together  with  the  velocity 
of  light  in  air  or  vacuo,  we  can  find  the  number  of  vibrations  cor¬ 
responding  tor  any  color  of  the  normal  spectrum,  which  theieloie 
becomes  the  constant  for  this  color. 

340.  Color  may  therefore  be  defined  to  be  the  sensation  aris¬ 
ing  in  the  mind,  due  to  the  effect  of  a  certain  number  of  waves  of 
light  affecting  the  retina  per  second  of  time.  We  have  in  sound  the 
analogous  property  of  pitch ,  and  it  is  a  matter  of  common  observa¬ 
tion  that  the  pitch  of  a  sound  due  to  a  definite  number  of  vibrations 
per  second  may  vary  through  a  considerable  range,  as  heard  by  the 
ear ,  rising  and  suddenly  falling,  as  the  observer  rapidly  approaches 
and  recedes  from  the  sounding  body.  So,  likewise,  it  is  theoreti¬ 
cally  possible  to  have  a  color  rise  and  fall  in  the  scale,  provided  a 
sufficient  change  be  made  in  the  number  of  light  vibrations  which 
enter  the  eye  in  a  given  interval,  although  the  rays  from  a  luminous 
source  may  themselves  have  but  a  single  wave  len^t^^r  periodicity. 
The  application  of  this  physical  fact  is  of  use  in3i^  spectroscopic 
study  of  the  solar  prominences. 

341.  Beyond  the  extremities  of  theWQnous  spectrum,  ultra- 
violet  rays  of  greater,  and  ultra-redjraf&£  less  refrangibility  exist, 
which  are  however  not  visible.  #  Tke/ existence  of  the  former  is 
made  known  by  their  actinic  or  0&*nical  effect,  and  of  the  latter  by 
their  calorific  action.  Th ey  j^e^essen tially  of  the  same  nature  as 
the  luminous  rays,  differing^^y  in  their  refrangibility,  and  neces¬ 
sarily  therefore  in  theki (g^wengtlis.  Observation  shows  in  reality 
that  each  ray  of  the  i^vTe  spectrum  possesses  heat,  light,  and  ac¬ 
tinic  properties,  illffS'mg  only  in  degree,  and  if  we  consider  the 
spectrum  extendefcM?)  include  the  ultra  rays,  the  heating  effect  is  a 
maximum  i  3^0  ultra  red,  the  luminosity  in  the  yellow,  and  the 
actinic  inJjCjultra  violet.  These  properties  are  more  or  less  modi- 

rptive  powers  of  the  media  through  which  the 
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342.  Absorption .  The  undulation  conveys  kinetic  energy 
from  the  luminous  source  to  the  ether  of  other  matter.  Each  ra¬ 
diation  possesses  certain  properties,  exhibited  in  the  complex  effects 
of  heat,  light,  and  chemical  action,  and  these  properties  are  found 
to  vary  with  A.  Since  the  intensity  of  the  radiation  depends  on 
mv\  all  the  effects  which  the  radiation  produces  must  vary  with  this 
energy,  and  we  will  see  that  these  effects  are  also  proportional  to 
the  periodicity  of  vibration.  In  sound,  for  example,  the  intensity 
varies  with  and  the  property  of  pitch,  which  is  appreciated  by 
sensation,  depends  on  A.  Now  a  careful  examination  of  each  radia¬ 
tion  throughout  the  visible  and  invisible  normal  spectrum  discloses 
the  fact  that  each  radiation  has  one  or  more  of  the  properties  of 
heat ,  light ,  or  chemical  action ,  depending  on  its  wave  length  or 
periodicity  ;  and  since  these  effects  are  different  in  their  nature,  we 
have  no  means  of  referring  them  to  a  common  standard,  and  by 
subsequent  combination  get  at  the  true  measure  of  the  energy 
proper  to  each  radiation.  If  we  refer  them  to  sensation  only,  the 
last  is  inappreciable  ;  if  we  disregard  sensation,  the  second  is  omit¬ 
ted;  if  we  consider  mechanical  work  only,  since  heat  has  its  equiv¬ 
alent  in  work,  it  would  appear  that  this  would  be  the  true  measure 
for  the  intensity  of  the  radiation.  A  careful  study  of  tta?  normal 
spectrum  enables  us  to  ascertain  how  much  of  each  c^jitt^pf  these 
properties  belong  to  each  radiation. 
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Figure  84. 

343.  Let  us  !$uf5>ose  that  the  ordinates  of  the  curve  0 fia,  Fig¬ 
ure  84,  represwwjthe  relative  intensities  of  the  heat  in  each  radia¬ 
tion,  who^M^scissa  marks  its  place  in  the  spectrum,  the  curve 
O'deU.  tff^rblative  intensity  of  the  light,  and  the  curve  ghT  the 
15 
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relative  intensity  of  the  chemical  action.  Then  each  radiation  has, 
as  we  see,  a  complex  effect,  and  the  individual  effects  of  light,  heat, 
and  chemical  action  of  a  radiation  are  absolutely  inseparable.  They 
cannot  be  dissociated  by  prismatic  refraction,  since  the  ray  has  but 
one  value  for  its  refractive  index,  and  it  obeys  the  law  of  Snell  or 
Descartes;  nor  by  absorption,  for,  as  will  be  shown,  all  absorbing 
media  act  alike  on  each.  Hence,  in  all  cases,  each  property  of  any 
given  ray  is  found  with  its  same  specific  value  as  those  of  the  other 
two  which  accompany  it  in  the  spectrum.  The  philosophical  inter¬ 
pretation  of  this  fact  is  that  the  sun  or  other  luminous  body  sends 
out  rays  of  the  same  nature,  distinguished  only  by  their  periodicity, 
which,  by  the  action  of  a  prism  or  other  means,  may  be  separated 
according  to  their  wave  lengths,  and  at  any  point  of  the  spectrum 
there  is  but  one  ray  and  that  it  is  simple. 

344.  All  bodies  absorb,  transmit,  and  diffuse  the  radiations 
which  they  receive.  Whatever  part  of  the  energy  is  received  and 
not  transmitted  must  perform  work  or  store  up  energy  in  the  mole¬ 
cule.  If  u  represent  the  coefficient  of  transmission,  t  the  thickness 
of  the  absorbing  body,  and  I  the  original  intensity  of  the  luminous, 
heat  or  chemical  effect  of  a  radiation,  then  we  have 

I'  =  M  (404) 

for  the  transmitted  intensity  I'  of  either  of  these  oskws  considered ; 
the  ratio  I'  to  I  being  a  constant  for  each  ray  fori^ftfansmitted  heat, 
light,  or  chemical  effect.  Experiment  provesjShat  the  coefficient  u 
is  the  same  for  each  of  these  effects,  wh&bwe  consider  the  trans¬ 
mission  of  any  particular  radiation  iSwe  length  A,  and  it  varies 
in  value  for  different  values  of  A.r  Ws,  red  glass  is  quite  trans¬ 
parent  for  red  rays,  and  it  is  eqitftvV  transparent  for  the  heat  and 
chemical  properties  of  the  red^vybut  it  is  not  transparent  for  the 
yellow  ray  for  either  the  kfsmosity,  heat,  or  chemical  effect  of 

this  ray.  oserJ  ,  ,  __ 

345.  The  principte^vabsorption  may  then  be  stated  to  be,  that 

when  any  radiatio^i^rransmitted  through  any  medium,  its  three 
properties  of  luminosity,  heat,  and  chemical  effect  are  transmitted 
in  equal  pra$M0on.  When  u  —  1,  the  body  is  perfectly  trans¬ 
parent  fo;vtjOffects;  it  is  then  said  to  be  diathermous,  and  chemi¬ 
cally  a^N^iminously  transparent.  Hock  salt  is  an  example  of  a 
body  ra^feisparent  for  all  radiations,  and  other  bodies,  as  calcium 
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fluoride,  quartz,  and  glass  are  less  transparent  for  the  ultra  red  rays, 
while  alum,  citric  acid,  ice,  and  water,  stop  these  rays  almost  com¬ 
pletely.  Black  bodies  stop  the  luminous  and  ultra-violet,  but  let 
the  ultra-red  pass ;  a  solution  of  iodine  in  carbon  bisulphide  affords 
a  striking  example  of  such  a  body.  In  some  bodies,  generally  col¬ 
orless  and  transparent,  u  diminishes  as  ^  increases,  while  in  trans¬ 
parent  bodies  of  a  blue  or  violet  color,  u  increases  with  //.  In  the 
same  way,  all  bodies  may  be  classed  with  respect  to  their  powers  of 
absorption. 


346.  Emission .  When  bodies  are  heated,  they  emit  radia¬ 
tions,  which  however  are  not  simple,  but  complex,  being  a  mixture 
of  rays  of  varying  refrangibilities,  determined  by  the  temperature 
of  the  body.  Thus,  for  Centigrade  temperatures  below  100°,  the 
rays  emitted  are  those  which  pass  through  rock-salt  with  difficulty; 
from  100°  to  525°,  the  rays  are  still  obscure;  at  720°,  the  rays  lie 
between  A  and  C,  and  at  780°  they  extend  to  G,  while  at  1165°  they 
include  all  to  H.  The  emissive  power  of  a  body  is  directly  propor¬ 
tional  to  its  power  of  absorption,  and  this  ratio  is  found  to  be  a 
constant  for  all  bodies ;  hence  the  ratio 


1-C--L 
A  -  0-1, 


expresses  the  law  for  all  bodies,  in  which  E  is  Remissive  and  A 
the  absorptive  power  of  any  body  for  a  partj^Jj^r  radiation,  and  O 
is  the  emissive  power  of  black  bodie^vj^^  absorption  is  taken 
equal  to  unity ;  both  E  and  A  depent^^Trhe  temperature  of  the 
body  and  the  refrangibility  of  the  i^iation.  A  striking  analogy 
with  respect  to  sound  exemplifies  t©  law.  Thus,  while  the  mole¬ 
cules  of  an  incandescent  gas  cffijonly  emit  radiations  of  a  certain 
periodicity,  experiment  showOjjiat  they  absorb  radiations  of  the 
same  periodicity.  So  in^uCbase  of  a  composite  sound,  a  tuning- 
fork  mounted  on  its^e^Syhnt  box  will,  by  sympathetic  resonance, 
enter  into  vibratioi^vjhen  any  component  sound  of  equal  wave 
length  exists  in4t]gp^composite  sound.  The  fork  then  absorbs  this 
particular  vibraj^flf;  which  is  the  only  one  it  can  emit,  and  thus 
becomes  ii^qtt^irnew  origin  of  sound,  sending  out  in  all  directions 
waves  single  pitch ;  but  if  the  tone  corresponding  to  the 

pitch  ofNme  fork  be  wanting  in  the  original  composite  sound,  the 
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latter  will  not  lose  energy,  but  continue  its  way  without  sensible 
diminution. 


347.  If  the  homogeneous  light  of  a  sodium  flame  be  deviated  by 
a  prism  arranged  writh  its  lens  to  produce  a  pure  spectrum,  the  lat¬ 
ter  will  consist  of  a  single  bright  line  in  the  yellow,  coincident  with 
Frauenhofer’s  line  D.  If  lithium ,  thallium ,  and  indium  be  substi¬ 
tuted  in  succession  for  sodium,  their  spectra  will  also  be  bright  lines, 


but  colored  red ,  green ,  and  blue,  respectively  ;  and  finally,  if  a  mix¬ 
ture  of  these  four  metals  be  vaporized  by  combustion,  the  spectrum 
of  their  combined  light  will  consist  of  these  four  bright  lines, 
arranged  in  the  order  of  their  refrangibility.  Other  substances, 
when  in  a  glowing  state  of  vapor,  are  found  to  give  one  or  more 
characteristic  bright  lines,  having  particular  positions  in  the  nor¬ 
mal  spectrum.  These  spectra  are  called  discontinuous.  When 
solids  are  raised  by  heat  to  incandescence,  their  spectra  are  continu¬ 
ous,  and  as  their  temperature  increases  and  they  become  white-hot, 
their  spectra  extend  from  the  red  continuously  to  include  the  violet. 
Finally,  the  spectrum  of  solar  light,  whether  examined  directly  or 
by  reflection,  and  that  of  the  fixed  stars,  are  found  to  be  crossed  by 
numerous  dark  lines,  in  positions  peculiar  to  each  luminous  source. 
Spectrum  analysis  in  recent  years  has  given  a  ratiomj^^planation 
of  these  phenomena,  and  has  placed  within  our  re^fr^heans  of  re¬ 
search  which,  at  the  same  time,  have  largely  in^^ssed  our  knowl¬ 
edge  of  the  physics  of  the  sun  and  stars,  (uafisigod  oui  poweis  of 
chemical  analysis,  and  extended  our  list  elements  of  matter. 

So  great  in  extent  is  this  new  domain /rfc^N^sics,  that  a  mere  pass¬ 
ing  allusion  to  its  more  importapjt  principles  is  all  that  can  be 
referred  to  here. 


348,  The  instruments  emj^yed  in  this  branch  of  physics  are 
spectroscopes  and  spectromdJ&^  They  consist  essentially  ol  an  ac¬ 
curate  slit  attached  to  iN^imating  telescope,  through  which  the 
light  to  be  examinejj*  iQ^r  ought  in  parallel  rays  to  incidence  on  a 
prism  or  train  of  Cifl^his  in  their  position  of  minimum  deviation, 
and  of  an  observing  telescope  armed  with  a  micrometer  eye-piece  to 
view  the  rays/pi&ef  passing  through  the  train  ;  the  spectrometer  has 
in  additi©n<^Kccurately  divided  circle.  As  these  instruments  will 
be  constancy  used  in  the  lectures  on  this  subject,  an  extended  de¬ 
scription  is  omitted. 
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349.  Kirchoff  found  that  when  the  brilliant  light  produced  by 
incandescent  lime  passes  through  a  sodium  flame,  the  spectrum 
produced  by  it  was  continuous,  except  in  the  line  D.  When  it  tra¬ 
versed  in  succession  the  glowing  vapors  of  potassium,  strontium, 
etc.,  the  bright  lines  which  they  would  have  formed  alone  were 
found  wanting  in  the  resulting  spectra.  These  are  called,  for  this 
reason,  absorption  spectra .  This  property  of  the  luminous  flames 
of  substances  in  a  state  of  vapor  of  absorbing  the  light  which  they 
emit,  is  found  by  experiment  to  belong  to  all  bodies  to  which  its 
application  has  been  made,  and  the  conclusion  has  therefore  been 
drawn  that  the  dark  lines  in  the  solar  spectrum  result  from  the 
absorption  exercised  by  the  luminous  vapors  of  those  substances 
existing  in  the  solar  atmosphere,  which  would  produce  bright  lines 
of  the  same  refrangibility  in  a  state  of  glowing  vapor.  This  infer¬ 
ence,  which  has  as  a  result  that  these  dark  lines  would  be  reversed 
and  become  bright,  could  their  spectra  be  seen  without  the  influ¬ 
ence  of  the  direct  sunlight,  was  first  confirmed  by  the  authentic 
observations  of  Professor  Young  during  the  solar  eclipse  of  1870. 

350.  It  has  been  inferred  also  that  gaseous  bodies  have  the 
property  of  absorption  at  a  lower  temperature  than  that  of  incan¬ 
descence,  by  the  fact  that  many  of  the  dark  lines  in  kb^solar  spec¬ 
trum  are  due  to  the  absorption  exercised  by  aqueora^apor  in  the 
atmosphere.  This  fact  has  also  been  shown  b\^fcSct  experiment 
to  belong  to  other  gases;  thus,  when  nitrous  ojE&e  or  iodine  vapor 
is  interposed  in  the  track  of  the  solar  beam>^\j)umber  of  dark  lines 
are  found  to  be  present  which  do  not  oc^Q)i  the  normal  spectrum. 
Then  when  this  light  is  examined  b\t^e\ye,  its  color  would  be 
modified  by  the  loss  of  the  concm&pt  influence  of  the  absorbed 
rays.  Liquid  solutions  and  solids  likewise  absorb  certain  constitu¬ 
ents  of  white  light,  and  transqC^others  more  freely,  and  the  color 
of  the  transmitted  light  w^©) result  from  the  combined  effect  of 
those  which  are  permitt^^rpass. 

351.  If  we  repr^enyHie  original  intensities  of  the  elements  of 
white  light  by  the  &4#al  first  letters  of  the  names  of  their  colors, 
and  bv  the  sma*KGjters  the  quantity  represented  by  u  for  each  color, 
we  will  havejf^m  Eq.  (404),  as  an  expression  for  the  intensity  of 
the.  transmitter  light, 


.'Q 


A 


Rrt  +  Q0t  +  Yy*  +  Ggt  +  BV  +  IV  +  VvK 


f 


(405) 
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A  discussion  of  this  expression  will  explain  why  the  transmitted 
light  may  vary  in  color,  intensity,  or  in  hue,  by  varying  the  thick¬ 
ness. 

352.  The  color  which  bodies  possess  is  due  then  to  the  con¬ 
stituents  of  white  light  which  are  either  transmitted  or  reflected 
from  their  surfaces.  Certain  constituents  are  absorbed  at  the  sur¬ 
face,  and  if  the  remainder  is  reflected,  the  body  is  colored  and 
opaque ;  if  the  remainder  is  partially  transmitted  and  reflected,  it 
will  be  transparent  and  colored  due  to  the  former,  and  the  color  by 
transmission  may  in  some  cases  be  different  from  that  by  reflected 
light. 

353.  The  constants  of  color  are  purity ,  intensity ,  and  hue  or 
tint ;  the  first  has  reference  to  the  relative  amount  of  white  light 
mixed  with  it,  the  second  depends  on  the  light  sensation  arising 
from  the  energy  of  vibration,  and  the  third  is  determined  by  its 
refrangibility,  referred  to  the  normal  spectrum. 

Mixed  colors  arise  from  adding  the  pure  colors  of  the  spectrum 
together.  A  new  color  which  is  not  in  the  spectrum  is  purple,  ob¬ 
tained  by  a  mixture  of  the  red  and  violet.  The  general  results 
obtained  from  the  mixture  of  colors  may  be  briefly  ^fcited  to  be 
these,  viz.:  A  mixture  of  two  kinds  of  pure  colored  light  produces  a 
color  in  which  the  eye  fails  to  detect  the  ingred^@fcs,  in  the  same 
sense  that  the  ear  can  analyze  a  compound  ;  that  the  same 
mixed  color  can  be  produced  in  several  wa*j©fcnat  many  mixtures 
of  two  colors  can  produce  white  ;  in  thjs^fijjv  the  colors  are  said  to 
be  complementary  ;  that  a  mixture  of  tbraeSir  more  colors  gives  no 
new  hues,  other  than  those  which  ^noe  formed  by  a  mixture  of 
two  colors ;  that  all  the  hues  betw©i  red  and  yellowish-green,  and 
between  blue-green  and  violej  t0in  give  hues  located  between  the 
same  limits,  respectively,  jdkjXthat  green  when  mixed  with  any 
other  color  gives  no  ne\*^«£  but  rather  a  color  less  saturated  than 
that  with  which  it  ^)xed.  The  study  of  mixed  colors  is  very 
much  facilitated  bj^tjje  use  of  Maxwell’s  color-disks,  by  means  of 
which  two  or<mjJi^  colors  mav  be  united  in  various  proportions. 
The  effects  ar^ymewhat  modified  from  those  produced  by  the  pure 
colors  of^jtf^spectrum,  because  of  the  impurity  of  the  pigments 
emplo)^V^hid  from  the  effects  of  absorption  by  the  material  of  the 
disk,  v  ^ 
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354.  Phosphorescence  and  Fluorescence.  Certain 
substances,  such  as  the  sulphur  compounds  of  calcium,  strontium, 
and  barium,  possess  the  property  of  emitting  luminous  rays  in  the 
dark  for  a  shorter  or  longer  time,  provided  they  have  been  pre¬ 
viously  subjected  to  the  action  of  light  containing  the  more  refran¬ 
gible  rays  of  the  spectrum.  This  property  is  called  'phosphorescence . 
Other  substances  possess  this  property  in  a  much  less  degree,  such 
as  uranium  glass,  quinine  solutions,  chlorophyll,  sesculin  solution, 
fluor-spar,  and  many  others,  in  which  the  phenomenon  lasts  but  for 
a  very  short  time.  This  is  called  fluorescence,  from  the  fact  that  it 
was  first  noticed  in  a  species  of  fluor-spar.  Both  are  essentially  the 
same  in  principle,  differing  only  in  degree,  and  both  are  merely  the 
effects  of  absorbed  light.  The  radiations  absorbed  by  these  bodies 
are  those  of  greater  refrangibility  than  the  rays  they  emit  while  ex¬ 
hibiting  these  properties,  and  the  conclusion  is  that  the  absorbed 
energy  of  their  ether  molecules  is  given  up  to  the  molecules  of  the 
bodies,  which  in  turn  control  the  new  vibrations  of  their  surround¬ 
ing  ether,  forcing  them  to  take  up  vibrations  of  less  periodicity. 
From  this  stored  work,  the  expenditure  of  which  is  not  instanta¬ 
neous,  the  vibrations  are  continued  until  all  is  exhausted,  when  the 
phenomenon  ceases.  A  new  exposure  to  the  more  refrangible  rays 
will  again  cause  the  same  effects  to  be  produced. 

355.  Achromatism.  Since  the  refraci^Q^dices  differ  in 
the  same  medium  for  different  colors,  thaa^sV^ts  obtained  in  geo¬ 
metrical  optics  for  the  deviation  of  light  bjyefraction  are  only  true 
for  homogeneous  light.  After  refra/tujrVby  a  lens,  a  pencil  of 
white  light  does  not  converge  to,  ctTrerge  from  a  single  point ; 
first,  because  of  the  spherical  abandon  of  the  lens,  and  second, 
because  of  the  unequal  refranfiftility  of  the  colored  rays  of  which 
the  beam  is  composed.  Thj0jytter  departure  from  accurate  con¬ 
vergence  to  a  single  pdfc^Cls  (tailed  chromatic  aberration ,  and  is 
independent  of  the  fi^^of  the  lens,  but  depends  on  the  material 
of  which  it  is  madeflTnus,  if  a  lens  L,  Figure  85,  intercept  a  beam 
of  white  light, 4tl^violet  rays  will  first  be  brought  to  a  focus  at  v, 
and  the  red  rays  will  be  brought  to  a  focus  at  r\  other  colors  will 
have  their  loci  at  intermediate  points,  in  the  order  of  their  refran- 
gibilit.^N^ 

Tf  nj^een  be  moved  along  the  axis,  the  section  of  the  deviated 


232 


ELEMENTS  OF  WAVE  MOTION. 


cones  between  L  and  c  will  be  red  on  the  exterior  and  violet  within, 
while  beyond  c  the  sections  will  be  violet  without  and  red  within. 
The  section  ab  at  c,  being  the  intersection  of  the  cone  of  violet  and 
red  rays,  is  the  least  through  which  all  the  colored  rays  pass,  and  is 
therefore  called  the  circle  of  least  chromatic  aberration. 


_ 

7j\ 

ti. 

b — - 

% 

B 

Figure  85. 

Each  pencil  of  rays  proceeding  from  an  object  will  likewise  be 
separated  into  numerous  cones  of  colored  rays,  and  the  object  will 
have  many  colored  images  formed  in  different  focal  planes;  when 
these  images  are  viewed  by  the  eye-lens,  the  resulting  image  will  be 
confused,  indistinct,  and  colored. 

356.  To  reduce  the  dispersion  of  light  in  passing  through  lenses 

is  the  object  of  an  achromatic  combination.  The  possibility  of  such 
a  combination  arises  from  the  fact  that  the  dispersion  a  ray  of 
white  light  and  its  mean  deviation  are  not  proportioj^a^M’  different 
media.  If  dispersion  were  proportional  to  deviaigW  by  different 
media,  then  any  combination  which  would  destrc^vtspersion  would 
also  destroy  deviation,  and  the  combination  pourd  be  as  valueless 
for  a  telescopic  object-lens  as  a  piece  owM&ie-glass.  There  are 
media,  however,  which  produce  the  dispersion,  while  the  de¬ 

viation  differs.  The  achromatism^d^effected  generally  for  two 
colors,  preferably  for  those  whichQ^k  complementary.  Owing  to 
the  irrationality  of  dispersion,  ^heremaining  colors  are  not  accu¬ 
rately  united,  and  the  resul^T  effect  is  still  somewhat  colored,, 
giving  rise  to  a  secondarj%$gprniin,  in  which  the  fixed  lines  may  be 
inverted,  depending  u^ff^he  relative  dispersive  powers  of  the  two 
media. 

357.  Resuming  E^s.  (295)  and  (296),  Art.  266,  and  supposing 

the  incidence  sbprupon  a  thin  prism,  we  have,  taking  the  angles 

for  the  sinep-o-)  ,  _  „  x 

< p  =  fi(pr ,  (406) 

<P„  =  ll4>„  (407) 


.'Q 


•  •  J.aK. 
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a  =  </>'  +  0,>  (408) 

=  0  +  <P„  -  (409) 

From  the  first  two,  we  have 


0  +  0„  =  p  (0'  +  0,)  =  (410) 

which,  when  substituted  in  the  last,  gives 

d  =  (ji  —  1)  a.  (411) 

Therefore,  the  deviation  by  a  thin  prism,  with  nearly  normal  in¬ 
cidence,  is  equal  to  the  excess  of  the  refractive  index  over  unity,, 
multiplied  by  the  refracting  angle  of  the  prism. 

The  deviation  by  two  such  prisms  is 

d2  =  (ji  —  1)  a  +  (pr  —  1)  a ,  (412) 

and  for  any  number,  6n  =  E  (p  —  1)  «.  (413) 


If  the  two  prisms  be  turned  so  as  to  have  their  angles  in  oppo¬ 
site  directions,  we  have 


d2  =  (fi  —  1)  a  —  (p'  —  1)  a': 

and  if  62  =  0,  we  must  have  as  a  condition, 

p'-l 


(414) 


a 

a' 


p  —  1 


Considering  p  and  pr  to  apply  in  sii 
line  H,  and  then  to  the  red  ray  or  Yu&  H 

4  =  o«  —  1)  « -0“  •  —  !)“'> 

Sr  =  (iJ-r  —  (P'r  —  1)  «'• 


^  <4I5) 

n  to  the  violet  ray  or 

e  have 


The  condition  that  till 
these  rays  is 


(416) 

(417) 


o°-  - 


Sr 


a . 

Vv  —  ^ 


rence  of  deviation  should  be  zero  for 

(418) 


a 

a 


selv 


Therefore ^tfleAwo  prisms  will  be  achromatized  for  red  and  vio¬ 
let  when  A^^atio  of  the  coefficients  of  dispersion  of  the  media  is 
inversely  a^Che  ratio  of  the  refracting  angles  of  the  prisms. 


234 


ELEMENTS  OF  WAVE  MOTION. 


358.  The  following  table  gives  the  values  of  the  refractive 
indices  from  which  these  coefficients  can  be  obtained,  for  water, 
•crown  and  flint  glass : 

Table  of  Refractive  Indices. 


Refracting  Sub¬ 
stances. 

B. 

Vr 

C. 

Vo 

D. 

E. 

Il9 

F. 

Vb 

G. 

Vi 

H. 

Vv 

Water . . 

1.331712 

1.525299 

1.629681 

1.333577 

1.527982 

1.635036 

1.335851 

1.531372 

1.642024 

1.337818 

1.534337 

1.648260 

1.341293 

1.539908 

1.660285 

1.344177 

1.544684 

1.671062 

Crown  Glass,  No.  13 - 

Flint  Glass,  No.  13 . 

1.524312 

1.627749 

359.  Achromatism  of  Lenses .  Fora  given  radiant  dis¬ 
tance  /,  we  have  for  the  focal  distance  of  red  rays,  by  Eq.  (314), 
Art.  2 76,  deviated  by  two  lenses. 


fr 


r"  —  (Vr  1)  (r  p/)  +  (Vr  1)  {^rn  r/r/)  + 


fn  —  (Vv  1)  (r  r/)  +  (Vv  1)  (r//  r///)  +  y> 

whence,  when  //'  =  /,",  we  have  after  reduction. 


(419) 

(420) 


P.  —  P r 

P'v  ~  /4 


I _ L 

•"  j^er 


The  first  lens  being  suppos^d^determined  upon,  r  and  r'  are 
known,  and  r”  is  usually  takei^tone  equal  to  rr,  as  the  two  lenses 
are  generally  in  contact  throtminut ;  r"'  is  then  the  only  unknown 
quantity  in  the  above  equ^Eraf  and  can  readily  be  computed. 

The  first  members  Js^Sqs.  (418)  and  (421)  being  the  same,  we 
have  o 


(431) 


a 

a 


1 

r 


(422) 


whenciNve  see  that  the  problems  of  achromatism  for  lenses  become 
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those  of  prisms  of  the  same  material.  Dividing  both  members  of 

Eq.  (421)  by  - - ^ ,  we  have 

f1  g  —  1 


Vv  —  Vr 


Vg- 


H'v  —  H', 


V.-l)(p-pn) 


(423) 


Therefore  an  achromatic  combination  of  two  lenses  for  red  and 
yiolet  can  be  formed,  when  the  ratio  of  the  dispersive  powers  of  the 
media  is  negative  and  directly  as  the  principal  focal  distances  of 
the  lenses.  For  an  achromatic  objective,  the  negative  lens  must 
have  the  greater  power  in  order  that  a  real  focus  may  exist.  The 
focal  lengths  of  the  lenses  can  readily  be  found  from  the  preceding 
table  for  an  achromatic  combination  composed  of  crown  and  flint 
glass  lenses. 

360.  To  find  the  chromatic  aberration  of  a  lens,  and  the  diam¬ 
eter  of  the  least  chromatic  circle,  we  have  for  the  red  and  violet 
focal  distances, 

yr,  =  (-.-1)  (f-pj  +  yi 


Subtracting  the  first  from  the  second,  we  ha^Q 

_L_Jl  -(/S&P  1) 

Multiply  the  second  member  by 


4-1 


v426) 

,  and  substitute  in  the  first 


member  //'*  for  //'//',  ancLm^p  results  after  substituting  D  and 
F9  for  tlie  dispersive  po^F  ana  principal  focal  distance  respec- 
tively,  -  (V 

Ctf,  f„  ...  pfr 

-  Jr  Jv  —  Fo 


S; 


361.  In  Figure  (85)  we  have  approximately, 


♦  4  \ 


.'Q 


A 


(427) 


(428) 
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whence 


rv  _  Lr  +  Lv  _  ff_  _  //\ 
ab  AB  AL  a  9 


(429) 


in  which  //'  is  taken  to  be  the  distance  of  the  circle  from  the  lens,, 
and  a  is  the  semi-aperture ;  whence  we  have 


ab  = 


a  •  rv 

1 T 


F,  ’ 


(430). 


hence  the  diameter  of  the  circle  of  least  chromatic  aberration 
varies  as  the  aperture  and  dispersive  power  directly.  When  the 
rays  are  parallel,  f”  is  very  nearly  equal  to  F2,  and  the  diameter 
ab  becomes  equal  to  aD . 

362.  By  Eq.  (423)  we  see  that  the  conditions  of  achromatism 
depend  only  on  the  focal  lengths  of  the  component  lenses,  and  are 
independent  of  the  forms  and  order  in  which  they  are  placed. 
The  spherical  aberration  depending  on  the  latter,  it  is  therefore 
possible  by  a  suitable  arrangement  of  the  forms  and  order  to  secure 
a  combination  which  shall  be  both  aplanatic  and  achromatic  at 
the  same  time  ;  such  a  combination  is  made  in  Huyghen’s  ocular. 


363.  Hainbow .  The  rainbow  is  a  phenomenon  frequently 

seen  during  a  shower  of  rain  when  we  turn  our  b^fc*o  the  sun 
and  view  the  opposite  portion  of  the  sky.  It  cor^ts  generally  of 
two  colored  bands  in  each  of  which  the  sucees^^  of  colors  is  the 
same  as  in  the  spectrum.  The  most  brillhi^^alled  the  primary 
bow,  has  the  red  outside  and  the  ;  the  less  brilliant, 

called  the  secondary ,  is  above  the  priimujXnd  has  the  violet  with¬ 
out  and  the  red  within.  The  comi^oncentre  of  the  bows  is  on  the 
right  line  drawn  from  the  sun  (^rough  the  eye  of  the  observer. 
The  space  between  the  bows  i starker  than  the  rest  of  the  sky,  and 
in  brilliant  bows  looks  like  (Q?ark  ribbon  fringed  with  prismatic 
colors.  Below  the  prirAj^luTa  above  the  secondary  other  bows, 
colored  red  and  violefc/^N  often  seen,  which  are  known  as  super¬ 
numerary  or  spuri\usv!!ows. 

364.  The  complete  theory  of  the  rainbow  which  has  been  given 
by  Airy,  is  bas^upon  the  form  of  the  emergent  wave  after  refrac¬ 
tion  by  ^tto^ain-drops,  and  is  a  consequence  of  the  theory  of 
causticsNNphe  explanation  ordinarily  given  of  this  phenomenon, 
that  .o^^)escartes,  is  inexact  and  merely  approximate,  fails  ta 
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account  for  the  supernumerary  bows,  and  is  not  confirmed  by  exact 
measurement. 

Let  the  spherical  drop  of 
water  I,  I',  I",  Fig.  86,  in¬ 
tercept  the  parallel  rays  of 
homogeneous  light  coming 
in  the  direction  SI,  and  let 
i  and  r  be  the  angle  of  inci¬ 
dence  and  refraction.  The 
ray  SI  will  be  refracted  to  I', 
reflected  to  I",  and  emerge 
in  the  direction  I"R.  Let 
6  be  the  deviation  of  any  ray 
from  its  direction  before  incidence  to  its  direction  after  emergence. 
Then  the  deviation  produced  by  the  first  refraction  at  I  is  i  —  r, 
by  the  first  reflection  at  I'  is  rr  —  2 r,  and  by  the  second  refraction 
at  I"  is  i  —  r,  since  the  angle  of  incidence  is  here  r  and  angle  of 
refraction  is  i.  Then  the  total  deviation  is 

6  =z  2  (i  —  r)  +  (tt  —  2 r),  (431) 


and  for  any  number  of  internal  reflections  will  be 

6  =  2  (i  —  r)  -f  n  (n  —  2r).  (432) 

To  find  the  value  of  i  corresponding  to^j^mmum  or  mini- 


and  we  have 

From 
we  have 


mum  deviation,  differentiate  Eq.  (432)  an^Ssice  ~  equal  to  zero, 
fl.nrl  wp.  lmvp.  Cv<  ai 

(433) 

(434) 

(435) 


sm 


sin  r, 
cos  i 


[i  cos  r 


which  substituted  in (433)  gives 


whence 


1  — (rc  +  1) - 

n  cos  r 


cos  i 


=  0; 


ju2  cos2  r  =  (n  +  l)2  cos2  i. 


(436) 

(437) 
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Eliminating  cos2  r  by  Eq.  (434)  we  have 

[i2  =  1  +  (n2  +  2 n)  cos2  i ; 


whence 


cos  i 


i  =  yj 


fi2  —  1 

n2  +  2  n 


(438) 

(439) 


365.  Eor  water  \i  is  about  -§,  and  hence  fi2  —  1  is  -J ;  n2  +  2 n  is 
at  least  3  ;  therefore  the  value  of  i  is  always  admissible,  and  what¬ 
ever  may  be  the  number  of  internal  reflections,  there  always  exists 
for  a  given  color  a  single  value  for  the  angle  of  incidence  for  which 
the  deviation  is  a  maximum  or  minimum.  Rays  which  have  this 
angle  of  incidence  or  differ  but  little  from  it,  are  called  when  they 
emerge  efficacious  rays.  To  find  whether  this  value  of  i  corre¬ 
sponds  to  a  maximum  or  minimum  deviation,  we  have 


di2 


f12r 

■»<*  +  *>&> 


(440) 


that  of 


d26 

from  which  we  see  that  the  sign  of  ^  is  always  contrary  to 

d2r 
di 2 

From  the  relation, 

dr  _  cos  i 
di  /a  cos  r  9 

we  have 


& 


(441) 


cPr  _  —  ft2  cos2  r  sin  i  -}-  fx  sin  r  cos2  ^ 
dd2  ~ 


(jl°  cos0  r 
d2r 


is 


xP 

—  fJL2)  sin  i 


H?  cos0  r 


(442) 


AN  t  c/2  <5 

whence  we  see  that  is  always  negative  and  hence  is  always 

positive.  Therefore  the  devi^Jm  of  the  efficacious  rays  is  always 
a  minimum,  whatever  h^^ntfmber  of  reflections. 

366.  To  determinfl^kfe  position  of  the  point  of  emergence  of 
any  ray  SI  with  referylce  to  the  point  of  emergence  of  the  normal 
ray  SA,  we  ha 7fryT+  1)  n  for  the  value  of  the  angle  between 
A  and  the  poiA^ff  emergence  of  SA  after  any  number  of  reflec¬ 
tions  ;  andiwAie  corresponding  angle  between  the  point  of  emer¬ 
gence  o^NS^and  I  the  expression  (n  -j-  1)  (n  —  2 r) ;  representing 
the  recp^ed  angle  by  6 ,  we  have 
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6  =  2  (n  -f  1)  r  —  i. 

Applying  the  test  for  maxima  and  minima  we  have 
d9  =  Hn+l)%-l  =  ,; 


di 

whence  by  reduction 


cos2  i  = 


ILL2  —  1 


+  l)2  —  1 


(444) 


(445) 


The  value  of  cos  i  for  one  reflection  is  Vyir?  a  very  small 
quantity  which  diminishes  very  rapidly  as  n  increases ;  besides  as 
we  have 

S (^> 

ffiv  .  d20 

and  since  is  always  negative,  is  negative  and  corresponds 

to  a  maximum  for  the  value  of  cos  i  above. 

367.  The  angular  distance  6  of  the  point  of  emergence  of  the 

ray  SI  to  the  point  of  emergence  of  the  normal  ray  SA  is  zero 
when  SI  coincides  with  SA.  then  increases  with  an  increase  in  i, 
and  attains  a  certain  maximum  when  the  angle  of  incrite^ce  is  near 
90°  (i  —  cos-1  that  is  when  the  incident  rawO*iearlv 

gent  to  the  spherical  drop.  /Ov 

368.  The  primary  bow  corresponds  to  oneafl^the  secondary  to 
two  internal  reflections.  Assuming  from  tlH^afole  the  values  of  p 
1.331  and  1.344  for  the  extreme  red  ai^d^^Let  rays  for  water,  we 
have  for  the  primary  bow, 


nearly  tan- 


-u^^j/Let 

for  red  i  =  59°  32',  r  —  40°C^  6  =  137°  40'. 

Angular  radius  =  n  —  6  =  42°  20' ; 

for  violet  i  =  58°  44’^S^=  39°  30'>  6  =  139°  28'- 

Angular  C^}us  of  violet  =  n  —  6  =  40°  32' ; 

and  therefore  th&sjngular  breadth  of  the  bow  for  the  rays  proceed¬ 
ing  from  opOT^int  of  the  solar  disk, 

42°  20'  —  40°  32'  =  1°  48'. 


>6 


'Q 


A 


& 
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Considering  the  pencils  proceeding  from  all  points  of  the  solar 
disk,  this  breadth  would  be  increased  by  the  sun’s  apparent  diame¬ 
ter,  or  about  32',  and  therefore  the  whole  breadth  of  the  primary 
bow  would  be  about  2°  20'. 

For  the  secondary  bow  we  would  have  in  the  same  way, 
for  red  i  =  71°  54',  r  =  45°  34',  6  =  230°  24'. 

Angular  radius  of  the  red  =  <5  —  tt  =  50°  24' ; 
for  violet  i  =  71°  29',  r  =  44°  52',  6  =  233°  46'. 

Angular  radius  of  the  violet  =  d  —  n  =  53°  22'; 
and  for  total  breadth,  53°  22'  -  50°  24'  +  32'  =  3°  30'. 


369.  Now  if  the  direction  of  any  efficacious  ray  due  to  one  in¬ 

ternal  reflection  I"E,  Fig.  86,  be  produced  backward,  and  be  sup¬ 
posed  revolved  about  the  axis  of  the  bow,  the  arc  marked  out  by 
its  extremity  will  be  the  arc  of  the  bow  for  that  color.  All  rain¬ 
drops  which  meet  the  conical  surface  described  by  the  revolution  of 
this  ray,  contribute  in  passing,  their  few  rays  of  that  particular 
color  which  reach  the  eye  of  the  observer,  supposed  at  thie  vertex  of 
the  cone.  And  since  the  semi-angle  of  the  cone  is  for  red, 

and  varies  by  continuity  for  the  other  colors  of  {g^Spectrum  to 
40°  32'  for  violet,  therefore  in  the  primary  bowvtQS  red  is  without 
and  the  violet  within.  When  the  effica-  yC; 
cious  ray  I'"E,  Fig.  87,  due  to  two  in- 
ternal  reflections  is  in  like  manner 
volved,  the  semi-angle  at  the  verte:4tfov 
violet  is  53°  22',  and  for  red  is  5(j£^V, 
and  therefore  the  violet  is  wit  tout  and 
the  red  within  in  the  seconda^yjjfeow. 

All  rays  either  once  device  Internally 
reflected  while  the  dro passing  within  the  bows,  pass  either 
above  or  below  the  ^ej^nd  hence,  this  space  sending  fewer  rays,  to 
the  observer  appears  less  bright  than  the  rest  of  the  sky. 

370.  This  ^^mnation  of  the  rainbow,  with  the  values  of  its 
dimension^,  is^teased  on  the  supposition  that  the  positions  of  the 
emergenjt^fflfcacious  rays  correspond  to  the  only  maximum.  Let 
us  constSjfet,  as  in  Fig.  88,  the  paths  of  rays  incident  above  the 


Figure  87. 
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central  ray,  which  undergo  one  internal  reflection.  Those  that  are 
incident  between  A  and  I  are  first  reflected  between  A'  and  I',  and 
emerge  between  A. and  I"  ;  those  incident  between  I  and  the  tan¬ 
gent  ray  near  T  are  reflected  between  I'  and  a  point  near  A',  and 
emerge  between  B  and  I".  The  consecutive  intersections  of  the 
emergent  rays  therefore  form  a  caustic  of  two  branches,  one  A'C' 
normal  to  the  spherical  drop  at  A',  and  the  other  BO  tangent  to  the 
drop  at  B,  very  near  I",  as  shown  in  the  figure.  The  efficacious  ray 
after  emergence  I"E  is  an  asymptote  to  these  caustics.  The 
emergent  wave  is  the  development  of  the  caustic  surface  formed  by 
revolving  the  caustic  curves  about  the  ray  SA,  which  is  undeviated. 


T 


A  section  of  the  emergent  waj  the  plane  of  the  figure  is  a 
curve  having  a  point  of  inflect^Kft  m  on  the  efficacious  ray.  The 
intensity  of  the  luminous  the  neighborhood  of  a  caustic 

has  been  thoroughly  discu^Hby  Airy,  and  the  numerical  values  of 
his  integrals,  when  aftf)Ti£feKto  the  theory  of  the  rainbow,  are  in  per¬ 
fect  accord  with  the  oft^rved  phenomena.  It  results  that  for  posi¬ 
tions  near,  but  e  right  of  the  efficacious  ray,  as  shown  in 
the  figure,  thejAjfcre  series  of  maxima  and  minima  luminous  in¬ 
tensity,  of^A\Men  the  first  maximum  not  exactly  coincident  with 
I"E  corres^ncls  to  the  primary  bow;  the  other  maxima,  still  far- 


16 
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therfrom  I"E,  belong  to  the  supernumerary  bows.  The  deviation, 
of  the  primary  bow  is  less  than  that  determined  by  the  Cartesian 
theory  above,  and  is  found  to  decrease  slightly  with  the  decrease  in 
the  diameter  of  the  rain-drops.  The  same  modifications  occui  in 
the  secondary,  and  in  its  supernumerary  bows,  located  above  it. 


371.  Interference  of  Light.  The  principles  enunciated 
in  Part  I,  Arts.  64  to  72,  being  applicable  to  all  undulatory  motion,, 
will  therefore  be  assumed  to  govern  in  the  succeeding  discussion. 
To  ascertain  the  circumstances  under  which  two  luminous  waves 
will  interfere,  let  S,  in 
Figure  89,  be  a  lumi¬ 
nous  source  from  which 
homogeneous  rays  of 
wave  length  X  proceed ; 

M  and  M'  two  plane 
mirrors  which  intercept 
and  deviate  the  rays, 
and  whose  inclination 
is  indicated  by  i,  as  in 
the  figure.  Then,  by 

construction,  5  and  s'  are  the  virtual  foci  of  S,  anc 
rays  after  deviation  by  the  mirrors  will  be  the  sar 
the  same  phase,  they  had  proceeded  from  tw^ 

origins  s  and  s'.  vQ 

Join  A  the  centre  of  ss'  with  C  b)v^i^nt  line,  and  extend  it 

indefinitely  to  0 ;  let  N  be  any  nea/^int  to  0  on  LO,  drawn  at 
right  angles  to  CO,  and  let  sC  CO  =  b.  Since  i  is  the 

inclination  of  the  mirrors,  the  ai^^sCs'  is  2 i. 


Figure  89 


^fr^path  of  the 
i  as  if,  starting  in 
Sparate  luminous 


372.  To  find  the  resu displacement  of  a  molecule  at  NT, 
due  to  the  two  undulatio^t^)ceeding  from  s  and  s ,  we  will  assume 
the  general  expressio^^*  the  displacement,  Eq.  (69), 

-  Q  «  sin  r?  (Vt-x)  +  A'\  (447) 

in  whiah^^he  displacement  at  auy  time  t,  a  the  maximum  dis- 
placement’)  A  the  wave  length,  V  the  velocity  of  propagation,  x  the 
distarme  of  the  molecule  from  the  source,  and  A'  the  arbitrary  arc 
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which  determines  the  phase.  If  c  is  the  value  of  the  maximum  dis¬ 
placement  at  a  unit’s  distance  from  the  origin,  we  have,  by  Art.  72, 


c 

a  =  -• 
x 


2rr 


Substituting  this  value  for  a,  and  —  A  for  A',  the  displace¬ 
ments  of  N  due  to  the  waves  from  s  and  s'  will  be,  respectively. 


i  =a8in[x<F‘-<,N  +  -4>]- 


(448) 


and,  since  AO  may  replace  sN  or  s'N  in  the  coefficient  without  ap¬ 
preciable  error,  the  resultant  displacement,  by  Art.  65,  at  N  will  be 


~  |  sin  X ' ( Vt  “  +  sin  \jc(Vt~  j» 

which  may  be  written, 


(449) 


2c 

AO  C0S 


j  ^  -  «>]  *  [t(f<- ^4$^)) 


The  maximum  resultant  displacement  is  t^eMore 

[l  <sN 


2  c 

AO  C0S 


and  the  maximum  intensity  of  ight  is 


8  , 

^(sN-s'N)  . 


Jtc2 

© 

From  the  figu^ye  have 

V<^r= =  AO1  +  (sA  +  ON)3 

^  = 


(a  cos  i  +  iy  +  (a  sin  i  -f  ON)2. 


(450) 

(451) 

(452) 

(453) 
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,\  sX  =  a  cos  i  +  b  + 


1  (a  sin  i  +  OX)2 

2  a  cos  i  +  b 


very 


nearly ;  ] 


7  1  (a  sin  i  —  OX)2  ,  j 

=  a  cos  »  +  b  +  r  very  nearly  ;  J 


'(■  (454) 


_T  ,  2 a  sin  i  AAT 

sX  —  s'X  == - r— ;  OX 


a  cos  i  +  b 
2a  sin  i 


a  +  b 

and  the  intensity  at  X  will  be  therefore 


OX,  very  nearly,  since  i  is  very  small ; 


►  (455) 


4c2 


(a  +  bf 


COS' 


(2tt 

\T ' 


a  sm  % 


OX 


)• 


(456) 


which  varies  for  all  points  X  with  the  distance  of  X  from  0. 
Making  OX  in  succession  equal  to 


0, 


a  -p  b  A 


a  b  2X 


a  +  b  3A 
4-  — : — ,  etc. 
asiiu  4 


“  a  sin  i  4*  ^  a  sin  i  4  9 

We  will  have,  for  the  corresponding  intensities  at  the  points  X, 
4c2  ^  4c2 

V+b)2’ 


0, 


(a  +  br 

and  generally,  for  points  for  which 

a 


OX  =  ± 


a  sni  ^ 


0,  ^ 

sF 


4^3 

n  being  an  integer,  the  intensitjynll  be  - — — m ;  and  for  points 
for  which  ^ 

on^A+-.- 

a  sin  %  4 

the  intensity  will^jfe^o,  or  there  will  be  darkness.  Intermediate 
values  of  OX  /vil^correspond  to  points  at  which  all  degrees  of 
brightness  wjlN^st,  from  darkness  to  the  maximum  illumination. 
The  san^e^^Pbe  true  for  points  in  the  plane  OL,  normal  to  00, 
and  tfA^will  then  be  a  series  of  lines  of  alternate  darkness  and 
brigiith^s,  which  are  called  interference  fringes . 
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373.  If  from  s  and  s' ,  as  centres,  arcs  of  circles  be  described 


whose  consecutive  radii  differ  by  -,  we  readily  see,  since  the  waves 

Z 


start  in  the  same  phase,  that  at  points  where  the  difference  of  route 


is  any  even  multiple  of  the  component  displacements  meet  the 

/V 


molecule  in  the  same  phase  and  add  their  effects,  while  at  points 

X 

where  this  difference  is  an  odd  multiple  of  - ,  the  displacements 

z 

meet  in  opposite  phases  and  cause  mutual  destruction.  The  points 
of  maximum  brightness  are  indicated  in  the  figure  by  the  intersec¬ 
tions  of  two  full  or  two  dotted  curves,  and  the  points  of  darkness 
by  the  intersection  of  a  full  and  a  dotted  line.  The  locus  of  each 
of  these  series  of  points  is  an  hyperbola,  whose  foci  are  s  and  s', 
since  the  difference  of  distance  of  any  point  of  the  locus  from  s  and 
nX 

s'  is  equal  to  — ,  n  being  odd  for  the  dark  lines  and  even  for  the 
bright  lines. 

374.  If  instead  of  homogeneous  light,  white  light  is  employed, 
the  fringes  corresponding  to  each  constituent  will  be  in  sequence 
nearer  to  OC,  according  as  the  values  of  X  are  smaller.  ^Therefore 
the  violet  fringe  will  be  the  nearest,  the  blue  next,  an<d4o^jn  in  suc¬ 
cession  to  the  red.  At  0  all  will  be  united,  and^Mr  combined 
effect  will  be  white.  The  position  of  the  first  vfiQkge  for  any  con- 


and  its  intensity  would  be  measureclQ^ 


and  there&re  the  number  of  distinct  fringes  in  white  light  is. 
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limited.  The  wave  length  X  is  so  small  as  to  be  incapable  of  direct 
measurement,  or  even  appreciation  by  the  eye,  but  the  value  of  the 
expression 

a  +  b  X 

a  sin  i  2 

can  be  made  large  by  making  i  small,  and  since  a ,  b,  and  i  can  be 
measured  directly,  the  value  of  X  can  be  determined  for  each  con¬ 
stituent  of  white  light. 

375.  This  crucial  experiment  is  one  of  fundamental  importance 
in  the  undulatory  theory  of  light.  If  light  be  not  the  result  of  un- 
dulatory  motion,  no  rational  explanation  can  be  given  of  the  fact 
that  two  lights  added  together  do  produce  darkness,  and  that  this 
result  is  due  to  the  concurrent  effect  of  both  is  satisfactorily  shown 
by  the  fact  that  if  one  of  the  mirrors  be  covered  or  removed,  the 
fringes  at  once  disappear,  and  uniform  illumination  results. 

An  apparent  difficulty  arises  from  the  fact  that  this  property  of 
interference  does  not  occur  when  the  two  sources  of  light  are  inde¬ 
pendent  and  distinct;  but  this  is  satisfactorily  accounted  for  by 
considering  the  impossibility  of  any  two  independent  luminous 
sources  sending  out  waves  with  exactly  the  same  phase  for  even  the 
smallest  appreciable  time.  We  may  conceive  this  ^Xjappen  for  a 
few  or  even  several  thousand  vibrations,  but  the^pbability  that 
this  should  continue  for  millions  of  millions  of^Jhitions,  when  the 
variations  that  affect  the  luminous  sources  m^fntirely  independent 
of  each  other,  is  beyond  conception.  X^mV>y  many  repeated  ob¬ 
servations,  the  mean  wave  length  X  i^  mirad  to  be  a  little  greater 
than  0.0000005  m.,  and  since  the  ^locity  of  light  in  air  is  about 
300,000,000  m.,  it  follows  that  thdQumber  of  waves  sent  out  from 
a  luminous  source  of  homogenSjjis  light  having  this  periodicity  is 
about  600,000,000,000,000  iri^en  second  of  time.  Hence,  in  order 
that  the  waves  from  tfo^fe&vo  sources  should  interfere  and  for  a 
second  of  time  permit  fffcrfringe  to  be  visible,  this  enormous  num¬ 
ber  of  waves  must  fcjj^nt  out  from  each,  without  any  variation  as 
to  phase,  no  m^pr  what  may  be  the  variation  in  the  causes  that 
serve  to  keep>^1Sources  active  during  this  period. 

376.  ff^^plain  this  analytically,  let  d  and  d'  represent  the 
moleciJ^y^placements  due  to  two  waves  proceeding  from  differ¬ 
ent  SQurbes,  x  and  x'  the  distances  of  m  from  the  sources,  and  0  and 
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.0'  the  phases  of  the  vibration  at  any  time  t  from  the  epoch  ;  then 
we  have  for  the  displacements  of  the  molecule  due  to  each  wave, 

(t  x  \ 

-  —  Tj-  +  0  j, 

S'  =  cc'  sin  2n  +  (p'j  ; 

whence  the  resultant  energy  would  be  measured  by 

cc2  -{-  cc'2  +  2cccc'  COS  2n  ^ — ■— —  +  0'  —  (pj. 

The  value  of  this  expression  depends  as  much  upon  0'  —  0  as 

upon  - ,  and  therefore  as  the  difference  of  phase  0'  —  0  of 

the  concurrent  waves  will  be  affected  by  all  the  changes  that  are 
constantly  affecting  their  sources,  we  see  the  absolute  necessity  of 
employing  a  single  source  in  exhibiting  the  interference  fringes. 
Otherwise,  the  expression  0'  —  0  will  have  in  general  an  indefinitely 
great  number  of  different  values,  and  the  expression  into  which  it 
enters  will  likewise  have  in  an  indefinitely  short  time  correspond¬ 
ing  values,  which  will  be  limited  on  the  one  side  bj^E&^iaximum 
(cc  +  cc')2,  and  by  its  minimum  (cc  —  cc')2  on  the  otfgfc  Therefore 
the  intensity  of  the  light  due  to  their  concurrenL^fect,  as  estimated 
either  by  photometric  measurement  or  by  ►ye,  will  be  repre¬ 
sented  in  any  appreciable  time  by  the  msS**  of  these  values,  or 
«2  +  a2,  that  is,  by  the  sum  of  the  ^qJkrsJe  intensities.  When, 


however,  the  source  is  single  and  in^Tference  occurs,  the  intensity 
is  either  the  square  of  the  sum  of  Qr  two  maxima  (cc  -f  a ')2,  or  of 
their  difference  (cc  —  cc')2,  depem&ng  on  the  point  considered,  and 
if  as  is  usually  the  case,  a  =  these  become  respectively  4 a2  and 
zero;  that  is,  an  inten^^  four  times  greater  than  that  due  to 
•either  or  none  whatever/-vv 

377.  Instead  offthe  mirrors,  a  double  prism  or  two  prisms 
united  at  their  ba^es^naving  very  small  refracting  angles,  can  be 
used  to  exhibiL^pe  interference  fringes.  In  this,  as  in  the  pre¬ 
vious  case^ths^^irce  is  usually  a  line  of  light  formed  at  the  focus 
of  a  cyli*Js&^al  lens,  from  which  rays  fall  nearly  normal  to  the 
back  of^^e  prism,  and  after  deviation  proceed  as  if  they  had 


r 
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originated  at  the  two  virtual  foci  of  the  biprism.  The  distance  of 
the  foci  s  and  s'  from  A  in  this  case  is  equal  to  that  found  for  the 
mirrors  multipffld  by  —  1),  p  being  the  index  of  refraction 
of  the  prism.  Hence,  all  other  things  being  unchanged,  the  inten¬ 
sity  and  distance  apart  of  the  fringes  are  represented  by 


(457) 


a  +  b  1  A 
a  sin  i  4  (ja  —  1) 


respectively.  (458) 


and 


The  breadth  of  the  fringes  for  different  colors  will  therefore 
depend  on  (a  —  1)  as  well  as  on  A,  and  since  ^  varies  with  A,  these 
fringes  for  different  colors  will  be  more  unequal  in  breadth  than  in 
the  case  of  the  mirrors;  consequently  the  colors  by  overlapping 
will  lose  distinctness  at  a  short  distance  from  0.  The  few,  however, 
which  enclose  the  bright  white  line  at  0  are  much  more  intense 
and  distinct  than  those  of  the  mirrors,  because  of  the  greater 
intensity  of  the  light  transmitted  by  the  prism. 

378.  If  in  either  of  these  cases  a  piece  of  thin  glass  or  other 

transparent  solid  or  liquid  medium  be  interposed,  so  tas  to  make 
the  route  of  one  of  the  interfering  beams  optically  than  the 

other,  the  fringes  will  be  found  displaced  towardsfiy^  correspond¬ 
ing  side.  By  this  means  the  velocity  of  light  j^rQh-  has  been  shown 
to  be  unquestionably  greater  than  that  imjsffisk,  and  to  be  in  the 
proportion  of  (i :  1. 

379.  Colors  of  Thin  j Pieces.  The  colors  displayed  in 

soap  bubbles,  thin  films  of  coal  t^)on  the  surface  of  water,  frac¬ 
tures  in  glass  or  in  crystals  various  kinds,  and  in  other  like 
phenomena,  are  due  only  t00ie  principle  of  interference.  If  a 
lens  of  small  curvature  <  3d  on  a  piece  of  plane  glass,  the  thin 

film  of  air  of  varying  kfrSSmess  between  the  two  surfaces  will  cause 
incident  light  to  mtmere  and  produce  colored  rings  of  varying 
diameter.  Whei*  homogeneous  light  is  used  the  rings  are  alter¬ 
nately  dark  ajjS^Jrighfc  when  seen  by  reflected  light,  and  bright 
and  darl$  h^lransmitted  light.  With  incident  white  light  the 
rings  as&sN^hiously  colored  and  form  a  perfectly  determinate  and 
easilv  v^roduced  series,  so  that  they  can  be  used  as  a  reliable 
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standard  for  color.  They  are  known  as  Neivton’s  rings ,  and  the 
succession  of  colors  is  called  Newton's  scale . 

380.  It  is  easily  seen  that  the  thickness  of  the  plate  of  air 
increases  from  zero  at  the  point  of  contact  of  the  lens  with  the 
plate,  and  is  always  the  ver-sine  of  the  arc ;  it  therefore  varies  as 
the  square  of  the  diameter  of  the  ring.  By  accurate  measurement 
Newton  found  that  the  squares  of  the  diameters  of  the  rings  form 
an  arithmetical  progression,  and  hence  the  thicknesses  of  the  thin 
plates  for  rings  of  the  same  color  are  in  the  same  ratio.  To 
explain  in  an  elementary  way  their 
formation,  let  SI,  ST',  etc.,  be  inci¬ 
dent  rays  of  homogeneous  light,  and 
suppose  the  two  rays  that  move  along 
I'R'  to  be  in  a  condition  to  interfere ; 
part  of  ST'  being  directly  reflected  at 
I',  and  part  of  SI  being  refracted 
and  reflected  along  II'T'R'.  To  find 
the  difference  of  route  so  as  to  deter¬ 
mine  the  change  of  phase,  draw  the 
normal  I'K.  It  is  evident  that  the 

rays  moving  from  I'  along  I'R'  will  be  simultaneously  iA  the  same 
phase  as  that  moving  along  IR  at  K,  since  these  pdira^re  on  the 
same  plane  normal  to  the  reflected  wave  fron^(^nd  since  the 
velocities  in  air  and  glass  are  as  \i :  1,  the  disttfr^  KI  reduced  to 
its  equivalent  route  in  air  is  jtzKI.  Again,  mechanical  princi¬ 
ples  and  from  the  analogy  of  reflected  wa^sjof  sound  in  air,  Arts. 
228  and  229,  we  see  that  a  difference  o^pj^ilb  of  180°,  or  its  equiva- 

x  .  <c 

lent  -  m  route,  must  be  added  or^uVtracted  from  each  reflection 

of  a  wave  incident  on  a  surfagd^parating  a  rarer  from  a  denser 
medium,  while  no  differenced^  be  allowed,  when  reflection  takes 
place  on  a  surface  separi  denser  from  a  rarer  medium.  We 

therefore  have  for  jfchQnfference  of  route  for  the  two  inter¬ 
fering  rays, 


Figure  90, 


II"  + 


for  the  ^A^^^um  and  minimum  intensity  respectively,  in  which  n 
represeji^any  integer  marking  the  number  of  the  interference. 


■  i^KI  =  2n  -, 


or 


=  (2»  +  l)g,  (459) 
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Representing  the  thickness  of  the  film  of  air  by  t,  the  angle  of 
incidence,  AI"I  by  i,  and  the  angle  of  refraction  -|-STR'  by  r,  and 
since  IT'  =  I"I,  we  have 

A 


2IT'  —  ^KI  =  (2n  —  1)  or  2n^- 

But  we  have  from  the  figure  II"  =  — — and 

cos  i 

KI  =  IT  cos  KII'  =  2AI  sin  r  ) 

=  211"  sin  i  sin  r  =  2 1  tan  i  sin  r  ) 

Whence  after  reduction  we  have 


(460) 


(461) 


t  —  ^  (2 n  —  1)  sec  i, 


or 


=  -  2n  sec  i. 
4 


(462) 


Whence  we  see  that  the  thickness  corresponding  to  the  bright  rings 
are  as  the  odd  numbers  1,  3,  5,  7,  etc.,  and  to  the  dark  rings  are  as 
the  even  numbers  0,  2,  4,  6,  etc. ;  that  the  thickness  for  a  ring  of  any 
given  order  varies  with  Ay  and  hence  varies  with  the  color  and  with 
the  nature  of  the  substance  forming  the  film ;  and  finally,  that  the 
thickness  varies  with  the  incidence  i. 

381.  The  transmitted  rays  R,,  etc.,  are  also  capable  of  interfer¬ 
ing,  and  a  similar  discussion  would  show  that  tkefm^erference 
rings  formed  by  refraction  are  complementary  5olor  to  the 
reflected  rings,  a  deduction  which  is  confirmed  hCkxperiment. 

v(Y 

382.  Diffraction .  In  the  cases  of  ^interference  above  re¬ 
ferred  to,  since  the  routes  of  travel  interfering  rays  must 


differ  by  some  odd  multiple  of  ^^ither  reflection  or  refraction 


must  take  place  upon  a  portion^  least  of  the  rays  which  setting 
out  at  the  same  phase  procee^kom  a  single  origin.  The  principle 
of  Huyghens  is  applicabl&Apfcvtwer,  in  all  cases  belonging  to  diffrac¬ 
tion.  By  this  princigl^Vre  disturbance  at  P',  Figure  10,  page  50, 
may  be  considered  ^tj^e  resultant  of  all  the  disturbances  sent  to  it 
from  every  pojnivnfthe  wave  front  in  any  one  of  its  anterior 
positions  as  Assume  a  series  of  distances  beginning  with 

P'A  and^fa^gksively  increasing  with  the  constant  value  £  ;  with 


these  ^lii&ances  as  elements  conceive  conical  surfaces  described 


RELATING  TO  SOUND  AND  LIGHT. 


251 


haying  P'  for  their  common  vertex  and  P'A  for  their  common  axis. 
The  zones  which  they  intercept  on  the  spherical  wave  front  are 
annular  surfaces  slightly  increasing  in  area  as  we  proceed  outward 
from  A.  From  these  zones  of  Huygliens ,  as  they  are  called,  second¬ 
ary  waves  proceed  which  are  all  in  the  same  phase  at  starting,  but 
which,  owing  to  the  difference  of  route,  meet  at  P'  in  various 
phases.  The  secondary  waves  due  to  each  zone  vary  by  insensible 
degrees  from  phases  of  complete  accord  to  phases  bordering  on 
complete  discordance.  The  displacements  of  P'  due  to  waves  from 
any  two  contiguous  zones  are  therefore  of  opposite  signs,  and  were 
the  number  of  these  waves  exactly  equal,  their  rays  parallel,  and 
the  displacements  of  the  same  amplitude,  mutual  destruction  of 
each  other’s  effects  on  P'  would  ensue.  But  while  this  equivalency 
is  not  exact,  it  is  approximately  so  with  respect  to  adjacent  zones 
at  a  very  short  distance  from  A,  and  the  intensity  of  the  light  at  P' 
will  be  represented  by  the  decreasing  converging  series, 

I  —  T  +  I"  —  V"  +  etc.,  (463) 


in  which  the  terms  depend  on  the  aggregate  displacements  of  the 
molecule  at  P'  due  to  each  zone.  Hence  the  resultant  intensity  of 
light  at  the  point  P'  is  sensibly  due  to  the  concurrent  effect  of  but 
a  few  of  the  zones,  and  whatever  be  the  number  cai^ra^red,  this 
intensity  has  always  a  value  between  I  and  I  —  I'.^^Bherefore  the 
maximum  effect  is  that  due  to  the  central  zoaQvSnd  since  X  is 
exceedingly  small,  we  may  conclude  that  ligJriiNs  propagated  sen¬ 
sibly  in  right  lines  -from  its  source.  /-yw 

383.  The  consequences  of  the  abov/r£pQning,  which  have  been 
repeatedly  confirmed  by  experiment, 

1°.  That  if  by  any  means  the  ef(e?pof  the  even  numbered  zones 
2,  4,  6,  8,  etc.,  be  stopped  out  apjpy  opaque  screens,  the  intensity 
of  the  light  at  P'  due  to  thrones  1,  3,  5,  7,  etc.,  is  very  much 
increased.  By  a  carefulj  fived  experiment,  the  light  of  the 

second  zone  has  been  /fi&fckicted  and  the  intensity  of  the  light 
which  remained  wa^ftjund  to  be  nearly  five  times  as  great  as 
before.  . 

2°.  If  a  smaU^jfcular  opaque  disk  be  interposed  in  the  cone  of 
rays  procee^i^g^rom  0,  the  intensity  of  the  light  at  the  central 
point  ofy&^y^eometric  shadow  is  the  same  as  when  the  disk  is 
removed. 
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3°.  A  small  circular  aperture  being  interposed  in  the  cone  of 
rays,  and  properly  placed  with  respect  to  the  screen,  will  exhibit  a 
perfectly  dark  spot  at  the  projected  centre  of  the  aperture. 

The  analytical  proof  of  these  consequences,  as  well  as  of  many 
others,  all  of  which  are  easily  confirmed  by  experiment,  is  beyond 
our  assigned  limits  and  is  therefore  omitted. 

384.  We  have  seen  in  Art.  251  that  the  extent  of  the  luminous- 
source  has  a  marked  influence  in  softening  the  shadows  cast  by 
opaque  bodies.  When  the  source  is  a  mere  point  or  a  right  line, 
the  contour  of  the  geometric  shadow  is  not  the  true  boundary 
between  the  light  and  darkness,  but  there  are  certain  luminous 
effects  both  within  and  without  the  geometric  shadow,  which  are 
perfectly  explained  by  the  principles  upon  which  this  subject  of 
diffraction  is  founded.  Let  the  parallel  beam  of  homogeneous 
light  S  be  brought  to  a  focus  at  0  by  a  lens  of  short  focus,  and 
suppose  an  opaque  screen  PM  be  placed  in  the  diverging  cone  with 
its  edge  P  in  the  axis  OQ.  The  geometric  shadow  of  this  edge  on 
Qli  is  at  Q.  Below  this  line  Q  a  faint  illumination  exists  within 
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becoming  wider  as  tlie  diameter  of  the  wire  is  diminished.  If  a 
rectangular  aperture  be  formed  whose  width  is  small  compared  to 
its  length,  the  diffraction  fringes  will  be  found  in  the  luminous 
portion,  which  will  become  wider  as  the  aperture  becomes  nar¬ 
rower.  A  series  of  rectangular  slits,  separated  by  opaque  intervals, 
may  be  formed  by  ruling  on  glass  a  number  of  equidistant  lines,  by 
means  of  a  diamond  point.  Such  an  apparatus  is  called  a  diffraction 
.1 grating .  When  a  beam  of  light  falls  upon  it  a  direct  image  of  the 
luminous  surface  is  formed  by  reflection  or  transmission,  flanked 
by  a  series  of  spectra  each  of  which  is  separated  from  the  preceding 
by  a  space  devoid  of  light. 

386.  To  explain  the  formation  of  the  diffraction  spectra  by 
means  of  a  grating,  let  the  diaphragm  MN  be  placed  normal  to 
the  parallel  beam  of  homogeneous  light  SS',  and  suppose  that  lac 
be  a  rectangular  opening  whose  width  is  very  small  compared  to 
its  length.  Considering  alone  the  effects  on  a  screen  PP'  in  the 
plane  MP',  we  see  that  by  the  principle  of  Huyghens  all  the  points 
of  Ic  may  be  considered  as  centres  of  secondary  waves  from  which 
rays  proceed  in  all  directions  beyond  MN.  By  the  preceding  prin- 


s  s' 


JYL 


N 


b  a  c 


P 


P 


ciples  the  maximum  distqrhgy^will  occur  at  a\  and  provided  the 
difference  of  route  lc[  be  less  than  ^ ,  the  space  Vc'  will  have 


less  illumination,  buV*mh  inappreciable  difference  of  intensity  on 


either  side  of  0f.\fi?ow  consider  the  effects  at  positions  on  the  rq 


on  the  left,  and  we  will  find 
t  have  no  disturbance  due  to 
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rays  bd  . .  .cd'  whose  angle  of  diffraction  0  is  such  that  bit  is  equal 
to  A.  For,  beginning  with  a  ray  from  b,  we  have  a  ray  from  a 

whose  difference  of  route  is  exactly  ^ ,  and  for  each  consecutive 

point  in  ba  we  have  a  corresponding  point  in  ac ,  such  that  rays 
from  each  of  these  pairs  neutralize  each  other  within  the  space  dd'. 
Still  farther  to  the  right  a  space  b"c"  will  be  found  such  that  the 
difference  bh  will  be  equal  to  |-A,  and  if  we  consider  the  centres  in 
bac  separated  into  three  equal  groups,  the  rays  from  the  first  group 
will  completely  neutralize  those  of  the  second,  and  therefore  permit 
those  of  the  third  to  produce  concurrent  effects  in  b"c" ;  hence 
b"c"  will  be  illuminated  with  an  intensity  much  less,  however,  than 
that  of  b'c' ;  and  so  on  for  other  alternate  dark  and  bright  spaces. 


387.  If  now  a  bright  line  of  light  be  used  from  which  parallel 
rays  proceed  and  a  grating  be  interposed  in  their  paths,  the  open 
spaces  will  permit  the  light  to  pass  while  the  furrows  will 
intercept  it. 

Let  AB  be  such  a  grating,  ab , 
cd ,  etc.,  the  clear  spaces,  be,  de, 
etc.,  the  furrows,  and  from  what 
precedes  it  is  evident  that  if  ah 
be  equal  to  n’k,  that  the  rays  at 
a'b '  will  unite  their  effects  and 
produce  a  fringe  of  the  nth  order 
of  wave  length  A.  If  ah,  however, 
differ  by  any  small  fraction  of  A, 
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Figure  93 

be  in  discordance  with  that 


space  from  A' 

passing  through  ab,  th^t  ^^^g  through  the  +  1^  space  with 

that  through  the  so  on.  Hence  the  angle  0  is  determi¬ 

nate  for  the  rays  <Ma)particular  color.  Therefore  to  determine  A  for 
any  fringe  asjdj^^q  representing  the  width  of  a  space  and  a  fur¬ 
row  (ab  +  bd)  by'w,  we  have 
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388.  If  white  light  be  employed,  since  X  varies  for  each  con¬ 
stituent,  the  violet  fringes  will  be  found  nearest  the  central  line 
and  the  others  arranged  in  the  order  of  their  wave  lengths.  The 
finely  constructed  gratings  of  Nobert,  Ruth  erf  urd,  and  others,  give 
such  pure  spectra  that  the  fixed  lines  of  Frauenhofer  are  clearly 
defined,  and  thus  afford  means  of  measurement  for  the  wave 
lengths  corresponding  to  their  refrangibility.  Knowing  the  num¬ 
ber  of  ruled  lines  to  the  inch,  the  value  of  w  is  known ;  the  angle 
0n  is  measured  by  the  spectrometer  and  therefore  X  results  from  the 
solution  of  the  above  equation.  The  advantage  of  this  method  of 
determining  X  consists  in  the  fact  that  the  distances  of  the  fixed 
lines  in  the  diffracted  spectra  are  always  proportional  whatever  be 
the  substance  of  the  grating,  while  in  the  prismatic  spectrum  they 
vary  with  the  dispersive  power  of  the  medium  of  the  prism.  Thus 
since  sin  0  is  very  small,  it  may  be  replaced  by  0  sin  1',  and  if 
0j,  02,  03,  represent  the  deviations  corresponding  to  any  three 
points  of  the  nth  spectrum,  and  Xx ,  A2 ,  Xz ,  the  corresponding  wave 
lengths,  we  have 


whence 


but  02  —  0i  and  03  —  02  are  the  distances  $tfv±)ie  lines  A2  and  X$ 
from  Xx  in  the  nth  spectrum,  and  are  b\u^Q(366)  directly  propor¬ 
tional  to  the  increase  in  wave  length  of\A^ahd  X3  over  that  of  Xx . 


Since  the  latter  are  constant  for  giifop.  lines  of  the  spectrum,  the 


constant  for 


ratio  of  the  increase  of  02  —  0i  to  0i  must  be  constant.  We 
also  see  that  the  consecutive  dim&ltion  spectra  increase  in  length 


rlap,  so  that  the  red  of  the  nth  will 


from  the  centre  and  will  so< 


fall  on  the  violet  of  1  yh' 


389.  By  the  abo\^tfo|!!iod  the  values  of  the  wave  lengths  have 
been  determined  winwthe  greatest  accuracy  by  many  observers. 
The  agreementsiJl^ieasurement  extend  to  the  units  of  the  mil¬ 
lionths  of  the  nlTPjimetre  ;  those  adopted  in  the  following  table  are 
from  th  ations  of  Van  der  Willigen  in  1868,  as  given  in 

the  Arc  he  Musee  Teyler. 
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Wave  Lengths  of  the  Fixed  Lines  in  the  Normal  Spectrum. 


Fixed  Lines. 

Wave  Lengths 
in 

Decimals  of  Mm. 

No.  of  Waves 

IN 

1  Mm.  of  Length. 

No. of  Vibrations 
in  1  Second. 
Millions  of  Mil¬ 
lions. 

Absolute  Re¬ 
fraction  Indices. 

/*• 

A . 

0.00076339 

1310 

393. 

1.60756 

a . 

0.00071895 

1391 

417.3 

1.60926 

B . 

0.00068748 

1455 

436.5 

1.61079 

C . 

0.00065655 

1523 

456.9 

1.61252 

D . 

0.00058956 

1696 

508.8 

1.61728 

E . 

0.00052704 

1897 

569.1 

1.62353 

1 . 

0.00051860 

1928 

578.4 

1.62495 

F . 

0.00048640 

2056 

616.8 

1.62917 

G . 

0.00043113 

2319 

695.7 

1.64006 

H . 

0.00039714 

2518 

755.4 

1.64969 

390.  Polarized  Light.  While  we  have  assumed  in  Part  I 
that  the  vibrations  of  the  molecules  of  the  medium  which  transmit 
the  undulations  of  light  are  transversal,  nothing  in  the  subsequent 
discussion  of  light  has  so  far  indicated  the  importance  of  this 
assumption.  And  were  it  not  for  the  phenomena  of  polarization, 
we  might  with  equal  indifference  have  assumed  thq^Aibrations  to 
be  in  any  direction  with  respect  to  the  luminousjSy>  jiny  oblique 
vibration,  however,  can  be  resolved  into  its  cojffljmlents,  one  longi¬ 
tudinal  and  the  other  transversal,  and  the  u^fe^tion  of  direction  is 
necessarily  limited  to  a  choice  between  tj&^f provided  the  proper¬ 
ties  of  polarized  light  demand  a  dechm^Qi  this  respect.  By  direct 
observation  we  have  established  thaiXhfc  sound  waves  which  reach 
the  ear  are  due  to  the  longitudimK vibrations  of  the  air,  whether 
the  sounding  body  itself  vib^aras  transversely  or  longitudinally. 
But  the  waves  of  light  minute,  that  we  can  never  hope  to 

discern  by  direct  means  ffi^wfinitesimal  motions  of  the  molecular 
•ether.  Nevertheless  i^^marked  differences  in  the  effects  produced 
by  the  superpositi(5h!Mrtwo  beams  of  natural  light  and  by  two  of 
polarized  light.  iSvre  no  alternative  but  the  acceptance  of  the 
principle  oj*<&G)isversal  vibrations  as  a  real  cause  of  all  optical 

phenomerw^O 


39XSShk  theoretical  and  practical  study  of  polarized  light  are 


& 


9NN 

quiteN^p^rate  and  distinct,  and  either  may  take  precedence  of  the 
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other.  But  as  there  are  certain  advantages  gained  by  clearly  appre¬ 
ciating  the  practical  differences  that  exist  between  natural  and 
polarized  light,  we  will  first  briefly  refer  to  some  of  the  more 
prominent  characteristics  of  the  latter. 

Theoretically,  light  is  said  to  b %  polarized  when  the  molecular 
vibrations  of  the  ray  are  rectilinear  and  perpendicular  to  a  plane 
called  the  plane  of  polarization .  The  operation  of  polarization 
consists  in  bringing  all  the  molecular  vibrations  in:o  this  position, 
or  by  stopping  out  those  that  do  not  have  this  direction.  When 
this  condition  is  exactly  fulfilled,  the  light  is  said  to  be  wholly 
polarized  or  plane  polarized ;  when  otherwise  it  is  said  to  be  more 
or  less  partially  polarized,  according  to  the  degree  of  its  modifica¬ 
tion.  Practically  we  define  polarized  light  to  be  that  which  pos¬ 
sesses  certain  peculiarities,  hereafter  to  be  described,  by  which  it 
may  readily  be  distinguished  from  natural  light  by  the  application 
of  certain  tests.  To  the  unassisted  eye  there  is  no  distinction 
between  natural  and  polarized  light,  and  we  now  proceed  to  indi¬ 
cate  in  what  manner  these  peculiarities  can  be  manifested. 

392.  Any  apparatus  used  to  change  natural  into  polarized  light 
is  called  a  polarizer,  and  that  which  is  used  to  ascertain  whether 
light  be  polarized  or  not  is  called  an  analyzer .  These  are  essen¬ 
tially  the  same  and  are  perfectly  interchangeable,  dejrahg  their 
names  only  from  the  particular  use  to  which  they  are^ffe& 

393.  The  usual  methods  by  which  common  or^pural  light  is 
polarized,  are  double  refraction,  reflection,  and  rofbwtion. 

Polarization  by  Double  P efirr&fyon.  1°.  Iceland 
Spar.  The  usual  form  of  a  natural  c*vsVftKof  Iceland  spar  is  that 
of  an  oblique  rhombohedron,  whos^-S&jacent  faces  are  unequal. 
The  oblique  and  acute  angles  of  tkp  races  are  101°  55'  and  78°  5' 
respectively.  The  regular  formA mfie  crystal  is  obtained  by  cleav¬ 
age,  and  it  is  in  this  form  the  edges  are  of  equal  length. 

The  right  line  joining  the obtuse  solid  angles  when  the  crystal 
is  in  the  regular  form  jpcjHftd  the  optic  axis  of  the  crystal.  The 
plane  normal  to  anvfacfefcontaining  the  direction  of  the  axis,  is  the 
principal  plane .  iftPcrystal  of  Iceland  spar  be  placed  in  the  track 
of  a  beam  of^  light  in  any  direction  except  that  of  the  optic 
axis,  a  sepa^feqn  of  the  beam  into  two  components  of  equal  inten¬ 
sity  will  ta^  place,  and  these  two  beams  will  emerge  from  the 


17 
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opposite  face  parallel  to  each  other  and  to  their  original  direction. 
This  property  is  called  double  refraction. 

Let  us  suppose  a  crystal  of  the  regular  form  to  be  so  mounted 
that  its  principal  plane,  at  first  vertical,  may  pass  by  all  azimuths 
around  the  direction  of  a  ray.  We  will  notice  that  a  horizontal  in¬ 
cident  beam  of  solar  light  will  always  be  separated  into  two  beams, 
one  of  which  always  follows  the  ordinary  laws  of  refraction,  Art. 
79,  and  which  for  this  reason  is  called  the  ordinary  beam,  while  the 
other  is  not  always  so  controlled,  and  is  therefore  called  the  extra¬ 
ordinary  beam  ;  these  will  be  represented  hereafter  by  the  letters  0 
and  E.  On  rotating  the  crystal  we  will  find  that  in  every  position 
of  the  principal  plane  these  two  beams  will  have  equal  intensities, 
and  both  will  always  lie  in  the  principal  plane. 

Now  if  a  second  crystal  exactly  like  the  first  be  similarly  placed 
near  it,  and  the  beam  E  be  stopped  out  by  a  diaphragm  after  it 
emerges  from  the  first  crystal,  we  will  notice  the  following  phenom¬ 
ena  :  ^Calling  a  the  azimuth  angle  between  the  principal  planes  of 
the  crystals,  and  supposing  the  second  crystal  only  to  rotate,  when 
a  —  o  there  will  be  but  one  beam  passing  the  second  crystal,  whose 
displacement  is  double  that  due  to  either  crystal ;  as  «  increases 
from  0  to  45°,  two  beams  of  unequal  intensity  will  pass  the  second 
crystal,  which  we  will  designate  by  0„  and  0, .  /A,  at  first  of 
greater  intensity,  will  gradually  diminish,  whik^l,  will  increase, 
both  being  equal  when  a  is  45° ;  as  «  increaswjpbm  45°  to  90 , 0, 
will  decrease  to  extinction,  and  0,  will  inej^Ofe  until  it  becomes  as 
bright  as  0„  was  formerly  ;  as  a  increas&Ofawm  90°  to  180  ,  similar 
changes  will  occur,  so  that  0„  will  /wiQse  to  a  maximum,  and  0, 
decrease  to  extinction;  as  «  increases  from  180°  to  270°,  the 
changes  of  the  first  quadrant  nW,  recur,  and  from  270°  to  360° 
those  of  the  second  quadrajA  will  be  reproduced.  If  now  O  be 
stopped  at  emergence  from*®?  first  crystal,  and  E  be  permitted  to 
pass,  and  we  represei^H^  components  by  E0  and  Ee ,  we  will  find, 
on  rotating  the  secopVterystal,  that  E0  will  be  zero  at  0°  and  180°, 
and  E,  a  maxinfurMit  90°  and  270°,  E„  will  he  a  maximum  and 
Et  zero  ;  at  interMdiate  azimuths,  E0  and  E.  will  differ  in  inten¬ 
sity,  excepti£&°,  135°,  225°,  and  315°,  where  they  will  he  equal. 

394  LiQhese  results  which  are  arranged  below,  I  represents 
the  ii$*§Wnty  of  the  original  beam,  and  a  the  angle  included  be- 
tweeiivhe  principal  planes  of  the  two  crystals : 
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I  = 


0„  =  \I  cos3  a, 
0 ,  =  \I  sill2  a, 
&  =  \1  sin2  a, 

Ee  =  \I  COS2  a. 


(467) 


Neither  0  nor  E  is  similar  to  natural  light,  for  when  either  is 
received  on  the  second  crystal,  two  emergent  beams  do  not  always 
result ;  with  natural  light,  two  beams  are  always  produced.  Neither 
are  0  and  E  similar  to  each  other,  for  in  certain  positions  of  the 
second  crystal,  0  produces  only  an  ordinary  beam,  and  E  only  an 
extraordinary  beam  ;  in  certain  other  positions,  0  produces  only  an 
extraordinary  beam,  and  E  only  an  ordinary  beam.  They  therefore 
have  peculiar  properties  depending  on  the  position  of  the  crystal. 
But  we  see  that  0  and  E  have  properties  of  the  same  kind  with 
reference  to  two  planes  passing  through  their  direction,  the  first 
being  the  principal  plane  and  the  second  at  90°  from  it.  For  these 
reasons  the  beams  0  and  E ,  and  their  components  00 ,  Oe ,  E0,  Ee9 
are  said  to  be  polarized ,  the  O’s  in  the  plane  of  principal  section, 
and  the  E’ s  in  the  plane  at  right  angles  to  the  principal  section. 


395.  2°.  By  a  Plate  of  Tourmalin.  All  crystals  which,  like 
Iceland  spar,  have  but  one  axis  of  symmetry,  act  in  the^sakie  man¬ 
ner  upon  light.  Tourmalin  is  such  a  crystal,  and  wJ^Ocut  into  a 
thin  plate  parallel  to  the  axis,  can  be  used  to  pokN^fre  light.  We 
should  therefore  have,  1°,  an  extraordinary  hos&E,  equal  to  4/, 
but  which  by  absorption  is  reduced  to  i/^JWJm’ized  perpendicu¬ 
lar  to  the  principal  section;  and  2°,  an  oj*wQy  beam  0,  polarized 
in  the  plane  of  principal  section,  and  KhJse  intensity  should  be 

u'  is  however  so  small,  that 
intensity  of  0  that  passes  is  pradjc 
emerges  sensibly  free  from  0, 

hence,  when  the  axes  aj*e  parallel, 

VJ  E  =  \Iv?\ 

and  when  perpemj^iBir,  E  is  zero. 

396.  Nicol  Prism. 
having  eq^V width 


jrt^very  little  thicknesses  the 
CTly  negligible,  and  hence  E 
ro  of  these  plates  be  superposed, 

cos2  a  : 


and 


If  a 
thickness,  and 


crystal 
a 


length 


of  Iceland  spar, 
three  times  its 
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width,  be  cut  along  the  plane  containing  the  longer  diagonal,  and 
the  surfaces  be  polished  and  reunited  with  a  thin  layer  of  Canada 
balsam,  in  their  original  position,  the  crystal  is  called  a  Nicol  prism. 
The  refractive  index  of  the  balsam,  1.549,  lies  between  1.654,  that 
of  0,  and  1.483,  that  of  E.  Hence,  an  incident  ray  of  natural 
light  being  separated  into  two  rays  0  and  E  within  the  crystal,  the 
former  will  meet  the  surface  of  the  balsam  at  an  angle  of  incidence 
such  that  it  will  be  totally  reflected  to  the  side  of  the  crystal,  where 
it  is  absorbed,  while  the  E  ray  will  pass  through  unchanged.  A 
layer  of  air  serves  the  same  purpose  as  the  balsam,  with  the  advan¬ 
tage  of  requiring  a  shorter  length  of  crystal  for  the  prism.  The 
emergent  ray  E  is  polarized  in  the  plane  perpendicular  to  the  prin- 
cipal  section  of  the  prism. 

397.  By  Reflection.  If  a  small  beam  of  natural  light  be 
incident  on  a  black  glass  mirror,  the  reflected  light  will  be  that  due 
to  reflection  from  the  first  surface.  If  the  angle  of  incidence  be 
about  54°  35',  and  the  reflected  beam  be  examined  on  all  sides  by 
another  mirror  at  the  same  angle  of  incidence,  we  will  observe  that 
when  the  planes  of  the  two  mirrors  are  parallel  or  perpendicular  to 
each  other,  the  intensity  of  the  second  reflected  bea^r  is  a  maxi¬ 
mum  ;  at  positions  90°  fro  in<^  a| 

termediate  positions  the  w  which 


governs  the  variation  in  in 


of  the#seWrd  reflected  beam  at  any  azi- 


in  which  /'  is  the  intensity  of  thejsel 


muth,  /  the  intensity  of  the  sanpSeam  at  the  position  correspond¬ 
ing  to  «  =  0,  and  a  is  the  wgte  included  between  the  planes  of 
incidence  of  the  two  mirro^pChe  plane  of  first  incidence  is  called 
the  plane  of  polarizal  T&  beam  under  examination. 


398.  By  R&jtetion.  If  the  beam  of  natural  light  be  jnci- 
'  "  ’  1  at  the  same  angle,  54°  35', 

n  the  same  way,  it  will  he 
>t  that  the  equation  for  in- 
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and  the  plane  of  polarization  will  be  perpendicular  to  the  plane  of 
first  incidence. 

By  either  of  these  tests,  therefore,  a  beam  of  light  may  be  ex¬ 
amined,  its  properties  in  the  above  point  of  view  ascertained,  and 
it  may  then  be  classified  either  as  natural  light,  or  polarized  light, 
either  wholly  or  partially. 

399.  The  differences  between  natural  and  wholly  polarized  light 
are  thus  contrasted : 


Natural  Light. 

Polarized  Light. 

Iceland  spar. 

Always  two  beams  of  equal 
intensity  transmitted  in  all 
azimuths  of  the  principal 
plane. 

Always  two  beams  of  varying  inten¬ 
sity  transmitted,  except  in  the 
azimuths  0°,  90°,  180°,  and  270° 
of  the  principal  plane,  at  which 
there  will  be  but  one  beam.  In 
0°  and  180°,  if  beam  is  O ;  and  in 
90°  and  270°,  if  beam  is  E. 

Tourmalin  and 
Nicol  Prism. 

Always  one  beam  of  uniform 
intensity  transmitted  at  all 
azimuths  of  the  axis  of  the 
crystal. 

Always  one  beam  of  varying  inten¬ 
sity  transmitted,  except  at  azi¬ 
muths  0°  and  180°,  if  beam  is  O ; 
and  90°  and  270°,  if  beam  is  E. 

\ 

Reflection  by  black 
glass  at  an  inci¬ 
dence  of  54°  35'. 

Always  a  beam  of  uniform 
intensity  reflected  at  all 
azimuths. 

vCA 

Always  a  beam  Q>x*bqfoinfi  intensity 
reflected  at  f^azimuths,  except 
at  0°  amL^N^n  beam  is  E ;  and 
of  90°  ajKytO0.  if  beam  is  O. 

Refraction  through 
a  bundle  of  glass 
plates  at  an  inci¬ 
dence  of  54°  35'. 

Always  a  beam  of  uniform 
inten&ity  refracted  through 
the  bundle  at  all  azimuth#. 

_ O' 

- 

Alriby&a.  beam  of  varying  intensity 
f  ^meted  at  all  azimuths,  except 
^^it  0°  and  180°  for  0 ,  and  90°  and 
>  270°  for  E. 

400.  Experiment  shows  th&cpvhen  by  any  of  these  or  other 
methods  light  polarized  in  one  plMie  is  produced  from  natural  light, 
there  is  always  produced  ^s&he  same  time  light  polarized  in  a  per¬ 
pendicular  plane;  am/^tnal  light  polarized  in  one  plane  cannot  be 
made  to  give  light  nplamed  in  a  perpendicular  plane.  Experiment 
further  shows  thaft&ienever  two  plane  polarized  beams  are  pro¬ 
duced  from  id^Qhme  source,  and  we  derive  from  them  by  any 
means  otl^wlane  polarized  beams  whose  planes  are  coincident, 
interfereii^t^kes  place  exactly  as  in  the  case  of  natural  light;  but 
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light  polarized  in  one  plane  cannot  be  destroyed  by  light  polarized 
in  the  perpendicular  plane. 

If  light  be  due  to  longitudinal  vibrations,  no  reason  can  be  given 
why  interference  should  not  take  place  independently  of  the  posi¬ 
tion  of  the  planes  of  polarization  of  a  ray;  for  the  velocity  of  the 
molecule  in  the  direction  of  the  ray  cannot  be  influenced  in  any 
way  by  any  azimuthal  change  of  the  plane  of  polarization  around 
the  ray.  If,  however,  we  suppose  the  vibrations  transversal,  it  is 
evident  that  any  azimuthal  change  of  one  of  the  planes  of  polariza¬ 
tion  will  give  a  component  displacement  in  the  direction  of  that  due 
to  the  other,  so  that  the  former  may  be  combined  with  the  latter, 
and  thus  determine  a  resultant  displacement  of  greater  or  less  mag¬ 
nitude,  depending  on  the  difference  of  phase  of  the  components. 

401.  Analytical  Proof  of  the  Transversality  of 
the  Molecular  Vibrations .  Let  us  consider  a  molecule  of 
ether  on  the  axis  of  x,  along  which  a  plane  polarized  ray  is  moving 
whose  plane  of  polarization  coincides  with  xy.  Whatever  be  the 
rectilinear  vibration  of  the  molecule,  the  molecular  displacements 
in  the  direction  of  the  co-ordinate  axes  x,  y ,  z>  may  be  represented  by 


(468) 


Suppose  another  plane  polari^y»ay,  having  a  different  intensity 
and  difference  of  phase  d  at  tWtime  t ,  but  the  same  plane  of  polar¬ 
ization  also  moving  along  (fly|Haxis  of  x;  the  component  displace- 


> 


(469) 


RELATING  TO  SOUND  AND  LIGHT. 


263 


Now  let  us  suppose  that  the  plane  of  polarization  of  the  second 
ray  turns  about  the  axis  of  x  until  it  is  perpendicular  to  the  plane 
of  polarization  of  the  first  ray,  and  therefore  coincides  with  the 
plane  xz.  After  this  revolution,  the  component  displacement  v, 
along  y  becomes  the  new  component  displacement  w  along  z ,  and 
the  component  displacement  w,  along  2  taken  with  a  negative  sign 
becomes  the  new  component  displacement  v'  along  y  ;  the  compo¬ 
nent  displacement  u,  along  x  remains  unchanged  in  intensity  and 
direction.  The  three  components  for  the  second  plane  polarized 
ray  are  then 


u' 


me  sin  2rr  ^ 


(470) 


vr  —  —  me  sin 


> 


iff 


Combining  the  displacements  in  the  same  directions  by  Eq.  (61), 
then  the  sum  of  the  resulting  squares  will  be  the  measure  of  the 
resultant  intensity  due  to  the  concurrent  effect  of  the  two  plane 
p  37,  this 

r< 


(471) 


402.  Since  expeiim^  shows  that  two 


402.  Since  expeiim^  shows  that  two  perpendicular  plane 


polarized  waves  can  ra§^|r  interfere,  this  intensity  is 


is  constant,  what¬ 


ever  be  the  value  oj^he  difference  of  phase  d,  which  therefore  exacts 
as  simultaneous?^*) ditions  that 


(472) 
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The  first  condition  shows  that  the  displacement  in  the  direction 
of  propagation  is  zero,  and  consequently  that  the  vibrations  clue  to 
light  are  transversal .  The  second  condition  can  be  satisfied  in  one 
of  three  ways,  viz.,  either 


If  we  suppose  either  b  or  c  is  zero,  the  vibrations  are  rectilinear,  and 


either  parallel  or  perpendicular  to  the  plane  of  polarization ;  both 


b  and  c  cannot  be  supposed  zero  at  the  same  time,  without  suppos¬ 
ing  both  rays  to  be  of  zero  intensity.  The  third  supposition  gives 
as  a  consequence, 


n  being  any  whole  number,  and  therefore  for  the  displacements  in 
the  direction  of  y  and  %  for  the  first  ray, 


We  have  as  a  consequence  of  this  suppositt 
are  rectilinear,  and  parallel  to  a  right  line  i/r3 

inclined  to  the  axis  of  y  by  an  angle  iiib@ra 

conclusion  is  not  admissible,  becaitee  Troservat 


is  a  complete  symmetry  of  all  tb^phenomena  of  polarization  with 

is  supposition  must  then 


be  discarded,  and  either  onQ3^ the  other  two  adopted  ;  whence  we 
conclude  that  the  molotfufi^  Vfnrations  are  always  transversal ,  and 


*e  either  parallel  or  perpendicular  to  the 
le  best  authority  as  well  as  the  strongest 


in  a  plane  polarized 
plane  of  polarizatipi 


experimental  ^eyidence  are  in  favor  of  the  latter  conclusion,  and 
therefore  we  >mPissume  the  direction  of  the  molecular  vibrations 
to  be  py'ipfyncular  to  the  plahe  of  polarization.  As  the  latter 
plane isN&wIily  determined,  the  particular  direction  of  the  molecu¬ 
lar  vibranon  follows  as  a  consequence. 
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403.  Distinction  between  Natural  and  Polarized 
Light .  Let  the  direction  of  the  plane  polarized  ray  be  along  the 
axis  of  x,  and  the  molecular  vibration  in  the  plane  yz.  Whatever 
be  the  direction  and  amount  of  the  displacement,  it  may  be  resolved 
into  its  components  along  y  and  2,  which  will  always  bear  a  com 
stant  ratio  to  each  other.  Thus,  if  the  displacement  be 


a  sin  2rr 

T 

its  components  along  y  and  z  will  be 


a  cos  a  sin  2rr-, 


a  sin  a  sin  2tt-, 

T 


(474) 


(475) 


a  being  the  angle  which  the  displacement  makes  with  y.  The  in¬ 
tensity  of  the  ray  will  be  a 2,  and  that  of  its  components, 

a2  cos2  a  and 


a4  sim  a. 


Conversely,  if  we  have  two  component  displacements,  having  the 
same  phase  at  the  time  t ,  along  y  and  z, 


b  sin  27 r 


•  o  t 

c  sm  27r  -, 


t 


their  resultant  cl  sin  2n  -  will  be  d^Snrfcg,  and  its  direction  makes 


kO- 


(476) 


an  angle  whose  tangent  is  ^  wit^he  axis  of  y. 

404.  N ow  since  natursd  is  always  decomposable,  as  shown 
by  experiment,  into  two^whie  polarized  beams  of  equal  intensity, 
whose  vibrations  are/m  Night  lines  perpendicular  to  each  other,  it 
would  seem  from  flurSnove  that  their  recomposition  should  give  a 
plane  polarized  whose  molecular  vibrations  should  be  along  a 
right  line  in  AKazimuth  of  45°.  Experiment  shows  that  such  is 
not  the  ca^S^ut  that  their  recomposition  gives  natural  light  again. 
In  a  ray  ov^atural  light,  the  amplitudes  and  phases  must  of  neces- 


& 


P 
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sity  undergo  abrupt  changes  after  certain  periods  of  regularity, 
which  are  insignificant  when  measured  by  sensation,  but  are  great 
when  compared  with  r,  and  the  vibrations  may  be  sometimes  along 
y,  sometimes  along  z,  and  sometimes  in  intermediate  directions. 
When  along  any  right  line,  we  may  suppose  the  displacement  re¬ 
placed  by  its  components,  a  cos  a  and  a  sin  a ,  which  by  recompo¬ 
sition  would  give  the  supposed  displacement.  But  as  the  line  along 
which  this  is  made  varies  each  instant,  each  pair  of  components 
would  reproduce  a  displacement  continually  varying  in  azimuth  ; 
such  are  supposed  to  be  the  characteristics  of  natural  light.  But 
when  we  consider  originally  the  vibration  of  the  molecule  in  a 
polarized  ray,  along  any  right  line,  while  its  amplitude  and  phase 
may  be  variable,  its  direction  of  vibration  must  be  constant,  and 
any  recomposition  of  its  components  will  always  give  a  constant 
azimuth  angle,  since  the  ratio  of  the  components  at  any  instant  is 
the  tangent  of  this  angle.  Therefore  when  we  wish  to  exhibit  the 
■effects  of  interference  between  two  polarized  beams,  they  must  be 
obtained  from  the  decomposition  of  a  single  plane  polarized  beam, 
•since  all  the  perturbations  that  arise  in  these  components  coming 
from  the  common  resultant,  must  themselves  be  common  and  con¬ 
current  in  the  components.  The  intensities  and  phases  may  be  as 
variable  as  possible,  but  the  ratios  of  these  intensities,  and  the  dif¬ 
ference  of  phase  will  be  constant.  The  analogw^jthfs  respect  is 
•as  complete  as  in  the  case  of  the  interference  ofraufral  light,  where 
it  was  shown  that  these  phenomena  are  om^exhibited  by  two 
beams  which  arise  from  a  single  origin,  anH^^  made  to  travel  over 


iimes  -  to  the  place  of 


of  tkeHRefracted  Ray.  Resuming 
rn^^nf  homogeneous  light  in  different 


routes  which  differ  by  an  odd  num  b^j^t  i 
meeting.  ^ 

405.  Construction  of 

the  discussion  of  plane  wa1 

media,  since  the  velocitod0prbf)agation  varies  directly  as  the  square 
root  of  the  elastic  foflCeSaeveloped  by  the  displacement,  Eq.  (96), 
when  the  elastic  ffrrcis  ; are  known  we  can  readily  determine  the 
velocities  in  the  ^ree  cases  to  be  considered. 

1°.  Isotropy  Media.  In  such  media,  a  =  ~b  =  c,  and  the 
wave  sui^&cCbecomes  a  sphere  whose  equation  is 

z2  +  y2  +  # 


-2  _ 


(477) 
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Let  us  suppose  the  incident  medium  in  all  cases  to  be  air,  and 
the  velocity  of  light  in  it  to  be  unity.  To  construct  the  refracted 
ray,  let  MM'  (Figure  94)  be  a 
plane  deviating  surface  sepa¬ 
rating  air  from  the  isotropic 
medium  considered ;  let  SI  be 
the  incident  ray,  and  with 
radii  of  a  and  unity  describe 
•circles  IR  and  I A  about  I  as  a 
centre.  Prolong  SI  to  A,  and 
from  B,  where  the  tangent  at 
A  intersects  MM',  draw  BR; 

IR  will  be  the  refracted  ray  and  BR  the  refracted  plane  wave.  For 
from  the  figure  we  have 

sin  IBA  =  A  aT1a  sin  IBR  =  ^ ;  (478) 

.\  sin  IBA  =  1  sin  IBR,  or  sin  0  =  \i  sin  0'.  (479) 

a 


Hence,  in  all  isotropic  media  it  is  readily  seen  that  the  refracted 
ray  obeys  both  of  the  laws  of  Descartes. 

406.  2°.  Uniaxal  Crystals .  Let  us  suppose  b  =  c;  then, 
Art.  110,  the  wave  surface  becomes  a  surface  of^two  nappes,  one 
being  a  sphere  with  radius  b ,  and  the  other^n  ellipsoid  of  revolu¬ 
tion  about  the  axis  x,  given  by  the  equatk 


x2  +  y2  + 


a2x2  +  b2  (y2  +  ^ 


aW.  } 


(480) 


In  every  direction,  except  arrawg  the  axis  of  x ,  there  will  be  a 
separation  of  a  single  ino^^M^ay  into  two  refracted  rays,  each 
moving  with  different  vela^ies.  The  axis  of  x  is  called  the  optic 
axis  of  the  crystal,  an^Tb^eause  of  this  one  direction  of  single  ray 
velocity,  these  cryst&ls^re  called  uniaxal.  Whenever  the  plane  of 
incidence  is  pamjmPor  perpendicular  to  the  principal  section,  the 
two  refracted  mmXvill  be  found  in  the  plane  of  incidence,  and  the 
first  law  ot^De|cartes  will  be  obeyed  by  both  rays ;  in  every  other 
’  inference,  one  of  the  refracted  rays  will  lie  outside  of  the 


plane  of 


268 


ELEMENTS  OF  WAVE  MOTION. 


plane  of  incidence  and  obeys  neither  of  these  laws.  In  the  first 
case,  the  construction  of  the  refracted  rays  is  a  problem  of  Plane 
Geometry,  and  in  the  second  of  Solid  Geometry.  Both  refracted 
rays  are  plane  polarized,  in  planes  at  right  angles  to  each  other ; 
that  one  which  is  polarized  in  the  plane  of  principal  section  is  the 
ordinary,  and  the  other  is  the  extraordinary  ray. 

407.  To  illustrate  the  construction  in  the  simpler  cases,  let  the 
plane  of  incidence  contain  the 
optic  axis  PP',  Fig.  95,  and  let 
SI  be  the  incident  ray.  From  I 
as  a  centre,  with  radius  unity, 
construct  as  before  the  circle 
IA,  and  with  radius  h  the  ordi¬ 
nary  wave  10.  About  PP'  as 
an  axis,  construct  the  section  of 
the  extraordinary  wave  IE  ;  it 
will  be  an  ellipse,  whose  semi¬ 
axes  are  h  and  a .  Drawing  tan¬ 
gents  from  B  to  0  and  E,  we  have  10  and  IE,  the  refracted  ordi¬ 
nary  and  extraordinary  rays  respectively,  and  for  the  plane  waves 
BO  and  BE  respectively. 

408.  Let  the  plane  of  incidence  he  perpendicuh 
axis .  Then,  in  Fig.  96,  the  sections  of  the  wave 
with  radii  b  and  a  respectively, 


o  the  optic 
,ce  are  circles 


and  both  0  and 
laws  of  Descartes ; 

of  refraction  of  E  is  here 


E  obey  both 
but  the  index 
1 


which  is  less  than  — ,  or  that  of  0.0 

0  v 

The  index  of  refraction 
varies  between  its  mas^&n 


and  its  minimum  upon  the  position  of  the  incident 

ray ;  but  sinc£\^Pen  a  is  known  its  value  for  any  particular  inci¬ 
dence  can  LQ-eadilv  found,  the  extraordinary  index  is  generally 

#1 


V 


Figure  96. 


designdfe^b 


*  a 


RELATING  TO  SOUND  AND  LIGHT. 


269 


409.  Let  the  optic  axis  lie  in  the  plane  of  incidence  and  in  the 
deviating  surface  ;  then  the  construction  is  shown  in  Fig.  97.  In 
this,  as  well  as  in  the  preceding 

cases,  the  ordinary  ray  is  nearer 
the  optic  axis  than  the  extra¬ 
ordinary  ray.  In  all  uniaxal 
crystals  in  which  the  spheroid 
is  oblate,  the  ordinary  ray  will 
lie  nearer  the  optic  axis  than 
the  extraordinary  ray,  and  they 
are  called  negative  crystals;  in 
all  other  uniaxal  crystals,  in 
which  h  >  a,  and  hence  the 

spheroid  becomes  prolate,  the  contrary  will  be  the  case,  and  such 
crystals  are  called  positive  crystals. 

410.  3°.  Biaxal  Crystals.  These  comprise  all  crystals  in 
which  the  elasticities  differ  in  three  rectangular  directions.  The 
wave  surface  is  that  given  by  Eq.  146,  whose  more  important  prop¬ 
erties  have  been  deduced  in  Part  I.  When  the  plane  of  incidence 
is  normal  to  one  of  the  three  axes  of  elasticity,  one  of  the  sections 
of  the  surface  by  this  plane  is  a  circle,  and  hence  one  qi  the  rays 
follows  the  law  of  the  sines;  since  three  such  planes^w^e  passed, 

the  three  indices  of  refraction,  -,  -,  so  obtaim^Jhre  called  the 

pvrincipal  indices  of  the  crystal.  They  can  ^Experimentally  de¬ 
termined  by  the  method  of  minimum  deviajS^u  by  means  of  three 
prisms  cut  parallel  to  the  three  axes  of/fhip^'ystal,  and  when  once 
obtained  suffice  to  define  the  optical  ^pia&ftes  of  the  crystal. 

411.  Interior  Conical  Jlf^'action,  Possibly  the  most 

remarkable  example  of  the  rampflete  accord  of  the  predictions  of 
theory  with  the  results  of  Mofcpment  is  the  deduction  of  Sir  Wil¬ 
liam  Hamilton,  from  a^ifi^nematical  study  of  the  properties  of 
Fresnel’s  wave  surface  nK  is  seen  (Fig.  18)  that  the  tangent  planes 
MIST,  etc.,  are  each  hvbgent  to  the  wave  surface  along  the  circum¬ 
ference  of  a  snMpkircle,  parallel  to  the  circular  sections  of  the 
ellipsoid,  Eq.  and  hence  it  follows  that  a  single  ray  of  natural 

light,  in  externally  in  a  direction  such  that  after  refraction  it 

coincideXmth  the  optic  axis  OM,  it  should  be  separated  into  an 
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infinite  number  of  rays  within  the  crystal,  taking  the  form  of  a 
hollow  cone.  Therefore,  should  the  emergent  face  of  the  crystal  be 
parallel  to  the  incident  face,  this  cone  of  rays  should  emerge  as  a 
hollow  cylinder  of  rays,  parallel  to  the  original  incident  ray. 

412.  Exterior  Conical  Refraction .  Again,  when  any 
two  rays  pass  into  a  biaxal  crystal  in  a  single  direction,  their  veloci¬ 
ties  are  in  general  different,  and  are  represented  by  the  radii- vectores 
of  the  wave  surface,  while  their  directions  on  emergence  are  deter¬ 
mined  by  the  positions  of  the  tangent  planes  to  the  two  nappes  of 
the  wave  surface  at  their  points  of  intersection.  But  in  the  case  of 
the  ray  01,  the  two  radii-vectores  unite,  and  the  rays  have  the  same 
velocity.  There  are,  however,  an  infinite  number  of  tangent  planes 
to  the  wave  surface  at  the  point  I,  and  therefore  a  single  ray  of 
natural  light,  taking  the  direction  10  within  the  crystal,  should 
emerge  into  the  air  as  a  cone  of  rays,  whose  directions  and  planes  of 
polarization  depend  on  the  position  of  the  tangent  planes. 

Dr.  Humphrey  Lloyd  completely  established  the  truth  of  these- 
predictions,  by  experiment  upon  the  biaxal  crystal  arragonite,  and 
thus  furnished  one  of  the  most  unexpected  proofs  of  the  general 
correctness  of  the  basis  upon  which  Fresnel  had  established  the 
laws  of  double  refraction.  Fig.  98  illustrates  the  firsfcAase,  or  that 
of  interior  conical  refraction,  and  Fig.  99  that  of^^terior  conical 
refraction. 


413.  Mechanical  Theory  of  Reflection  and  Re¬ 
fraction.  to  whom  we  owe  the  solution  of  the  problem 

of  determii>mpfche  intensity  and  position  of  the  plane  of  polariza¬ 
tion  ofA^ffi^cted  and  refracted  light,  has  based  his  analysis  upon 
the  foll^ing  suppositions,  viz. : 
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1°.  That  the  motions  of  the  molecular  ether  in  and  near  the 
surface  of  separation  of  two  media  are  the  same  in  each,  and  there¬ 
fore  that  the  velocities  parallel  to  the  separating  surface  are  equal. 

2°.  That  the  kinetic  energy  in  the  incident  wave  is  equal  to  the 
sum  of  the  kinetic  energies  of  the  reflected  and  refracted  waves. 

3°.  That  the  elasticity  of  the  ether  in  and  near  the  surface  of 
separation  is  the  same  for  both  media,  and  therefore  that  the  densi¬ 
ties  of  the  ether  molecules  in  the  two  media  are  directly  as  the 
squares  of  the  refractive  indices. 

Although  there  is  no  sufficient  reason  a  'priori  why  these  suppo¬ 
sitions  should  be  accepted  unquestioned,  the  experimental  verifica¬ 
tions  of  the  deductions  which  flow  from  them  undoubtedly  furnish 
ample  grounds  a  posteriori  of  the  correctness  of  the  assumptions. 
Several  of  the  most  important  laws,  which  had  before  been  reached 
by  experiment,  are  shown  to  be  the  direct  consequences  of  the 
theory. 


414.  1°.  Reflection  of  Light  polarized  in  the  Plane  of 
Incidence .  The  motion  of  the  molecules  are  in  this  case  normal 
to  the  plane  of  incidence.  Let  u  and  v  represent  the  velocities  of 
the  molecules  in  the  reflected  and  refracted  rays  respectively,  and 
let  the  velocity  of  the  molecules  in  the  incident  wave  foaAmity.  By 


the  first  principle  we  have 


1  +  u  =  v; 


and  by  the  second, 


whence, 


u  — 


m  (l)2  =  mw2  +  m'v\C\ 


0 


m  —  m 


+  m 


(481) 

(482) 

(483) 


m  +  m 

which  are  identical  with  the  exprOions  for  the 
velocities  of  two  perfectly  elasra&balls  of  mass  m 
and  w!  after  impact,  unityHw^g  the  velocity  of 
m  before  impact.  Let  MTl and  MC  (Fig.  100) 
represent  the  velocities  Qd  directions  of  the  inci¬ 
dent  and  refracted  rays  in  the  two  media.  The 
corresponding  vbjfeies  of  the  ether  put  in  motion 
by  them  in  tl  A0)fo  media  are  directly  as  the  areas 
MB  and  MSft^lB  being  that  for  the  incident  and  also  for  the  re¬ 
flected  v^vand  MD  that  for  the  refracted  wave.  Or,  if  (p  and  <j>’ 


Figure  100. 
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represent  the  angles  of  incidence  and  refraction,  these  volumes  are 
directly  as 

sin  0  cos  0  and  sin  </>'  cos  0'. 

By  the  third  supposition,  the  densities  of  the  ether  of  the  two 
media  are  as 

1  :  or  as  sin2  0'  :  sin2  0. 

Whence,  for  the  ratio  of  the  masses,  we  have 

sin  0  cos  0  sin2  0'  :  sin  0'  cos  0'  sin2  0  : :  m  :  mr ; 


or 


m 

m 


tan  0 
tan  0' 


(484) 


Substituting  this  value  in  Eq.  (482),  and  eliminating  v  by  Eq. 
(481),  we  have 

l-u_  tan*.  (485) 


whence, 


1  +  u  tan  0' 

_  sin  (0  —  0') 

U  ~  sin  (0  +  0')  ’ 


v  =  1  +  u  = 


2  cos  0  sin  0' 

~ +7T 


sin 


(486) 


A 


415.  2°.  Reflection  of  Light  polarized  pendicularly 
to  the  Plane  of  Incidence.  In  this  case-  Wee  the  molecular 
vibrations  are  all  in  the  plane  of  incidence,  are  besides  normal 
to  the  directions  of  the  rays  tliemselve^Y?  have,  representing  by 
u'  and  v'  the  molecular  velocities  TtfTjM  reflected  and  refracted 
waves, 

(1  +  u’)  cos  0  cos  0',  ) 

mu1 2  +  mrv '2; )  '  ' 

,  sin  0  cos  0 

whence,  -77 ;  (488) 


G 


tan  (0  —  0') 


and  therefore, =  —  .  .  , 

£  ■  tan  (0  +  0  ) 

 2  sin  0'cos  0 


x> 


A 


sin  (<f>  +  </>')  cos  (</>  —  $') 


(489) 


d? 


O 
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416.  Let  the  intensity  of  the  incident  light  in  the  two  cases  be 
represented  by  unity  ;  then  the  intensities  of  the  reflected  and  re¬ 
fracted  components  will  be  u 2  and  1  —  u2,  and  u'2  and  1  —  u'% 
respectively.  Developing  the  values  of  u  and  u' ,  and  replacing 
sin  0'  and  cos  0'  by  their  values  in  terms  of  0  and  //,  we  readily 
obtain 


vV 


_  sin2  (0  -  0')  _ 
“  sin2  ( <p  +  <p')  ~ 


i2  —  sin2  <p  —  cos  (j> 


(490) 


/vV 

wii* 


*)'.  (401) 

0/ 


V  y2  —  sin2  0  —  fjb2  cos  4> 


tan2  (0  —  0') 
tan2  (0  +  0') 


V y2  —  sin2  0  +  [i2  cos  0/ 


from  which  we  can  obtain  the  values  of  u  and  uf  for  all  values  of  0. 
For  0  =  0,  we  have 


and 


therefore,  for  normal  incidence,  the  quantity  of  reflected  light  is 
the  same  in  the  two  casSs.  As  0  increases,  u2  will  continually  in¬ 
crease,  until  when  0  =  90°, 


whence  the  reflected  light  is  equal  to  the  incident,  wh$A  the  inci¬ 
dent  beam  is  polarized  in  the  plane  of  incidence.  Bjgn  /^Vloes  not 


increase  continuously  for  an  increase  of  0 ;  it  greases  from 


ben  increases  to 


that  the  intensity  of  theQjpfiected  light  is  at  this  incidence  inde¬ 
pendent  of  the  plane  a£j$>larization  of  the  incident  light. 


ajj^lar 


^  V*  i-  1/ 

2>mected  light  is  at  this  incid< 
darization  of  the  incident  light. 


417.  3°.  Re^^tion  of  Natural  Light.  Natural  light  is  pro¬ 
duced  by  thvffik'atory  motions  taking  place  successively  in  every 
direction  surface  of  the  wave.  Each  of  these  motions  may 
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be  resolved  into  two  others  polarized  in  planes  at  right  angles  to- 
each  other.  However  these  components  may  vary  at  every  instant, 
the  rapidity  of  these  variations  is  such  that  in  any  appreciable  time 
the  sums  of  the  component  intensities  are  exactly  equal  in  the  two 
planes,  and  therefore  we  may  regard  a  ray  of  natural  light  as  being 
equivalent  to  two  rays  of  equal  intensity  polarized  in  planes  at  right 
angles  to  each  other.  If  we  consider  the  component  rays  to  be 
polarized,  one  in  the  plane  of  incidence  and  the  other  in  a  perpen¬ 
dicular  plane,  we  may  apply  the  conclusions  deduced  above  to  these 
separately,  combine  the  results,  and  then  find  the  intensities  of  the 
reflected  and  refracted  components  of  the  natural  ray.  We  wilL 
therefore  have,  for  the  intensity  of  the  reflected  components, 


and 


1  a  _  1  sin8  (<ft  —  <-/>') 

2U  2  sin8  ( <p  +  (/>')’ 

1  „  1  tan8  (4>  —  0') . 

2  U  —  2  tan8  (<p  +  <p ')  ’  __ 


(492)- 


and  for  the  intensity  of  the  reflected  component  of  the  natural  ray, 


~  (w2  +  «'2)  ; 


and  similarly,  for  the  intensity  of  the  refracted  c< 


ntnt, 


\{v2  +  V*) 


Since  u  >  u',  we  see  that  the  ray  is  not  of  the  same 

nature  as  natural  light,  and  for  tjae>same  reason  neither  is  the  re¬ 
fracted  ray.  In  the  former  thereto!  be  an  excess  of  light  polarized 
in  the  plane  of  incidence,  whiclMs  measured  by  the  difference  of 
the  component  intensities,  /f&r  —  u'2)>  and  in  the  latter  there  will 
be  an  excess  of  polari^p^igfit  in  the  plane  perpendicular  to  the 
plane  of  incidence,  nu^^red  by  the  same  difference.  We  therefore 
see  that  the  reflec^j&nd  refracted  rays  of  an  incident  natural  ray 
contain  equal  crnanmies  of  polarized  light,  but  polarized  in  planes 
at  right  angh^Peach  other.  This  conclusion,  which  has  been  ex- 
perimen|aI^dlmonstrated  by  Arago,  is  therefore  a  consequence  of 
FresneftXfreory.  The  operation  of  reflection  and  refraction  then 
result^J^  partial  polarization  of  natural  light. 
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The  reflected  light  will  be  completely  polarized  when  one  of  the 
portions  of  which  it  consists  disappears.  But  the  first  portion 
which  is  polarized  in  the  plane  of  incidence  cannot  disappear,  for 
we  have  shown  that  the  value  of  its  intensity  constantly  increases 

as  0  increases,  from  (- - to  unity  when  0  =  90°.  But  the 

second  portion  vanishes  when  (0  +  0')  90° ;  this  relation  gives 

► 

.  .  sin  0 

cos  0  =  sm  0  =  ,  or  tan  0  =  \i. 

This  law,  that  the  tangent  of  the  angle  of  maximum  polar - 
ization  is  equal  to  the  index  of  refraction  of  the  medium , 
was  experimentally  discovered  by  Brewster,  and  is  another  conse¬ 
quence  of  Fresnel’s  theory.  For  glass  this  angle  is  about  54°  35', 
and  is  the  same  that  was  referred  to  in  Art.  397,  in  polarization  by 
reflection. 

When  0  +  0'  >  90°,  the  expression  for  u*  changes  its  sign, 
which  is  equivalent  to  a  change  of  phase  of  180°  as  the  angle  of  in¬ 
cidence  passes  the  polarizing  angle. 


418.  Change  of  JPlane  of  Polarization.  If  a  repre¬ 
sent  the  angle  made  by  the  plane  of  polarization  of  a  plar^polarized 
ray  with  the  plane  of  incidence,  we  may  suppose^p£  vibration  co 
resolved  into  two  components,  one  in  the  plane  crfCfeidence  ca  cos 
and  the  other ,  o)  sin  «,  perpendicular  to  it.  reflection,  these 

become  _ 

sin  (0  | 


—  Cl)  COS  a 


and 

respectively. 

have 


—  o)  sm  a  a 


sm 

taiK^U—  0') 

<t>')  ’ 

Calling 

toi<^9  +  ton«cos-(*  +  'l'> 


(493) 


le  of  the  resultant  vibration,  we 


(494) 


COS  (0  —  0')  9 

from  which  therydue  of  a'  can  be  determined.  If  a  =  0,  then 
a  —  G ;  =  90°,  a  =  90°  ;  therefore,  when  the  plane  of 

polarization  the  incident  ray  either  coincides  with  or  is  perpen¬ 
dicular  d;oNme  plane  of  incidence,  the  plane  of  polarization  of  the 
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reflected  ray  is  unchanged.  When  0  +  0'  —  90°,  then  a  =  0, 
and  the  plane  of  polarization  of  the  reflected' ray  coincides  with  the 
plane  of  incidence,  whatever  be  the  azimuth  of  the  incident  ray. 
In  all  other  cases,  the  plane  of  polarization  of  the  reflected  ray  ap¬ 
proaches  the  plane  of  incidence,  since  in  these  cases  a'  <  cc.  In  a 
similar  manner,  it  may  be  shown  that  the  plane  of  polarization  of 
the  refracted  ray  recedes  from  the  plane  of  incidence,  the  law  of 
this  recession  being  expressed  by  the  formula 


cot  a  —  cot  a  COS  (0  —  </>'). 


(495) 


When  the  refracted  ray  meets  a  second  surface  parallel  to  the  for¬ 
mer  and  emerges  into  the  air,  the  azimuth  of  the  plane  of  polariza¬ 
tion  of  the  emergent  ray  is  given  by 

cot  a  =.  cot  a  cos  (</>'  —  0)  =  cot  a  cos2  (0  —  0').  (496) 

The  methods  of  complete  polarization  by  successive  reflection  and 
refraction  are  therefore  simple  consequences  of  Fresnel’s  theory. 

419.  Elliptic  Polarization. — Let  us  suppose  the  direction 
of  two  •nln.no  -nnlarizad  ravs  to  be  alonsr  the  axis  of  x  and  their 
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nent  rays  are  in  the  same  phase  or  in  phases  differing  by  180°, 
we  have 


(500) 


whence 


(501) 


or  the  orbit  is  a  right  line  passing  through  the  place  of  rest  of  the 
molecule,  and  the  resultant  ray  is  plane  polarized. 

When  the  component  rays  differ  in  phase  by  90°  and  the  vibra¬ 
tions  are  of  equal  amplitude,  the  orbit  becomes  a  circle  given  by 


y2  +  z2  =  l)2. 


(502) 


The  polarization  in  these  cases  is  said  to  be  elliptical,  plane, 
and  circular  respectively.  In  elliptical  polarization  the  direction 
of  the  axes  of  the  ellipse  and  the  ratio  of  their  lengths  can  be 
determined  by  observation.  Thus,  when  such  a  beam  is  analyzed 
by  a  double  refracting  crystal  whose  principal  section  coincides 
with  one  of  the  axes  of  the  ellipse,  the  component  plane  polarized 
beams  have  their  maximum  and  minimum  intensity ;  and  when 
the  plane  of  principal  section  is  inclined  to  either  axis  to  an  angle 
of  45°,  the  two  components  are  of  equal  intensity,  vCj 

When  a  plane  polarized  ray  undergoes  reflecti^  the  reflected 
ray  is  generally  elliptically  polarized  ;  for  the  iitfQfcnt  plane  polar¬ 
ized  ray  may  be  supposed  resolved  into  two^n^^  polarized  respec¬ 
tively  in  the  plane  of  incidence  and  in  M^^erpendicnlar  plane ; 
the  effect  of  reflection  changing  in  genfraYme  phase  of  the  vibra¬ 
tion  of  the  components  unequalhk  wITen  these  are  united  the 
resultant  ray  is  in  the  condition  oQhat  discussed  above  ;  that  is, 
J1  ‘  — »  1  ^1  differ  in  phase  on  the  molecule 


420.  Reflectioi  Vt  Polarized  Ray  at  a  Surface 
separating  a  Dd^er  from  a  Rarer  Medium.  Kesum- 

3  for  rays 


(503) 
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and  considering  the  incident  ray  in  the  denser  medium,  we  see 
that  when  0'  =  90°  both  u  and  u'  become  equal  to  unity.  In  this 
case,  since  there  is  no  refracted  ray,  the  intensity  of  the  reflected 
ray  should  be  equal  to  that  of  the  incident.  But  when  0  has 
greater  values  than  that  corresponding  to  0'  =  90°,  or  that  of  total 
reflection,  these  expressions  become,  by  substituting  f.i  sin  0  for 

sin  0'  and  V  — 1  •  V  (p2  sin2  0  —  1 )  for  cos  0'. 


fjb  sin  0  cos  0  —  sin  0  \/  —  1  •  V  (v2  sin2  0  —  1)  ' 

(. i  sin  0  cos  0  +  sm  0  V  —  I  •  V  (p2  sin2  0  —  1) 

_  sin  0  cos  0  +  /*  sin  0  V—  1  •  V {l#  sin2  0  —  1) 

sin  0  cos  0  -j-  fj.  sin  0  V  —  I  •  a/(^2  sin2  0  —  1)  ^ 


(504) 


Placing 

and 


tan  0  = 


tan  O'  = 


V ( 2  sin2  0  —  I) 
p  cos  0 

fi  V  (n2  sin2  0  —  1) 
cos  0 


(505) 


the  above  expressions  may  be  written 

u  =  cos  2 0  —  V-- 1  •  sin  20 
=  cos  20'—  a/—  1  •  sin  20\ 


(506) 


421.  These  imaginary  expressions  sm  of  themselves  no 
reasonable  interpretation.  Fresnel,  liow^w,  from  the  analogy  of 
certain  geometric  cases  in  which  tl^  n^i/ti plication  of  the  length 
of  a  line  by  the  imaginary  expressions^/—  I  indicates  a  change  of 
direction  of  the  line  equal  to  90JL  assumes  in  these  cases  that  the 
phase  of  the  vibration  into  /frf&eh  V —  1  enters  as  a  factor  has 
undergone  an  increase  of^(j^dam  therefore  the  expression 


(cos  2dQy^  —  1  sin  20)  sin  ~  (vt  —  x) 


2rr 


(507) 


as 


is  to  be  interp: 

co^^sin  ^  (vt  —  x)  —  sin  20  sin  |~ 


2  rr 


cc 


(vt  —x)  +  90°  J,  (508) 


RELATING  TO  SOUND  AND  LIGHT, 
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sin  \^~  (yt  —  x)  —  2flJ- 


Similarly  the  other  expression  may  be  written 

r2n 


sin  [  ~  {yt  —  x)  —  20' J- 
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(509) 


(510) 


Representing  the  difference  of  phase  of  the  component  rays  by  d, 
we  have 


tan  £d  =  tan  {O'  -6)=  ^os  0  V(^Sin^  -  1_)> 


sin2  0 


(511) 


,A„  x  _  1  —  tan2  1-d  _  2/i2  sin4  <j>  -  (1  +  /z2)  sin2  0  +  1  _ 

1  +  tan3  id  (1  +  /i2)  sin2  <p  —  1  ’  '  ' 


whence  (5  =  0  when  sin  0  =  - 


or 


1  0  ■ 

=  1. 


If  we  assume  d  ~  45°,  we  have 

2  /j? 


=  1  + Vi; 


$ 


(513) 


(1  -f  ft2)  cosec2  0  —  cosec4  0 
and  taking  ft  =  1.51,  the  refractive  index  for  crowr 
<p  =  54°  37'  20",  or  48°  37'^V 

422.  Hence,  if  light  be  incident  internd&^ri 
the  surface  of  crown  glass  at  either  /Cfly^ese 
angles,  the  phase  of  the  vibrations  mi  me' plane 
of  incidence  is  accelerated  more  thanrvkat  of  the 
vibrations  perpendicular  to  this^plSne  by  45°. 

And  if  light  be  twice  reflected  /iV^he  same  plane 
of  incidence,  the  difference^^pMse  will  be  90°. 

Fresnel’s  rhomb,  Fig.  10M\bonstructed  of  crown 
glass,  having  the  an^Ie^L  and  C  each  54°  37'. 

Then  light  incidenLpeTpendicular  to  the  face  AB  will  be  totally 
reflected  at  E  amMOind  emerge  normal  to  CD,  or  parallel  to  its 
original  directem*'  The  two  reflections  at  E  and  F  will  accelerate 
the  j)hasesArehe  vibration  parallel  to  the  plane  of  incidence  90° 
more  thai^foose  perpendicular  to  the  same  plane. 


Figure  101. 


280 


LEMENTS  OF  WAVE  MOTION. 


423.  Let  a  be  the  angle  made  by  the  plane  of  polarization  of 
any  incident  plane  polarized  ray,  with  the  plane  of  incidence  in 
Fresnel’s  rhomb.  Then  the  vibrations  perpendicular  to  the  plane 
of  incidence  are  represented  by 

a  cos  a  sin  ,  (514 } 


and  those  parallel  to  the  plane  of  incidence,  since  they  are  acceler¬ 
ated  by  the  angle  d,  are 

a  sin  a  sin  +  d^-  (515) 


Let  y  be  the  ordinate  of  the  disturbed  molecule  in  the  plane  of 
incidence,  and  %  the  ordinate  in  the  perpendicular1  direction,  both 
measured  from  the  place  of  rest  of  the  molecule.  Then, 

1°.  If  a  —  45°  and  d  =  90°,  we  have 

y  —  a  Vi  cos^,  %  —  a  V\  sin  ,  (516) 


and 


r  +  = 


,2  —  _ 


2  ’ 


hence  the  resulting  ray  is  circularly  polarized.  JZ 
2 .  If  a  have  any  value  and  d  =  90  ,  w<^Qv< 


and 


2i rt 

y  —  a  sm  a  cos  — , 


V 


a 


XV  .  2nt 
a  cos  a  sm  — , 

Vs 


a2  sin2  a  oQbs5 


k2  - 

■Sis-z  =  x5 


(517) 

(518) 

(519) 


hence  the  resulting  ray  is  elftarrcally  polarized,  and  the  axes  of  the 
ellipse  are  a  sin  a  in  t^e(^a*?e  of  incidence  and  a  cos  «  perpen- 

ne.  /\v 


dicular  to  that  plane, 

3°.  If  cc  and  d^n^e  any  values  in  general,  we  have 


.  /  .  27 H  2rrt  .  v\ 

sm  a  Ism  —  cos  d  +  cos  — -  sm  ; 


.'O 


A 


z  =  a  cos  a  sm 


2nt 


(520) 

(521) 
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whence  we  have  by  combining  and  reducing, 

(y  —  z  tan  a  cos  d)2  =  a 2  sin2  a  sin2  6  —  z2  tan2  a  sin2  6  ;  (522) 

which  is  the  equation  of  an  ellipse  whose  axes  are  inclined  to  the 
plane  of  reflection  depending  on  a  and  d. 

4°.  If  a  z=  0  or  a  ==  90°,  the  reflected  ray  retains  its  plane  of 
polarization  unchanged. 

Therefore  we  see  that  by  means  of  a  Fresnel’s  rhomb,  whenever 
the  plane  of  polarization  of  the  incident  plane  polarized  ray  makes 
angles  with  the  plane  of  reflection  of  0°,  90°,  180°,  or  270°,  the 
plane  polarized  light  is  not  altered  ;  when  this  angle  is  45°,  135°, 
225°,  or  315°,  the  emergent  light  is  circularly  polarized,  and  for  all 
other  values  of  a  the  emergent  light  is  elliptical ly  polarized. 


424.  Circularly  Polarized  Light .  If  circularly  polar¬ 
ized  light  be  examined  by  an  analyzer,  it  is  evident  that  since  it 
can  be  resolved  into  two  equal  vibrations  parallel  and  perpendicular 
to  any  plane,  it  will  present  from  this  method  of  examination  none 
of  tne  peculiarities  of  ordinary  polarization  ;  indeed  it  can  not  in 
this  way  be  distinguished  from  natural  light.  Elliptically  polar¬ 
ized  light  would,  however,  present  different  intensitiqif^Jk  different 
sides,  although  in  no  position  would  the  reflected^S&y  reduce  to 
zero  intensity.  If  circularly  polarized  light  ba™£de  to  undergo 
.two  more  total  reflections  in  the  same  plane  lua&it  the  same  angle 
by  transmitting  it  through  a  second  rhomj^yjmced  parallel  to  the 
first,  it  will  emerge  plane  polarized  plane  of  polarization 

will  be  inclined  45°  on  the  other  *dcTM5f  the  plane  of  incidence. 
Since  the  two  additional  reflection^mterease  the  difference  of  phase 
of  the  two  portions  from  90°  T»0°,  and  the  resultant  of  two 

equal  vibrations  at  right  angl^Cm  each  other,  whose  phases  differ 
by  180°,  is  a  rectilinear  vibfifjpo-H  whose  direction  bisects  the  sup¬ 
plement  of  the  angle  foww$I  by  their  directions. 

If,  in  Fresnel’s  rfjomta,  a  —  —  45°,  the  transmitted  light  will 
also  be  circularly  realized  ;  but  in  this  latter  case  the  motion  of 
the  molecule  imE^be  left-handed  if  that  due  to  a  —  45°  was 
right-handed/*Aw?cl  the  reverse.  Two  such  beams  are  said  to  be 
ized,  and  the  same  distinction  exists  with  respect 
iy  polarized  light. 
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425.  Interference  of  Polarized  Light .  If  a  plane 
polarized  beam  traverses  a  uniaxal  crystal  cut  parallel  to  the  optic 
axis  of  the  crystal,  it  will  in  general  be  separated  into  two  beams  of 
unequal  intensity.  These  components  will  have  different  velocities, 
and  lienee  on  emergence  from  the  crystal  will  be  in  different  phases. 
If  the  plate  be  thin  and  its  incident  and  emergent  faces  parallel, 
the  separation  of  the  beams  will  be  insensible.  The  two  emergent 
beams  being  polarized  in  perpendicular  planes  can  not  interfere, 
but  they  may  each  be  subdivided  into  two  other  plane  polarized 
beams  by  means  of  an  analyzer,  having  their  planes  of  polarization 
coinciding  with  the  principal  section  of  the  analyzer  and  at  right 
angles  to  the  principal  section.  One  pair  of  these  components 
that  have  the  same  plane  of  polarization  will  then  conspire  and  the 
other  pair  will  be  in  opposition  ;  the  particular  color  for  which 
this  interference  takes  place  will  vary  according  to  the  difference 
of  route  travelled  in  passing  the  crystalline  plate,  and  therefore 

depends  on  the  relation  of  its  thickness  to  ^  for  that  color. 

2 


426.  In  Fig.  102,  let  PP  be  the  trace  of  the  plane  of  polariza¬ 
tion  of  the  incident  beam  on  the  face  of  the  crystal,  SS  the  trace  of 
the  principal  section  of  the  crystal,  and 
AA  the  trace  of  the  principal  section  of 
the  analyzer  on  the  same  face  ;  let  a  be  the 
angle  PCS,  and  [3  the  angle  PCA.  Repre¬ 
sent  the  amplitude  of  the  vibration  of  the 
incident  beam  by  unity;  then  the  ampli-/-v> 
tudes  of  0  and  E  will  be  represen ted/or}y% 
emergence  from  the  crystal  by  cos 
sin  cc  respectively.  The  componen|0jff  0 
by  the  analyzer  will  be  Jb 

00  =(fflM)c0S  (a  —  (3), 

VST 

and  cos  cc  sin  (cc  —  j 3) , 

and  of  E  will  be  =  sin  a  sin  (a  —  /3), 

♦jC) 

and  C/  Ee  =  —  sin  a  cos  (cc  —  (3 ). 

The  of  the  decomposition  of  the  vibration  in  the  figure 

will  illusra^fe  these  values,  if  it  be  supposed  turned  in  azimuth  90° 
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around  C,  since  the  vibrations  are  normal  to  the  planes  of  polariza¬ 
tion  of  the  beams.  The  components  00  and  Ew  are  polarized  in  the 
plane  AA  and  form  the  ordinary  emergent  beam,  while  Oe  and  Ee  are 
polarized  in  the  plane  act,  forming  the  emergent  extraordinary 
beam.  The  beams  0*  and  E0  are  not  in  the  same  phase,  since  the 
former  has  undergone  ordinary  refraction  in  the  crystal  and  ordi¬ 
nary  refraction  in  the  analyzer,  while  the  latter  has  undergone 
extraordinary  refraction  in  the  crystal  and  ordinary  refraction  in 
the  analyzer ;  therefore,  since  the  velocities  of  the  ordinary  and 
■extraordinary  ray  are  unequal,  the  two  beams  on  leaving  the 
analyzer  will  not  in  general  be  in  accord.  One  will  be  retarded 
with  respect  to  the  other,  and  depending  on  the  amount  of  this 
retardation,  they  may  add  or  partially  destroy  each  other’s  effects, 
or  completely  interfere.  The  whole  of  this  difference  is  produced 
while  the  beams  0  and  E  are  passing  through  the  crystal,  for  in  the 
analyzer  both  components  considered,  experience  only  ordinary 
refraction.  Let  d  be  the  equivalent  difference  of  route  in  air,  due 
to  the  different  velocities  of  0  and  E  in  passing  through  the  crystal; 
then,  from  Eq.  (76),  we  have  for  the  intensity  of  the  resultant  of 
the  pairs  00  and  E0,  and  Oe  and  Ee,  the  general  expression 


^  (523) 


=  («'-< 


Replacing  a2,  a'2,  a"2,  by  I0,  00,  E( 
have,  after  reduction  ,< 

I0  =  cos2  j 3  —  sin  2a  si 


we 


(524) 


Ie  =  sin2  j 3  +  sin 


(525) 


427.  These  equatmpQmbody  all  the  principles  of  interference 
of  polarized  light,  andQve^  readily  deduce  as  consequences  from  them, 

1°.  That  the* <^jp?isities  of  the  two  beams  are  complementary, 
since  I0  +  I,  and  when  the  incident  light  is  white,  the 

tms  are  complementary,  since  their  superposi- 
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2°.  That  the  two  pencils  are  white,  whatever  be  the  retardation 
within  the  crystal,  when 

sin  2 a  sin  2  {a  —  (3)  =  0 ; 

therefore,  when  a  is  0°,  90°,  180°,  or  270°,  or  the  principal  section 
of  the  crystal  is  either  parallel  or  perpendicular  to  the  plane  of 
polarization  of  the  incident  beam,  and  when  a  —  0  is  0°,  90°,  180% 
or  270°,  or  the  principal  section  of  the  analyzer  is  parallel  or  per¬ 
pendicular  to  the  principal  section  of  the  crystal. 

3°.  That  the  color  is  most  intense  when 


sin  2 a  sin  2  (a  —  /3)  =  1, 


or  when  a  =  45°  and  [3  =  0°  or  90° ;  that  is,  when  the  principal 
section  of  the  crystal  is  turned  in  azimuth  45°  from  the  plane  of 
primitive  polarization,  and  the  principal  section  of  the  analyzer  is 
either  parallel  or  perpendicular  to  the  same  plane. 

4°.  When  a  and  (3  are  unchanged,  I0  and  Ic  vary  only  with 

y;  but  d  is  proportional  to  the  thickness  of  the  crystal,  its  value 
A 

being,  for  a  given  value  of  A, 


0 uo  ~  f^e)  t, 

in  which  \l0  and  \ie  are  the  principal  indices  of  theH^tSl,  and  t  the 
thickness.  When  t  is  increased  so  that  cl  is  incased  by  a  whole 
number  of  times  A,  the  intensity  resumes  its  ofr^inal  value.  When 
d  contains  A  many  times,  or  the  crystal  isyjgj^k,  the  colors  become 
superposed  on  each  other,  and  the  re^^Ag  light  is  white,  just  as 
in  the  case  of  Newton’s  rings.  Tli^^hicknesses  between  which 
these  effects  are  displayed  are  ie&elenite,  from  -g-oVo  to  *sV  of  an 
inch,  and  similarly  for  other  crvsrMs. 

428.  Colored  llhQROin  Uniaxal  Crystals .  Let 

ABDC,  Fig.  103,  be  aj^axal  crystal  cut  perpendicular  to  the  axis, 
and  suppose  a  corfHemcncj  cone  of  polarized  light  be  transmitted 
through  it.  We  vS^ralso  suppose  that  after  it  emerges  from  AB  it 
is  received  by  *a^2}nalyzer,  as  in  the  previous  case.  Let  PO  be  the 
direction  axis.  The  ray  PO  will  not  be  separated  within  the 

crystalo^ck  emerges  unchanged  in  polarization.  If  its  plane  of 
polariz^oh  is  parallel  to  the  principal  section  of  the  analyzer,  it 
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will  be  transmitted,  and  if  perpendicular  it  will  not.  All  other  rays 
will  be  modified,  depending  on  the  angle  they  make  with  the  optic 
axis  and  the  position  of  the 
principal  section  of  the 
analyzer.  Let  the  circle 
MN'M'  be  the  section  of  the 
emergent  cone  of  rays,  and 
MM'  and  NX'  the  traces  of 
the  plane  of  primitive  po¬ 
larization  and  the  perpen¬ 
dicular  plane  respectively. 

All  the  rays  which  emerge  on  these  lines  will  not  be  separated  into 
two  within  the  crystal,  nor  will  their  planes  of  polarization  be 
altered.  If  the  principal  section  of  the  analyzer  coincides  with 
either  of  these  planes,  the  corresponding  rays  will  be  transmitted, 
and  if  perpendicular  will  not  be  transmitted.  In  the  former  case 
there  will  be  a  white  cross,  and  in  the  latter  a  black  cross.  Kays 
which  emerge  at  other  points,  such  as  L,  will  be  separated  into  two 
within  the  crystal,  whose  planes  of  polarization  will  be  parallel  and 
perpendicular  to  OL,  since  such  principal  sections  OL  do  not  coin¬ 
cide  with  the  primitive  plane  of  polarization.  The  an al^er  reduces 
each  of  these  vibrations  to  the  same  plane,  and  hHrfraence  will 
take  place.  The  character  of  the  interference  wiUrwVpend  on  the 
difference  of  phase,  and  hence  on  the  interval  ol/©wdation. 


the  retardation 
Ipplicable  to  uniaxal 


429.  The  equation  which  expresses  th 
can  be  obtained  from  Eq.  (194),  by  makin 
crystals.  Thus,  supposing  a  >  b  am 

vJ  —  u" 

and  representing  the  velocity  oL&i  (Extraordinary  ray  by  r,  that  of 
the  ordinary  being  b,  we  haveQ^ 


sictered, 


b 2 


aW 


snr  u. 


(526) 


In  the  case  con^icTSfed,  the  angle  LEO  is  very  nearly  equal  to  u, 
and  therefore  that  meet  the  emergent  face  of  the  crystal, 

making  sin #f^^istant,  will  experience  equal  retardations.  Taking 
all  possilAN^lues  of  sin  u  as  radii,  we  will  have  concentric  rings 
uf  color/vparated  by  dark  rings  surrounding  0,  and  intercepted  by 
-sA 
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the  bright  or  dark  crosses  referred  to  above,  depending  on  the  posi¬ 
tion  of  principal  plane  of  the  analyzer. 

430.  j Biaxal  Crystals .  Let  us  suppose  such  a  crystal  cut 
perpendicularly  to  the  mean  line,  that  is,  the  line  bisecting  the 
angle  made  by  the  directions  of  equal  wave  velocity.  The  values  of 
the  retardations  of  ray  velocities  is  given  for  these  crystals  by  Eq. 
(194),  or 

p»  -  =  &  -  y sin  «' sia  «"•  (527) 

The  curve  corresponding  to  equal  retardations  will  no  longer 
be  a  circle,  but  the  lemniscate,  whose  property  is  that  the  product 
of  the  radii-vectores  drawn  from  two  fixed  poles  to  any  point  of  the 
curve  is  a  constant. 

Y 


Fig* 


/  /  _ M 

i  nA  1 1 1 1  4  ■ — x 

\  v  v/iy  j  u%n*% 

- (-7TS 

Cf 


Figure  104  represents  the  ^tem  of  curves  of  this  character  sur¬ 
rounding  the  poles  I  and  The  directions  of  the  vibrations  of 
the  two  rays  at  any  pqfaTCl\f;  M,  etc.,  of  either  of  these  curves  is 
readily  seen,  from  Art.  130,  to  be  in  the  bisectors  of  the  angles 
formed  by  joining  I  |and  I' with  the  point  M,  and  extending  the 
lines  beyond  The  form  of  the  dark  brushes  which  cross  the 
entire  system-^fings  is  determined  by  the  law  which  governs  the 
planes  of  $^nzation  of  the  emergent  rays.  In  general,  two  such 
dark  ^nrv|rpass  through  each  pole,  which  theory  and  experiment 
show  t<Koe  hyperbolas  having  a  common  centre  on  the  mean  line. 
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431.  Chromatic  polarization  furnishes  valuable  assistance  to 
crystallography.  It  enables  the  observer  to  determine  whether  the 
crystal  is  uniaxal  or  biaxal,  to  find  the  positions  and  angles  of  in¬ 
clination  of  its  axes,  and  indeed  almost  to  view  the  interior  struc¬ 
ture  of  the  crystal  itself.  The  properties  of  color  by  double  refrac¬ 
tion  belong  also  to  n on-crystallized  media  when  they  have  been 
subjected  to  changes  by  which  their  elasticities  have  been  altered  in 
certain  directions.  These  changes  may  be  brought  about  by  me¬ 
chanical  pressure,  or  by  sudden  heating  and  cooling,  and  are  exhib¬ 
ited  in  unannealed  glass,  or  glass  subjected  to  pressure  or  heat.  The 
curves  of  color  displayed  when  such  substances  are  placed  between 
the  polarizer  and  analyzer  are  similar  to  those  of  crystals,  and  re¬ 
veal  the  localities  of  equal  wave  retardation.  Such  phenomena 
belong  to  what  is  called  accidental  double  refraction . 

432.  Rotatory  Polarization .  When  a  homogeneous  ray 
of  polarized  light  traverses  a  crystal  of  quartz  in  the  direction  of  the 
axis,  its  plane  of  polarization  is  found  to  be  turned  about  the  ray 
from  right  to  left,  or  the  reverse,  depending  on  the  particular  speci¬ 
men  employed.  This  phenomenon  is  called  rotatory  polarization , 
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analyzer  makes  with  the  plane  of  primitive  polarization,  the  inten¬ 
sities  of  the  0  and  E  components  of  each  simple  ray  will  be  propor¬ 
tional  to  cos2  ( a  —  1 3)  and  sin2  (cc  —  (3),  respectively.  The  tint 
formed  by  the  mixture  of  these  colors  will  be  determined  by  these 
intensities,  and  . hence,  if  a  double  refracting  analyzer  he  used,  the 
0  and  E  components  will  be  differently  colored,  hut  comple¬ 
mentary.  With  a  Nicol  as  an  analyzer,  among  the  tints  which 
succeed  each  other  as  it  is  turned,  there  is  one  called  the  tint  of 
passage  or  transition  tint ;  it  is  a  pale  violet  blue,  and  can  always 
be  easily  recognized,  for  upon  turning  the  Nicol  the  slightest  de¬ 
gree,  a  clear  blue  is  displayed  in  one  direction,  while  in  the  contrary 
direction  a  vivid  red  is  shown.  By  means  of  this  tint  the  deviation 
of  the  plane  of  polarization  can  be  found  with  the  greatest  precision. 

434.  While  it  seems  natural  to  admit  that  the  cause  of  rotatory 
polarization  in  quartz  and  other  crystals  in  which  this  property 
exists  is  due  to  the  regular  arrangement  of  their  molecules,  this 
supposition  fails  to  account  for  its  existence  in  certain  vapors  and 
liquids,  and  therefore  it  is  supposed  to  be  due  in  the  latter  to  the 
individual  action  exerted  by  the  molecules  themselves. 

435.  The  application  of  rotatory  molecular  polarization  has  an 
important  field  in  determining  the  state  in  which  the  molecules  of 
an  active  substance  is  found,  when  dissolved  in  an  inactive  liquid; 
a  state  in  which  chemical  analysis  is  powerless  to  torarn.  One  of 
the  most  important  practically,  because  of  its  a4!mhereial  value,  is 
its  application  to  saccharimetry.  The  rotatorjromver  of  saccharine 
solutions  furnishes  a  rapid  and  sure  methoSvof  detecting  the  pro¬ 
portion  of  cane  sugar  which  they  contiu^Siven  when  this  sugar  is 
mixed  with  other  kinds  whose  rotatad^wqwer  is  different. 

436.  Our  limits  prevent  a  futtlihr^illusion  to  these  interesting 
subjects.  Those  which  are  of  n^Spsity  omitted  will  be  referred  to 
in  the  accompanying  lecturtfSKas  far  as  time  will  permit.  It  is 
hoped  that  the  slight  insid©here  given  will  at  least  excite  interest, 
and  encourage  subseqm^Kfefudy  in  those  who  may  hereafter  have 
the  proper  opportimitf^poffered  them.  We  have  seen  how  varied 
and  intricate  are  i^ejfflienomena,  whose  explanation  flows  from  the 
simple  fundam^^al  principles  of  Mechanics,  and  can  recognize  the 
essential  imy/TMtonce  of  gaining  a  more  intimate  knowledge  of  the 
mathenm^QHiirocesses  by  which  these  principles  are  able  to  ex- 
pound^^^vonderful  phenomena  of  natural  science. 


o>n. 
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